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The first chapter presents representative criticism 
of the teachin<;^ of mathematics, some typical testimonials of^ its 
values, and suggestions for certain improvements. Next comes a survey 
of the educational situation with particular emphasis on the 
reorganization of secondary mathematics instruction. Chapter 3 
presents arguments for the value of Bathematics instruction for 
logical thinking, especially in geometry courses. The role of 
undefined terms, postulates, propositions, and theorems is discussed, 
and the example of a mathematical structure, the field, is presented. 
The next two chapters present discussions of the conyribution of 
mathematics to civilization and to education, respectively. Stressed 
in chapter 6 is the idea that the educational value of mathematics is 
the central point of the pedagogy of mathematics. Mathematics is 
related to science and to art in the next article, with numerous 
applications suggested. The concluding chapter emphasizes the 
reif^tionship of raatheinat ics to art and how both doing and 
appreciating each require creation and discovery. (LS) 
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EDITOR'S PREFACE' 

Tiifs as the elevlhrth of a series Yearbooks which The National 
Council of Teachers of Mathematics began to publish in 1926. 
The titles of the preceding Yearbooks are as follows : 

1, A Survey of Progress in the Past Twenty-five Years. ' 

2, Curriculum Problems in Teaching Mathematics. 
.3. Selected Topics in the Teaching of iJathematics. 

4. Significant Changes and Trends in the Teaching of Mathe- 
matics Throughout the World Since 1910. 

5. The Teaching of Geometry. ^ 

6. Mathematics in Modern Life. 

7. The Teaching of Algebra. 

8. The Teaching of Mathematics in the Secondary School. 

9. Relational and Functional Thinking in Mathematics. 
10. The Teaching of Arithmetic. 

Bound copies of all except the first two Yearbooks can be secured 
from the Bureau of Publications, Teachers College, Columbia Uni- 
versity, New York, N. Y., for $1.75 each postpaid. The first 
Yearbook is now out of print and the second is obtainable only^n 
paper covers (!5r2S tx^stpaid). A complete set of Yearbooks (Num- 
bers 2 to II inclusive) will be sent postpaid for $14.25. ^ 

The purpose of the Eleventh Yearbook is to present as fairly 
and as clearly as possible the place that mathematics should hold 
in modern education. The book is not intended to be a dt* r'se 
of the teaching of mathematics, for when properly taught ma- he- 
matics needs no defense. However, there is so much loose thinking 
among -educators and laymen generally with respect to the im- 
portance of mathematics in the schools that it 'has sremcHl wise to 
attempt- to clarify some of the most important issues. 

I wish to express my personal appreciation as well as that of 
The Xational Council of Teachers of Ma(thematics to all of (he 
contributors to this volume who have £;iven so freely of ihcMr time 
and interest in helping to make this Yearl)ook so worthwhile. . 

^ ' W. D. Reevf/^ 

iii / 
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ATTACKS .ON MATHEMATICS AND HOW TO 

MEET THEM 

• * By W. D. reeve 
Teachers Cottege, Columbia Vntversity 

Criticisms of Mathematics 

It is my purpose in this chapter first, to present a number of repre- 
sentative adverse criticisms of the teaching of mathematics with some 
evaluation of their fairness and worth ; second, to offer some of the 
most important and typical testimonials and construc\ive criticisms 
on the value and method of mathematics instruction ; third, to indi- 
cate what seems to me lb be the main causes of recent attacks on 
mathematics ; and finally, to suggest certain improvements that will 
meet these criticisms. ' 

In a recent discussion between two prominent educators concern- 
ing shortcomings in current.^chool practices, orje of them remarked: 
"Now take mathematics, for example ; the trouble is that it never 
gets back into life— eveh the arithmetic or the other subjects that 
we teach in the junior high school." Can we deny that, on the 
whole, the statement is true ? 

Professor David Snedden, a confirmed critic of the practices m 
our secondary schools, holds that **algebra taught ij\ American high 
schools is a nonfunctional and therefore nearly valueless subject 
for 90 per cent of all boys and 99 per cent of all girls— and that no 
changes in method or in content will change the situation.** Tc 
what extent is this charge warranted by the facts? 

Algebra and geometry. An editorial writer in a metropolitan news- 
paper offers the following criticism of algebra: 

Those who have followed the sailing chart of this columii know that 
its conductor never assails public or private schools, their teachers- or 
curriculum. It has criticized teaching methods and learning processes 
and will continue to do so. 

This column has, however, one bone to pick with the schools: 
algebra. Quite frankly I see absolutely no use for algebra except for 
the few who will follow engineering and technical lines. Mj|*-confi- 
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dcnce in those who determine the curriculum will never "1)6 complete 
as long as they leave this subject in nearly every course of study. 

I cannot see that algebra contributes one iota to a young person's 
health or one grain of inspiration to his spirit, I can see no use for 
it in the home as an aid to a^parenti a citizen, a pfpduceri or a con- 
sumer. 

If there is a heaven for school subjects, algebra wiM never go there. 
It is the one subject in the curriculum that has kept children from 
fmi&hing high school, from developing their special interests and from 
enjoying much of their home study work. It has caused more family 
rows, more tear^, more heartaches, and more sleepless nights than any 
other school subject. ^ 

Algebra is required ^n practically every course except those courses 
which are frankly dumb-bell courses. It is a requirement for gradu* 
ation; it is a requirement for college entrance, and yet in the face of 
all this it is not a requirement in any respect for anything in life with 
the one exception noted above. ' \ 

I would not mind if it weren't for the fact that behind the question^ 
of algebra there is the larger question of academic tradition which 
believes thht certain traditional subjects, long known to be useless, 
arcT still to be retained if one is to be ^'educated.*' \ 

Now cut this out and hand it to your algebra teacher. I want her 
(or him) to. writa me and I want you to write. I am stripped for 
the battle. \ 

It is obvious that algebra did not get back into the life of this 
writer. Moreover, if we continue to teach algebra as w^ have 
taught it in the past, we may expect^ the subjeck to pass out of the 
picture in most secondary schools. 

Heywood Broun, in his column in the Neu York World-Tde- 
graniy recently wrote : 

There must be something wrong with the manner in which we; teach 
the young idea to shoot when such a large numb??r of pupils hate their 
studies with so palpable a passion. ... I have a vague impression 
that some of the higher mathematicians have announced that the axiom 
is no longer true. Einstein and others have brought cut,cw back into 
favor. And all this irritates me no end because, whether it is true or 
false, my difficulties in acq .irinj;, the hypothesis have borne no later 
dividends. I cannot think of a single tough spot ifi my existence in 
which Euclid reached down to lend me a -helping hand. 

Just so! \%{\ how many boj^s studying geometry today will 
latei Rive the same kind of *estimony? What is responsible for such 
anti[)athy against mathematics? I think it is largely due to the 
stupid way in which mathematics is too often presented to the 
pupils. 
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' In the February, 1034, issue of McCaWs Magazine, in an article 
on *''^he Little Red School House," Maxine Davis wrote: 

Experiments show that many children who are compelled to study 
algebra get. little or no value from it. On the contrary, it arouses 
irrigation and annoyance, and a desire to cscJ&pe school. How often 
have we heard our parents say, '*Your school days ^ are the happiest 
days of your lifel" • ' ^ 

Well, mine weren't. There wai't hat tternal bugaboo of geometry and 
trigonometry, , - ' 

How can we expect people who have had this so?t of emotional 
experience with the study of mathematics to be anything but criti- 
cal? Some may say such persons are exceptions, but I fear thby 
are not.' When I told a woman who sat near me at a recent din- 
ner that I was a mathematics teacher, she said, "How in the world 
can you make that subject interesting to childre*^^" I replied that 
the task was very simple, but I do not think she belie Ved me. 

Mathematics is even condemned in four recent plays in New 
York City. In one play the line, **VV^hy, she is as crazy as my 
geometry teacher,'' probably conveys more thai.n was intended. In 
another play the comment is more rancorous:! "I haven't thought 
of suicide since I was fourteen and failed in algebra." 

Pitkin says, in his book, Life Begins at ForH\ * . 

Everything' is done to prevent life after twenty. Algebra is taught 
urfder compulsion ta millions who can never use it even in intellectual 
play. ' . ^ . 

Life needs. On several occasions we have been told by educators 
that 85 per cent of the arithmetic we teach to children could be 
eliminated without loss to those who have to study it; that all they 
really need to know is whatever arithmetic is necessary buying 
goods, making change, reading, writing letters, and traveling. In 
commenting on such remarks the editor of the Ncxo York Times on 
May 2, 1932 said: ^ ^ 

It is probably true that arithmetic iti the schbo^s, as one critic 
assertif, is cluttered up with too many branches having no practical 
value in modern life and of very doubtful ^'disciplinary*' value. But 
when he goes on to inchule among the deadwood o^ the arithmetic 
textbooks the subject of ^'arithmetical ratios," this particular critic is 
in error. Wh;tt the world needs at all times, and particularly now, is 
a sense of proportion, a sense of ratio. 

.M)nut percentage, for instance, one finds astonishing ignorance in 
the most unexpected quarters. Learned articles on the economic situ- 
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atfon will speak of a decline of xoo per cent in employment or in 
foreign trade, which^iterally. would mean the complete diaappeorance 
of employment or trade. To doublfe anything i^ to increas^lt'^ioo 
per cent. To' cut anything in half, which is the obvious meaftiug in 
the present case, is to reduce it ,50 per cent. V 

The mad days of three years ago and the sad days we are Ijying 
through now are both in a large measure attributable, to a state of 
mind which has parted company with every law rff arithmetic totter- 
a curved-mirror land of distorted ratios and proportions. 

Here, again^ is evidence that mathetiTatics\d&es not get b^ck 
into life as it should. 1 J 

The following^ is typical of the kind of criticisms that appear 
today in our current pertodicals: , 

This (problem of weighing the values of the subjects of the school 
becomes acute during depression. With bewildered taxpayers demand- 
ing economy and elimination of the ftone.3feentials all school material 
should be given 'a fair hearing with all the evidence considered. Our 
needs today iare not those bi yesterday. 

, A change along this line will not require much expense. Tn good- 
sized schools there will be found many sections of sucK subjects as 
I-atin. algebra, physics and French. And a searching examination 
would prove that not more than one ir^five or even ten* in those classes 
is R?ltihg a wbrth-while return from study as it is taught at present. 
The remedy would be to scrap>aH.but one or two divisions of those 
subjects and h^jve both teachers and pupils devote their time to son\e- 
thing in the nature of frills and fancies. Teach the girls how to choose 
what they must buy: teach them little matters about making a hom^ 
attractive. ,Tearh the boys how to take care of a flower garden ot a 
lawn; teach them how to make things with their hands. In short, 
train them to do what thousands who have gone before them are actu- 
ally dfung, not what §eenie(i good to our grandfathers to teach our 
fathers. ' ^ • 

These writers fail to recognize that nVfuiy of our most capaMii- 
hoys and pirls ai-ie/^s liUle interested in the so-called **frills/ind 
fancies'' as others) are in Latin and algel)ra. They usually like 
matlieniatics wheiy it is properly presented. In fact, the solution 
*to the problem \m in l)etter-traine<l teachers and not in the elimi- 
nation of fuiHhy^iental fields nf knowledue. " . 

In the Julucdtiomil Rrsranh Ihfllrtin of Oliio St:ite I'niversily 
for \oveiiiher 15, k;.^.^ (p. Charters says: 

There are si^ires of hoys and ^zirls. compe]]e<l to stay in school by 
law. to wlitnn work upon civic projects would be an ineftai)le release. 

' F.irr, Hfiny L., Sdtool and Sodrty, Vol. ,^7, p. 14S, 
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And even for the'^average^ stu(^ent it can easily be argued that facility 
in handling civic affairs of ititerest is of much greater value than a 
few* extri theorems in algebra Qr an additional theme in' English. 

Another type of criticism may be illustrated by the following 
' statement by Morgan in the Journal of the National Education As- 
sociation for May, 1932 : , , 

Increasing leisure demands richer school pjogram. The stability and 
well-being, of American 'civilization demand that our increasing? leisure 
be matched by training in the arts of life. This reqiuires an enriched 
curricylum in the schools. The most vital phrases of the' curriculum 
und/r the new conditions are literature, music, and art. These are 
the real fundamentals. They are not fads and frills. The fads and 
frills are Latin and highly tjechnical little-used phases of mathematics, 
such as square root, cube root, and. apothecaries* weight. If the de- 
velopment of material power is not matched by a cultivation of the 
aestheUc and spiritual .phases of life, our civilization must eventually 
crash. ' • 

, Apparently this critic'does not know that the topics he is attack- 
ing have already disappeared from the most of our schools. The 
damage to mathematics, however, is appreciable because the unen- 
lightened public that struggled with these topics believes we are 
sl;ill emphasizing such topics in our mathematics classes. 

Instructional weaknesses. At the 1932 Conference on Secondary 
Education, Dr. Jesse Newlon made the following statement : 

The American secondary school is a stronghold of conservation, 
where the curriculum is hopelessly traditional and not vitally connected 
with the needs of youth. The inertia of the secondary school is tre- 
mendous. Its teachers- and administrators, with few exceptions, are 
but stereotypes of an outworn concept of education. Every attempt 
to affect fundamental changes has been stubbornly resisted by a ma- 
jority of its personnel. 

This is a caustic criticism with a large measure of truth in it : and 
•while it does not single out mathematics, we can be sure that mathe- 
matics teachers must answer the charge. The fact is that the senior 
high school is the most reactionary part of our whole educational 
system with the possible exception of the colleges. 
' According to President Butler of Columbia University: 

The ability to perform the simplest mathematical operations is, to 
all intents and purposes, confined to teachers of mathematics or spedal- 
ists in thaf subject. Algebra and geometry, whether plane or social, 
are as unfamiliar as the Laws of Manu. 
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ripsident llutler made just as critical comment about readitiR, 
(VriUng, and natural sdencfrpbut that is no reason why we should 
conf»ra'vUlate ourselves. -f 

Failures in .mathematics. According a report of the superin- 
tendent of the New York City schools- in 1929. ^ore high school 
pupils failed in 'mathematics than in any \)ther subject. In one 
particular school more than half of the pupils failed in first-term 
algebra, and failure in high sclnool* mathematics as a whole was 
26.9 per cent, the next greatest failure being in foreign languages. 
The report faih-d to mention that algebra is required of all students 
and Is taken In the ninth grade, Whereas some of the other sub- 
jects like physics and history are electives and are taken later. 
Nevertheless, one Is not justified in believing" that in the long run 
such large percentages of failure can be productive of goodi 

Algebra, studied by 56.3 per certt of the high school students in 
1900, dropped to 35.2 per cent in 1928. The corresponding figures 
for geometry were 27.4 per cent and 19.8 per cent. These decrpases 
are doubtless greater t(iday. While some of this loss cab be at- 
tributed to the introduction of new' subjects into the secondary 
schools, part of it is undoubtedly traceable to a genuine loss due 
to a dislike for the subject? The question naturally rises here as 
to whether the fact that a large number of children of' eligible age 
are not now in high school may not be in itself an implied criticism 
of the subjects in the curriculum, algebra included. 

In a recent report of an investigation of the mathematics nec- 
essary to do acceptable work in college courses in educational sta- 
tistics in' the United States, it was pointed out that simple 
arithmetical and algebraic tasks are not easy for many graduate 
students. A large percentage of almost i.ooo students who took 
an inventory test were utterly unable to do some very simple exer- 
cises involving the essential abilities for successful mastery of edu- 
cational statistics. ^lany of these students, and students in other 
fields as well, have for some reason or otlu-r developed an unfortu- 
nate emotional complex against these simple elements of mathe- 
matics. I believe this is partly due to the non-mathematically 
minded teachers who should never have been permitted to teach 
the subject, 

Ciirricular trends. Until recently all undergraduates at Princeton 
University were recjuired to continue the study of 'either rtie classics 
or mathematics in their freshman year. Under the new regulations 
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it is permissible to substitute other subjects for this requirement. 
Commencing this year, Barnard College is omitting intet-mediate 
. algebra from its list of required entrance subjects, It -is clear that 
chanKes in* requirements will be made in other colleges and uni- 
versities. Such changes are all a patt of thife present movement 
to lessen tlie emphasis that has been placed upon mathematics in 
the schools. ' 

A Midwestern superintendent of schools, after'attending a confer- 
ence of superintendents in rViimfTn^ mf^^lft tJiP fttUnw innr statement 
to his teachers of mathematics: 

Since only 12 per cent-of the 'pupHs who study mathematics in the 
hi^h school are ever going to college, we do not need to worry any 
longer about teaching mathematics in the secondary school. 

Such changes in administrative policies and the persistent criti- 
cism of mathematics, challenge the very existence of mathematics 
in the curriculum of the secondary school. Some teachers of mathe- 
matics are inclined to take an indifferent attitude tbward the ques^ 
tion. They say '4f anything is to be dropped let it be the fads 
'-^•'"anas^he frills.'* One teacher remarked, "We should worry, we are 
no worse than the teachers of English."^ Perhaps not, but the 
question cannot be dismissed in this way. My own feeling is that 
the present complex state of affairs .in which we must continue to 
• live demands a greater knowledge of mathematics rather than 
less. However, anyone who thinks that mathematics cannot be 
dropped 'from the high school curriculum needs only to recall the 
fate of formal grammar arid Greek to realize what 'is possible. As 
*onc commentator puts it, '*If a pupil postpones his Greek until 
he enters college today, why should he not {jostpone his Latin, his 
al^ei)ra. and his ^enmetry tomorrow?'* 

Nor can we dismiss the attacks by ridiculing the critics. They 
may In* and often are ignorant of mathematics and in some cases 
have been the victims of non-mathematically minded teachers: but 
tht'V are not stupid. They know that the teaching of mathematics 
is not what it should be and they are determined either to bring 
about an improvement or to driven mathematics entirely out of the 
curriculum. 

\Vl)p shall study niathcniatlcs? We are all aware that the i)uiuls 
in our secondary schools are not e(|ually gifted in mathematical 
al)ilities. Some in(livi<iual^s should'certainly be excused from fur- 
ther .study of the subject, but no one, think, has the wisdom to 
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decide who will protit most by its study or to predict who the 
future Newtons and Elnsteins are to be. David Eugene Smith's 
delightful stories of the unpromising youths who later became 
prominent mathematicians point the moral in this instance.^ I 
quote: 

... Of late a new type of educator has apjMjared, the one who 
proposes to weigh in psychological scale the intellect of youth and to 
guide it aright. . . . [We] have it today in the phas^ of vocationar 
guidance, and in this work so many excellent peojUe are seriously en- 
gaged ihat we are certain to see It become an imi>ortant phase of modern 
education. Let the boy who gives promise in science begin his special- 
ization early, say those who seek to guide ^he youth in a. scientific 
manner, and let the one who takes to Latin bend his energies there. 
Let there be scientific tests to show whether or not the particular 
individual can hope for success in the particular vocation—a worthy 
effort and one tbit will produce good results. But there are not want- 
ing those who will be less scientific, and who will assert that one whoj 
by virtue Vii^ surroundings and family, is destined to be a hewer 
of wood, should early come to like to heW, and should be taught chiefly 
the nobility of labor with the hand. That we nfiay realize some of 
the dangers that beset those who seek to guid§ the youth aright, and 
who may feel called upon to sidetrack all that is not immediately 
practical, let rhe tell you some advice that I myself have given within 
a few years past in cases like these, and lay. before you the problem 
that I had to face. 

Not long ago there crt'me to me a father who wished to train Ins 
*boy for trade in a seaport town, "and who asked my advice as to the 
proper education to give him. The problem seemed simple. The 
community was not an educated one; i/lived off its little shipping 
industry; the boy was destined to small business and to small reward; ^ 
he gave no pramise of anything better, and the advice was, therefore, 
unhesitatingly offered that the only mathematics he needed was arith- 
metic through the sixth grade. * ^ , 

.Another parent asked me a little later about his son. The boy was 
of the ordinary type and wniild probably follow his father's occu- 
pation, 'that of a scOlptor. What mathen>atics would he well for 
h^m to take? I suggested a little stmly of curves^bnie geometric 
drawing, and tie modeling of the common solids^-aAnt of vocational 
guidance that seemed to me then and seems e'venVyet particularly 
happy. . ' 

A third boy happened to be with me on a stcimer and I took some 
inten in talking with him and with his mollier. I^hey lived in a 
city I no particular note, at any rate at that time, and the bny was 

"Smith. David Fucono. Prohlem^ in the Tenchhit: of Serondtiry Mathnnntkf^, ' An 
afUirc^"^ delivered before the New England AssViation of Teachers of Mathematics, 
(iinn and Company, iqij. 
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goiiiR into the selliiiR of oil within a few years. The profits of the 
Stijndarcl Oil (^omhuny appealed to the family, and 1 advised him to 
levirn his arithnieticSy^U and get iwto busines>s as soon fis he could. 

Out of the store orliiy memory I recall a' curious lad whom I came 
to know through my sympathy with the fiimily/ The mother wa^ 
a poor woman, and she took the boj^*, when little more than a l)aby, 
over to Riverside Park one day when there was a naval parade, A 
'drunken sailor,- haN'ing h^jcl a fi^ht with a group of hoodlums, rushed 
through the crowd of spectators and slashed right and left with a knife. 
In the excitement the boy, in his mother s arms* was horribly cut in 
the face. When I knew them he was about ten years oUl, unable 
to speak plainly, and already a misanthrope through his aftldction, I 
advi^rd the mother to give the i)oy a vocational education, telling her 
that thnnmh the use of the hanijs he would satisfy his desire ^for motor 
activity, and that this would coni|)CP.sale him for the loss of verl)al 
tluenry and would tend to make him more conltMited with his lot. In 
this advice I feel that 1 would have the approval of educational circles. 

And nnally, out of this series of ex[)eriences, let me recall the case 
of a boy whom I came to know throuuh a noble priest who found 
him orte morning, an infant a few days old, (m the steps of his church. 
We J^dked over the'be.st thing to do .for such a foundling, one who, at 
the time I knew him, was in the j^rimary grades. He showed no great 
pronvse. he was without family recognition, and his only chance, ap- 
parently, was in the humbler walks of life. 1 reconuuendcd a voca- 
tional school where he could quickly prei')are for the shop or the* lower 
[Hwitious K\\ trade, aiul the trood priest ai^provetU my plan at theaime, 
allh«>u«di he iinally ttillowed quite a different course. ^ 

It is 'a[i|):irent, In)wever, that I have here sjioken in p.'^rables. Per- 
haps you already reroimi/.e the boys, and perhaj^s you feel how sadly 
I blunderetl in my counsel. For tlie first of whose ca*^es I have 

set before you felt a surgim: of the soul a little later, and this was 
recognized in time, and he became one of tlK\,^even \\'ise Men of 
(Jreece -Thales the phil>>so|)her, he who introciuced the scientific study 
*of ueometry into Greece. The second felt a similar stnigule of the smiK 
and his parents ret-ounu/ed my pour couiNel in time to s:ive hun :ind 
to ^'ive to the world the tinmder of its first university Pythau:oras 
of Samos. The third boy, for whom oidj* the jTath of ci^mmerce 
seemeil ojien, and this by a town only ju^t beuinnitiu' to be known, was 
the man who fin;lftr^<et the worhl's first collt^ee-entrance ex-amination. 
the (uu* who wfote ovtr the pi^rl.tl of the trro\*e j)f Acidemos the words, 
*'Let no one itmorant of Kefunetry entef liere" Plato, the greatest 
thinker of all antif|ui-ty. The ffuirth, the hopeless son of poverty, 
maimed, sickly, with no chance beyond that uf lahorini: in the shop 
for such wai^e as niiuht by good fortune fall to his lot, became the 
greatest mathematician of liis day,- always the stammerer ( Tartaudia). 
but one wliom Italy ha> deliudited to hotior for mt»re than three centu- 
ries. And the h»st (uae {if the list, the porir foundlinu' on the steps of 
St. Jeande-Rond in Faris, became D'Alembert, one of the greatest 
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mathematicians that France, a mother of mathematicians, ever pro- 
duced. ♦ 

Shall \N'e, then, advocate the selection of those who are to study 
mathematics and clo^e the door to all the rest? Are we so wise that 
we can foresee the fme who is to like the subject, or sucr:eed in it?. 
Have we so adjusted \he scales of psychology that we can weigh the 
creases in the I rain, m* is there yet invented an X ray .that will reveal 
to us the fashioning of the cells that make up its convolutions?' ' 
^ Of course it will at once be said that these illustrations that I hfive 
given are^nteresting, but that they^ are unfairly selected; that those 
boys gave earlier promise in mathematics than I have said. It will 
be asserted th>it I should have tak^n the case of the stupid boy, the 
one who did not like school, the one who liked to play with little 
wind whecls/wKo liked to fight, who actually did away from 
school, and who stood near the bottom of the class itilmathematics. 
Such a case would be a fair one, one in which we could safely say 
that prescribed algebra and^ geometry are out of place. And I suppose 
we musf agree to this and confess that the argument from the historical 
incidents that I have n^entioned was unsound. Let us rather take this 
case that ^^^^ave just described, and let us see to whom the description 
applies. I need hardly tell you who this boy is;i he is well known 
to you;. he is well knpwTi to the world; andMong after every educa- 
tional reformer has {)assed into oblivion his itanie will stand forlh as 
one of England's greatest treasures, for it is the name of Sir Isaac 
Newton. \ 

Hut again I have been unfair, perhaps. I should have taken posi- 
tively hopele^ cases, for such can surely be ftrunti. I should have 
taken some illkerate man, one who docs not learn to read until he 
is nearly out of his te*ens, or else some man who sbnvs no promise in 
mathematics by t-he time he reaches manhtKul, or some one who by 
the time he is thirty is to show no aptitude in the science. It is so 
easy to theorize! But let us have care, for the men whom I have 
now described are Kisenstein, Boole, antl Kerinat. Take them away 
and where is your theory of invari.tnts, your modern logic of mathe- 
matics, and the greatest genius in theory of numbers that the world 
has eve;' seen? 

fndictment against srcond.iry education. A recent criticism made 
by IVofcssor Thomas II. Hrigt^^**^ against secondary education may, 
1 think, be particularly apjilicable to inatbematics. 

Partly as a result of the impossibility of making the ciirricular ad- 
justments that/;ire obviously needi'd, partly because of reiurri'iit anrl 
resounding crnirisms from those who find it easier to be destruetivo 
than to build up a new ])rtJgrani, many teachers have lost faith in the 

efficacy of the very .subjects that they profe<s to tiMc h. 'I his is 'one 

\ 

* Hriees Th<mi:i> If. **A \*isif»n of S^m tuuliiry KduralitHi," Tr.uhrrs Collf*'^e 
Rrn^rtf, Oitwhcr, U)^2, p|). 7-9. 
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of Ihe most tragic and discouraBlng facts that affect secondary edu- 
cation. How can a person teach with enthusiasm and effectiveness that 
in the efficacy of which he does not have complet? faith? A lack of 
confidence results iA small and decreasing knowledge, in perfunctory 
teaching and in meaningless drudgery that controverts values. 

For this and for several other reasons the students in our secondary 
schools understand, learn, retain, and use little of what the curriculum 
plans. The facts are abundantly presented [in our professional iitera- 
ture and may be observed by anyone who takes the trouble informally 
to test ^ fair sampling of the schools. By any reasonable criterion the 
investment by the public in our secondary education has faile 1 to pay 
academic and social dividends ttiat justify the huge expenditures of 
time, effort, and money. Hy any reaWable audit secondary educa- 
tion for the masse-* is bankrupt. Initppropriate offerings make in- 
evitable small accomplishment by those naturally incompetent for the 
traditional academic achievement, and the admission, encouragement, 
or compulsion of such pupils to pursue these subjects interferes with 
the progress of those who by natural and environmental gifts might be 
expected^to attain significant accomplishments. Students most aca- 
demically gifted are now most severely handicapped. Others in a hope- 
less struggle with what is inappropriate to their talents are achieving 
little that contributes to their owa advancement or to thaUof society. 
It is difficult .to emphasize this fact for the great majority of our 
youth and at the same time to recognize the eminent success for the 
sm^ll minority who in the best schools find the opportunity for achiev- 
ing the peculiar sticccss that .should be common to all. In the success 
of this ninority is'^the beacon that should lead the profession to make 
secondary education the most potent factor «in preserving and advancing 
our democracy. The small, the pitiably small, accomplishment of the 
majoritv of our pupils is a wxll-eslablished fact.^ Though perhaps an 
inevitable concomitant of an attempt rapidly to provide a secondary 
education for all. it is discouraging; but even more discouraging is the 
complacency with which the repeatedly published fact has been re- 
ceived. Terhaps this complacency exists only because we do not know 
what to do. Perhaps jve merely await leadership to advance out yf 
the wilderness. 

W ith the rapid development of the number and enrollment of sec- 
ondary -schools we have not teen able to recruit and adequately train 
a body of comi^etent teachers. It would'have been diftkult under any 
circumstances to prepare in every decade almost as many new teachers 
as there were ext>erienced teachers in service, but when the complexity 
of the student body steadily increased and the purpose.^ of secondary 
'e<kicatif)n steadily became more confused, it was impossible. Attribut- 
ing high praise to the top fraction, perhaps one-tenth, and generous 
crotiit to iHThaps fivi'-tenths more, the brutal fact is that ap[)nK\imately 
half f)ur iii^h school teachers are below, many of them far below, the 
standards that should reasonably be required. With all teachers in 
the Krenth lycces and in the German Gymnasiums our small fraction 
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of best can no more than hold their own. While training in methods 
of teaching and In the other appurtenant subjects of education Is im- 
portant, It can never take the phice of th(irouuh knowledpe of the sub-- 
jects^to be taught. It should supplement rather" than'supplJfit. Our ' 
teachers are relatively strong jn method, but limited and weak in 
knowledge. Too few of them in the academic fields exemplify the 
culture .that liberal education should develop; too many are satisfied 
with- the dangerously little learning that they have acquired in college 
courses, without at the same time acquiring an insatiable appetite that 
leads them ever onward in learning and in the enjoyment of learning. 
The public is largely to blame, for it has judged personality tnore 
than scholarship and effective inculcation of culture. Whatever 4he 
large program for the future of secondary education, it should begin 
in our colleges for teachers with a better training, ajlequately founded 
on knowledge and a love of knowledge. / 

Finally, there is everywhere, among/the profession no less thijn 
among the public, an expedation of mirVcles. Although the fetich of 
education, howe^•er it be defined and however small its accomplish- 
ments in making its products more socially and intellectually effective, 
is dominant, there .is a wide^prea'd su?pici(m that all is not as it, should 
'be in ou^ secondary schools. Evidence of defects is hospitably heard, 
but little is done. There is generally a feeling thaJL some panacea will 
he found, some single act that will remedy all defects ahd set us on. 
the. highroad to educational prosperity. This sentiment, it may be 
. noted, is not peculiar to the field of educatu^n. Xeedless to say, there 
is n)> such panacea, nor wlll there ever be, in education or in economics. 
The causes of depression are c<implex; the cure must concern the 
fundamental. . So long as we look for a miracle that will overnight 
give us a full-fledged and permanent prograni/ff^T effectiveness, just so 
long we shall endure inefficiency, sqmmcierAist sums of money and 
infinite possibilities of youth, and /alTiwu^a in vain satisfaction with 
the fetish. We need a vision that v ill disturb our complacency, stimu- 
late us to action, and direct the inendingl efforts toward educational 
betterment. j 

•Reform in education. The late W. H/iry Syzzallo in speaking of 
a need for a 6wt.eping reform ititrtu)lic school education said: 
^'Thcre are too many academic speciali'sts in our public scV)ols who 
know very nnich ai)out a little field of study and nolhiN^ much 
about the wider ranges which make up the rest of life." yie ex- 
pressed vcfj^vQt that such specialists in subject matter have been 
uiven preferment in appointment, promotion, and salJkry, with 
the result that departmentalized teaching has increased to t-he detri- 
ment of the child. The teacher of the future, said t)r. Suzzallo, 
^should he ^'a character m-.n, or woman, interested .in people as well 
as in books, a man of this world and not an academic recluse.'* 
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I believe we could all agree with thi^ point of view. How to rfem- 
edy such a situation is a problem of great importance to us .all. 
,One method of handling this problem is to set up what is called an 
integrated program. I have discussed this rather fully elsewhere,^ 

Testimonial^ Favor/ ole xo MATHEMAtics 

Mathematics in government. Mark SuUivan, as a critic of the 
New Deal, laments that men able to use calculus and the higfier 
differential equations are being brought to Washington for uRliza- 
tion of that ability in government service, He has at^^acked Ez^iel 
for attempting to state statistically the demand, supply, and price 
of hogs in the United States for some years ahead. In defense of 
the mathematician, however, Dr, Harry Elmer Barnes recently ex- 
pressed the following opinion in the New York World'Telegram. 

It is possible to put a very different interpretation on these develop- 
ments in Washington. To many it means the* first real effort to bring 
government thoroughly up to date. The fact that men like President ^ 
Cleveland had not the slightest grip on the mathematical and scientific 
facts which have created the modern world is one- reason why we are. 
in our present mess. Many other Presidc^nts were even worse off in : 
this reprd. 'Even Woodrow Wilson, a university president, was bliss; 
fully innocent of modern science and engineering and relied upon the 
rhetorical methods of the age of Cicero. 

Our modern material civilization has .been built up by the use of 
calculus and higher mathematics. It is 'not unreasonable to assert 
that a comparable intellectual equipment and apparatus are needed 
to control our institutional life. Without the calculus and higher dif- 
ferential equations we could not build a complicated machine, a sky- 
scraper^^^^A^-bridge, a subway, a railroad, a' large- ocean-gc^ng ship, an 
electric lighting plant, a telephone, a telegraph cable, radio or any 
other representative; manifestation of modem ingenuity. 

If this be so, how can one^ expect to run a government, which is 
far more complicated than any machine or engineering project, Without 
at least some appreciation of the function of higher mathematics? We 
mdy be glad that there is a man in the White House whose perspective 
has advanced beyond long division. 

It is high time that our statesmen should begin to think in terms 
of modern science instead of relying upon the rhetoric and hot air 
which have dominated politics frotn Pericles to many of the present 
spellbinders in the United States Senate. ' 

Social values. The social values of mathematics, both rpalized and 

« 

*Rreve, \V. D., ^'Mathematics and the Intoiirated I^Rram in American Second-, 
ary Schools.'* Teachers College Record, April, 1935, pp. 497-S07« 
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potential, are stressed 1):' the mathematician, E. T. Bell,^ in the 
following statement : - ^ 

For it must now be obvious, even to i blind imbecile, that American 
mathematics and Mathematicians are beginning .to get their due share 
of those withering criticisms^ Motivated by, a diastic revaluation of all 
our ideals and institutions, from the pursuit of truth for truth's sake 
to democratic government, which ire only the first, mild zephyrs of 
the storm that is about to overwhelm us all.» In the coming tempest 
only- those things will be left standing that have something of demon- 
strable social importance to stand upon. ]^Iathematics, we^as mathe- 
maticians believe, has so much er^uring worth to offer humanity on 
all sides from the severely practical to the ethereally cultural or spir- 
itual, that we feel secure— until we stop to think. „ * 

The arresting thought that we as mathematicians have done next 
to nothing to inform and convince the sweating men and the sweated 
women, whose hard* labor makes possible our own leisurely pursuit of 
the 'Science divine,?' that mathematics does medn something in their 
lives and might mean more, may well make us apprehensive of the 
futyre, for these too patient men and women in the storm ahead of 
use all will cast the deciding vote. 

The harsh attrition has already-begun. Are not mathematicians and 
teachers of mathematics in liberal America today facing the bitterest 
struggle 'for their continued existence in the history of our Republic? 
American mathematics is exactly where, by common social justice, . it 
should be — in harnessed retreat, fighting a desperate rear guard action 
to ward off , annihilation. Until something more substantial than has 
yet been exhibited, both practical apd spiritual, is shown the non- 
mathematical public as a justification for its contiftued support of 
mathematics and mathematicians, both the subject and .its cultivators 
will have only themselves to thank if our immediate successors ex- 
terminate both. \ 
" Taking a realistic view of the facts, anyone but im indurated bigot 
must admit that mathematics has not yet rnade out\ compelling case 
for democratic support, so that the men and women who pay the bills 
which make mathematics possible can see clearly what they are asked 
to pay for. This must be done, and immediately, if mathematics is 
to survive ifii America, 

Our tcisk is to develop somehow a generation b{ teachers, who 
not only know a great deal about their own field of study, but who 
also understand something of the "wider ranges which make up 
the rest of life." The trouble is not so much with mathematics 
as some of our critics would have us believe. I have elsewhere re- 

■ Rfll, K. T. In a review of The Poetry of Mathrmaiics and Other Ka^iays, hy 
David Ku^cne Smith. The Amerkan Mathematical Monthly, November, 1935, 
SS9» 



xMATHEMATICS IN MODERN EDUCATIO^^ ^ 15 



ferred to several authorities who have exalted mathematics, and 
one yearbook in the .series of which the present volume is. a parf 
was devoted entirelj' to the topic ^'Mathematics in Modern Life."^ 
The Columbua (Oiiio) Dispatch, commentin}? on the proposed 
curtailment of a ithmetic in school curricula maintains that the 
• schools should not withhold the '^mathematical kej^" to the **gate- 
ways of a larger life'': ^ ' 

One of the ^^educational experts" of Teachers College, in Columbia 
University, says* of the study of arithmetic: Arithmetic should be 
taught, but not all arithmetic. We should transmit to the children 
of tomorrow only that which they are Ukely to need. Even hig ily 
cultured people have need for 9nly a small amount of mathematici^," 

His conclusion is that something like 85 per cent of the arithmetic 
usually taught in the' schools should be dropped out. He can see little 
use for anything more than simple addition, subtraction, multiplica- 
tion, and division. ' A questionnaire sent to some 600 persons found 
but few to reply that they had found the higher mathematics of any 
, direct benefit to them. * < 

This was quite natural, as a result of the questionnaire method. One 
*\ould like to see the results of a questionnaire sent to 100.000 or 
more men and women who have been **questionnaired" for the past 
20 years asking the one simple question, **I)o you favor the question- 
naire, as a means of getting comprehensive, accurate and reliable in- 
formation on debatable matters of opinion or sentiment?" 

The difficulty with this Columbia expert's opinion as to the teaching 
* of mathematics is that its practical application in the schools would 
leave a countless number of young people handicapped, later on, when 
they desired to push into one or another interesting and profitable life 
work, or subject of study, and found that they did not possess the 
mathematical key necessary to unlock the door. It is the place of 
education to open up, not close, the gateways of a larger life. 

Commonplace values. In the opinion of Myron C. Taylor, promi- 
nent business man, malhenutu:s i.s the most important subject in 
the curriculum : 

What shall we put into the mind? For the uses of the present day 
we could hardly put too much mathematics into it. A brain that is 
mathematically minded has a decided advantage over any other in 
affairs of trade and commerce; it is a fine type of mind to approach 
problems in physics, and it is just the Sf)rt of mind that would lead 
one to be philosophical. And so perhaps if one were. j^ermit ted to 
study only one subject, depending upon companionshfp and one s 
everyday contacts with the world to pick up the language of the com- 
munity after a fashion, mathematics would serve one better than any 

^ Sixth Vt'arhook of the Xuliofuii Council of Afalhi'mntirs, iq^M, 
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Other subject in the courses of study. So it would seem that one 
cannot give too much attention to mathematics. | 

A recent trend in high school commencement programs is the 
vitalized commencement, in which the activities develop from the 
regular classroom work. The commencement program for Hiram 
High School (Hiram, Qhio) in 1929 ^^centered around the idea of 
mathematics in everyday life." A report of this program, by Mr. 
Harold E. Davis, appeared in the April, 1930 Jssue of Ohio Scftools. 
The purpose of the program was.: 

... to show the graduating class in the performance oi work char- 
acteristic bf the school and to establish some definite relationship 
between school work and the lives and activities of the students. It 
has been the purpose furthermore to intellectmlize the commencement 
program, and to give the graduates a chance to show they have devel- 
oped sufficient intellectual interests and capacity to talk interestingly 
• to" their parents and friends about some topic of wide intertet and' 
concern, to which they have given particular* attention. 

Edward Howard Griggs J in his new book, The Story of an 
Itinerant Teacher, mentions the personal benefits that he has de- 
rived from the study of mathematics: 

Feeling that with my wide reading, I needed intellectual discipline, 
I chose mathematics for my major subject, with no intention of using 
it afterward, in teaching or other practical ^ays. Never have I re-, 
gretted the choice. Mathematics is one of the oldest subjects in the 
curriculum, and one concerning which there is at present the most 
confusion of thought. It is the one completely exact science, just 
because it deals with pure ideal concepts. We define a straight line 
as the shortest distance between two points. There is no straight line 
in Nature. Nobody ever saw or drew a straight linefSsWhat we call 
straight lines are poor, approximate illustrations of an idea th; exists 
only in the mind. Mathematics is thus pure reasoning with ideal con- 
cepts. When you argue that two apples and two apples mike four 
apples, that is not mathematics; it is a concrete illustration. It is math- 
ematics only when you think that twp and two make four, to any intelli- 
pence, anywhere in the universe, any time throughout eternity. Mathe- 
matics is thus the grammar of science, a language for the statement of 
all scientific facts and laws. Anything that can be stated at all can 
finally be stated in mathematical terms; and only then is the statement 
exact. 

In our effort to introduce mathematics early in the course of study, 
wo have brought in all sorts of concrete material, and permitted the 
pu[)ils to merfi(mze. IvCarning the multiplication is, of course, sheer 

The Story of an Itinerant Teacher, pp. CopyriRht. 10J4. Quotation 

used by special permission of the publishers, The Bobbs-Merrill Coivipany. 
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memory work, and should be accomplished in the memory period, 
until one can say it forward and backward, awake or asleep. Every- 
thing else in mathematics' is pure reasoniup; and allowing the pupil 
to memorize problem and proposition, brings him, at eleven or twelve, 
up against a dead wall; and he finds that he does not like mathe- 
matics. Nine times out of ten when a student does pot lik^e mathemat- 
ics, it means that he has been wrongly taught, 

I am not one of those modern educators who hold that discipline 
in one field taji not be carried over into other fields. Of course I know 
what they mean when they say that **Hno\ving algebra and geometry 
will not help you to decide whether the butcher has cheated you on 
six pounds of steak*'; but accurate thinking is accurate thinking; and 
mathematics is the one perfectly accurate form of thinking known* to 
man. Once the habit of accurate thinking is farmed, it applies to 
everything you think about. It is not necc.-^sary to speak tliCHte^ically; 
I know that I can organise my ideas more logically/ better avc^d 
overstatement and express my thought more accurately, because I did 
some six years of mathematics during my brief term in college, 

I 

We need more testimony like this to put before the pei<\>le who 
are not convinced that the- study of nKithemati( s Ikis any impor- 
tance in the schools. Hut bette^still we need to teach mathematics 
so that our pupils will ultimately, offer such testimony. 

Ma4>cniatics and the cosmos. The following editorial statement 
appeared in the Xeiv York Sun on November S. to.^o: 

Jn search for the ultimate reality in nature, now virtr.allv ahiindoned 
as beyond the powers of the puny tliree-dinieo.^uMial intellect df man. 
mathematics was long a useful guide. , Its importance, increased with 
time until men of science came to regard it as the only lanc:u:jge in 
which a natural Nnhenomenon could prc^perly b(f discussed. 'i\Klay the 
curious are told that they will know all that can be known about such 
a {)henumenon wluvn they have discovered a mathematical formula 
which adequately dc^ribes it. I^Iathematics is no loiv^er content to 
be a tool; it threatensMo :ibsorb almost everyjjiing el<e. Sir James 
Jeans asks us to look u|mn the (ireat Architei^ of the Tniverse as a 

pure mathematician. 

In the Rede Memorial Lecture ai the Tniversity of (\uuhri(li;e the 
other niuht the brilliant British a>trot^imer expounded his liitest physi- 
cal and cosmic theories. He had e\p;inrled the lecture into a small 
volume, 1/ir Mystrrious r«/rr/'.w\^ which he put on s:ilt* in the ht^k 
shops the next day. Like everythiuir \\7iich comes from liis pen. it 
has a fascinating boldness. ThtTc is danger of some of 'his readers 
taking his jdeas ff)r sci(Mitific gosnej. Hut he warns them. *'Kvery- 
thing that has been said," he writes in his fmal c1iapt<^r. ''and evtTV 
conclusion that has been tentatively put forward, is fjuite frankly 
speculative and uncertain.'* Tlie conclusions* except in the last chap- 
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ter, ur^ not wholly or principally his own; he reviews. the whole field 
of modern physical science. ' ^ 

\The universe begins to look to Jeans more like a great thought than 
a great machine. If it is a universe of thought, then its creation must 
have been an act of thought. **Time and space," he says, **whlch form 
the setting for the thought, must have come into being as part of this 
act." The line of demarcation between realism and idealism is be- 
coming blurred. Objective realities exist, but we are assuming too* 
much if we label them either **Real" or *'Ideal." The true label he 
thinks 4s ^^mathematical," but this term must be taken to connote the 
whole of pure thought and ngt merely the studies of professional 
mathematicians. 

What does the man In the street gather from it all? Perhaps that 
science shows signs of becoming religious. Tare materialism is 'rather 
out of date, When matter is dissected it, is found to ue composed 
of something which does not meet our ideas of matter at all. Nobody 
nowadays atteiBpts to say .just ''what an electron i^ or ventures to hope 
that Irmrrean ever know what it is. As baffling as the mysteries of 
.»the microcosm are those of th< macrocosm. Suns and' planets may 
evolve out of nebulae, and/it is^not difficult to picture the birth of 
nebulae from the gij^at agglomerations of atonos; but whence the pro- 
tons and electron^ which co?rlpose them? The mathematician may 
put ti^se questions aside as idle and impractical and tind consolation 
in his beautiful equations; the rest of the world will not so easily be 
satisfied," ^ 

Functional thinking. The following excerpts are^frcmi a recent 
study by Dr. H. R. Hamley, in which he discusses mathematics as 
of. mode of thinkihg.® ' ' • • , 

Our purpose in quoting these authorities [Spearman, Dewey, Ri- 
gnano and Piaget] is p'artly to uphold the thesis that reasoning is ideal * 
experiment, and partly to support the view that scHool mathematics 
should be taught as the symbolic expression of actual or potential 
activity; in other words, that scho(il mathematics should be presented 
as a concrete and dynamic, rather than as an abstract and static, 
science. We,^do not think that the function ctmcept can be grasped 
by the average Student in any other way. Mathematics is the pro- 
jection of U\e upon the plane of human imagination. 

Xdw. the conduct of experiment involves the following main activi- 
ties: the collecting of data, the arrangement of the data according 
to snmt' attribute or quality, the identification ()f the data by name, 
and the inter[)retatinn of the data so organized in terms of relations 
or correlations that have .been found to subsist between them. In 
other words, experiment involves the recognition of the mathematical 
concepts: class ^ order ^ variable.^ anrl correspondence, . . . 

""Functional Thinkinp." Xinth Yearhook of the Xational Counril of Teachers 
of M uht mittii s, pp. 37-.^S, 44-40. 
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. . . We have now to inquire how far thcse^alms are capable of real- 
ization through functional mathematics^ Of the. utilitarian \alue of 
•functional 'mathematics there can be no question. T^e function is the 
mathematical correlate of physical change, expressing in symbolic 
language the relationships that accompany change in the physical 
wofld about us. . . . the utilitarian value of functional mathematics 
is cpmmensurable with the utilitarian value of physical progress. 

The cultural valde of pjathematics can hardly be considered "apart 
from that of mathfematics in gerferal. D. E. Smith has appraised the 
value of mathematics in an article both eloquent and profound. " He 
shows that mathematics di(J not come into being to satisfy utilitarian 
needs. *'It seems rather to have had its gei^esis as a science in the 
minds of those who follo^Ked the courses of the stars, to have had 
its early applications in. relation to religious formalism and to have 
.had its first real development in the effort to grasp the Infinite/' That 
mathematics has beauty has not been generally appreciated. Few who , 
are not devotees would be ready to claim that "the true spirit of de- 
light, the exaltation, the sense of being more than .nan, which is the 
touchstone (Si the highest excellence, is to be found in mathematics 
as sUrely as in poetry. . . If beauty is an attribute of culture, then 
cultural mathematics can claim to provide, in a special degree, the' 
food of culture, for order, rhythm, symmetry, h^ifiony and unity, 
which are among .the accepted qualities of beautj/ are also among the 
popular concepts of functional mathematics. 

That mathematics has disciplinary value some are disposed to doubt. ' 
They maintain that the days when it was believed that accuracy, judg- 
ment and reasoning were sp)ecific abilities that could be developed by 
appropriate training and discipline have long since passed away. Others, 
while admitting that the doctrine of formal discipline has l)^en rudely 
shaken, still cling to the belief that there is something, in **the human 
^worth of rigorous thinking.'* This subject was considered to be. a 
matter of such vital importance that the National Committee on Mathe-' 
matical^ Requirements made a special study of '^The Present Status of 
Disciplinary V'aluesjn Education/* giving the result of the experiment 
and inquiry up the year 1922. M<my experimental studies of this 
subject ha\"e been made since iQoi, when Thorndike and Woodworth 
undermined our faith in the faculty doctrine. Some of these have been 
vitiated by faulty technique, others have been discounted hecause they 
^io not touch the real problem. Th(^,se that may Ijc considered valuable^ 
and unobjectionable as to procedure seem to point to a conclusion' 
which may be summed in the words of Burt: common element 
is more likely tj be usable if the learner becomes clearly conscious of its 
nature and of its general applicability: active or deliberate jLprfnsfer is 
far more effective and frequent than passive, automatic, or u^iintentional • 
transfer. This seems especially true where the common elettient is an 
clement of method, rather than of material, aji ideal rather than a piece 
of information.'* In other words: method of procedure, consciously 
accepted as a desirable ideal, is the key to the problem of transfer. 
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The bearing of this conclusion on our present problem 'will be pbr 

• . vious, when we remember that functional mathematics is neither a 

technical skill nor a formal discipline but a mode of thinking. Jt ntay, 
and often will, involve many skills but its real domain is to be found 
in the concomitant changes of correlative variables and the relations 
that subsist between them. If we seek the material of transfer in the 
common elements of mathematics and life, we find them in the con- 
cepts: class, order, variable, relation, correspondence, correlation, and 
function. V" 

Numerous reason^ might be given to explain why hiathematics 
has come in for so much criticism in recent years, particularly alge- 
bra and geometry in the secondary school, but I will mention three 
which I consifltT of fundamental importance. In the first place, the 
stupid way in which many teachers continue to present bolh algebra 
and geometry contitbutes largely to the unpopularity of these-sub- 
jects. So long as we continue to teach these sul)jects mechan- 
ically and include in the course of study much , material that is 
obsolete, we may expect the pupils to dislike m'athjmiatics. 

Secondly, the general educators, many of whom perhaps have had 
unfortunate experiences with mathematics in school, consider that 
it is the suluect prr sr that is at fault. They would therefore elim- 
inate it. There are some who.^ although they may not know much 
about t'he subject, or even how it should be tausht, recognize its 

• intrinsic worth while at the same time they know that the teachirtg 
of mathematics is had in many schools. 

' In the third place, the professors of pare mathematics in the col- 
leges and the universities who once had whatever responsibifity there 
was for training their students to be teachers of mathematics turned 
over the responsibility for such work to the schools of education. 
The results rellrct the obvious lack of interest. Schools of education 
ancj teachers colleges have dominated the teacher-training programs, 
and instead of turning out teachers with prnper academic background 
they have prtnluced too many teachers who kno v but little more 
subject matter, sometime^ less, than what they vere actually sup- 
po<^ed tn teaJi. Strmdard^ for teachers have thu> liecome topheavy 
with re(}uirement< in gerteral methrxN courses, principles nf teaching, 
and tb»* like, and with practically no uniform academic standards 
that are satisfactory. 

The problem nf mathematics education in this country cannot be 
solved until we remedy at least the three situations first described. 
We nni<{ fust set up higher standar<l< for teachers of mathematics. 
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For example, no teacher should be allowed to teach mathematics, 
even in the junior high school, who has not at least completed a sub- 
stantial course in the calculus. 

In the second place, we must educate the educators with reference 
to the importance of^ their .supporting our higher standards* for 
teachers and also with respect to the importance of mathematical 
education in the schools. This can be done if we show them that 
the modern course in mathematics is modeled on the 1936 plan in- 
• stead of that of the seventeenth century. 

Finally, we piust convince the professors of mathematics in the 
colleges and universities that they must take a more prominent part 
in the teacher-training program. Most of their students will prob- 
ably plan to teach mathematics. It is the duty of such college and 
university teachers to pay more attention to the future needs of 
their students and help the rest of us, whose primary function is tcj' 
train our students to be teachers. 



' the reorganization of secondary 
€:ducation* 



A STUDY OF PRESENT PROBLEMS AND TRENDS, WITH 
PARTICULAR REFERENCE TO MATHEMATICS 

By WILLIAM BETZ 
Rochester, New York 

^^The day has come to begin the work of our renovations . • 
We must arise and move on, . We must liberate oursef^es from blind 
technology and grasp the complexity and the wealth of our own na- 
ture.'^— Alexis Carrel j| ' 

Introductory Statement 

• 

. Facing a staggering problem. Never in the whole Listory of edu- 
cation haye teachers Been more baffled and worried by th^ scene 
they are obliged to face from day to day; So great is the confusion 
of the present period, and so vexing are the questions demanding set- 
tlement in every field of human thotfght and endeavor, that one 
shrinks with some dismay from a survey of the educational pro- 
grams set up for our adolescent youth. Yet, so pressing is the 
need of orientation, so vital" is an honest formulation of our difficul- 
ties, as well as a re-examination of our basic faith in a system of 
universal education, that every effort in the direction of a compre- 
hensive review, however fragmentary and halting, is at least better 
than passive or stagnating indifference. In the following pages the 
attempt will be made to lift into prominence and t6 analyze those 
factors which seem to be mainly responsible for our present educa- 
tional troubles. With the analysis wmII l)e submitted "constructive 
criticisms and tentative proposals on behalf of a desirable co-ordina- 
tion of the old and the new. In order to remove the appearance 
of a purely subjective appraisal, there will be frequent references 

♦The writer wishes to express his infiebtcdne«? to Profesror \V. D. Reeve of 
Teachers College, Columfiia rniver^ity, for valuable etiitorial as'^i^tanco, and to the 
numerous publishers and authors who nnadc possible the (|U(nations and references 
appearing in this monoKraph. 
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• 

lo the ciuTcnt educational literature, thus enabling the reader to 
check the authors poj^ition afiainst a \N;ider body of opinions; 

Nature of questions to be discussed. The extent o^ the territory 
to he covered is such that it will Ik* impossible to inclu^kan^is 
survey anything hut the "high spots'' of the e(lucatioii|(Usitua^ 
The following cjueries may serve to suggest the genera! nature and J 
scope of the problems to be discussed: 

. I. What are the chief causes of the present educational unrest? 
Have we a consistent and practicable philosophy o'f education? 
.V To what extent should "social reconstruction" be a determin- 
ing factor in a basic philosophy of education? 

4. Which guiding principles, if any, may b^e applied in the ap- 
praisal of the newer educational trends? 

5. What is the present status of the curriculum revision move- 
ment ? 

(). How are the secondary schools trying to cope with the piobleni 
of nicuss education? 

7. Should vocational education be encouraged at the secondary 
level ? ' , \ 

R. Is it possible to maintain standards if secondary education \^ 
to be adapted to the individual pupil? 

Q. Alonir wliat lines should classroom procedures and methods 
be changed, if the findings of the newer psychology of learning arc 
accepted ? 

10. Does the professional preparation of secondary teachers call 
for extensive readjustments? 

Althtuigh this study is intended primarily f(^r teachers of mathe- 
matics, its scope must necessarily be enlarged to include the edu- 
cational scene as a whole. Education is viewed as a unifier! process 
extendini^ from the kindorirartrn to the university. Hence, fre- 
(juent excur-itins will be nririe into the elementary field for the sake 
of a nmrr inclusive pers{)ective. 

• 

IWRT OXK 
. Kl)r(\\ri()N IX A (TIAXGIXG WORLD 

A WcRl.I) IN TURMOH. 

l:\ttTtial caiisr'i of wi^rld-widc unrest. That the whole civilizefl 
world is nnw utu'n^ throu'^h an upheaval unparalleled in histf^ry 
has bec(»me a commonplace observation. From day to day the news- 
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papers brini? us startling accounts of new and upsetting events at 
home Xoil ^ijjvoad. Kverythins seems to be in a state of llux. tireat 
empires are facing as si'.dden disst)luti()n t)r transformation as the 
nei'jfhborhood grocery or the o)mniiinity s time-honored institutions. 
Ivnlerpri<es. hirire or small, local or national, seem destined to feel 
the impact of forces tl:at cannot be ignored. 

We all know, in a .ueneral wax*, whal is back of this development. 
The story has . been told ^^ff^often that its restatement is almost 
supertluous. Tfie \\*(^rld M'ar, so we are informed, merely ac- 
celerated the approach of an inevitable crisis which st)oner or later 
was bound to overtake the modern world: Our machine cix'ilization, 
with its ever-it^crcasin'4 use of bii^h-powered and au,tl)matic pfodiic- 
' tion devices, is in violent contrast with the era of handwcirk. Teoh- 
nolouical unemployment appears to be with us permanently, Ajzri- 
cullure, continually made more effieient, is likewise tending in the 
direction of contr()lled mass prodiiciic^n. And so the "teduiocratic" 
aye is upon us, brinuinu with it an almost unentjin^ series of eco- 
nomic and social pr()bhMns.- The .ureat industrial .nations, all striving? 
to be self-contained instead of co-operative, seem to be bent on a 
liie-and-death strn'j:^le for raw materials, markets, and c*t>l(inial t>ui- 
lets for thear excess population. In our bis^ cities thoiisatuls of un- 
employeil workers are anNiousl\' awaiting the return ()f [irospority. 
tiovernments everywhere are Iryint: to feed their hunury millioMs 
and at the sanie time. vainly attempt to balance bud 'A'ts. Re- 
trenchment at some points and unlimited expenditures at otluT 
points h,'ive thrown civic and national hou-eht)hls int© a state of 
chronic uncertainly. In the^ meantime, the popular demand f(^r 
stable Cf)nditiruis ami for economic sccuritj* is apprf)acliinir the status 
of ;i reliiiioiis flo'.nna. As a cnrollarw political rrorientalinn is unin^ 
on in ,an unfMnrtMh^nted \\':\\\ W'hiie the demrieralic nati(Ui< of the 
western world an* experimi'ntim: with uiivermuehtal modifications 
within' the framework of their ewnst itution<. the fascist and collec- 
tivi-lie ^t;itis are enforcin'j: llu^ dictatt'< (U' a minorii\ on lu^l^df 
(if an extreme tiaUonali^'m nr a militant prnh'i::ri;u. In thi< battle 
of LML'antie dimen^inn^ the fate oi the indu'itlual i< be(()min*J: 
iucrra^iu'jK' in-i-jnifhatU and pn ca.riMU^. l<^n^l thr (luulu-idn 
iu'-tiried that « rluran'MU, tnrexri' n-neerned with tl.i^ j!:.Mnly (»f in- 
dixfdual df\ ('{••Mmm! and leadii-liip. will be rlti\ta ei:l'--r t() in> 
j.dteiit -nrietidu' ur tn a pa--i<>naie drfeu-e nf [{< \)u)^\ pi"ei:»u< 
inn\ ieti«>h- and pi inci[)les ? 
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Internat causes d(yunrest. Hardly less important than the eco- 
nomic and political factors just mentioned, as causes of our dis- 
turbed outlook, are certain subsurface influences. These, too, are 
well-known to any student of modern education. The old land'^ 
marks of former, da\'s have been rudely shaken, Kirst and foremost, 
a deified materialistic science must be held larj^ely responsible for 
an all-too-prevalent mechanistic interpretation of the universe. It. 
is the tragedy of this a,ue that prixisely at the time w]^en science 
is losinij: its mechanistic bias, tlje spiritual forces of mankind are 
held in bond:it^e by a false reverence for alle.^ed scienlific luialities. 
that are bein«j: discredited by-honrst scienlific thinkers. As yet, 
psychology, reliuion. philosophy, and rMucation are sufferini^ from 
their fatal Vontiict with a machine conception of life and human 
destiny. Hence the futile attemjils to (ieri\V valid tiuidinu principles 
from an experimental philoriojiliy of education which rests on a 
mechanistic foundation. In proi^iriion as the individual is viewed 
merely as an inconsecjuen.tial atom in a relentle-s evolutionary struu- 
^le based on the survival of tlie fiMest, and in proportion ns life s 
ideals are uiven the status of {)ur('ly praLimalic and provisional 
i?enerali/.ati(yns devoid of intrin-ic worth and autlu)rity, education 
is fmdini^ it increa<inuly dilTicull' ttT rescue its fiiith in the unifjue 
value of the educational process- for tl)e individual child. Hence 
we have a type of m:i^^ e'lucatiori which is forced down to the level 
of the '*stalistiral avrra-e." In a world thus robbed of its anchor- 
aire and iu dependence on clearly charted routes. eductiti(?n is i^rop- 
inii about blindly f(^r pilots that appear t«) know how to steef a 
jourse at a safe distance from the rucks of de^trncMion. 

How a philosopher views the situation. I'nder such conditions, 
how may a teacher preserve sanity of judirment and calmness of 
mind? More esix^Mally. how may we rise above the ba!)el of con- 
temporary Vf)ire< and rescue f(jr (uirselvt'S that unified thinking: 
which is fuir only e-cni*>e from hopflo- cynicism or ju'rsonal dis- 
inteurati^Mr-' lM»r an answer. Irt u*^ fin*ii to a pliil'><o[^her mIio has 
bet-n sulYui(^ntly chwe to the pufuilar mo'td to ha\*e developed a 
deej) under^'tandinLT n\ our ^piiiJual di-lrmper and its t^^is^jhle cor- 
'rection. Will Durant. in his Mtiuu^}:^ at rhilou)ph\\ \\:\^ uiven u< 
one of the nw^t jjem iriiiinu (riiiei^ih^ (jf the nnwlern I'^-a. toizether 
with a revealiiej diaunnsis ih:il mi-iit repre-ent a lir-t -tt^p in the 
direction of a cure. (^)uniaiinn< ihat work are presented on the 
follow iuLT paue*^ 
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\Hum:in CDiuluct and belief are now undergoing transformations pro- 
founder and more disturbing than any since tjje appearance of wealth 
and philnsdphy put an end to the traditional religion of tfie Greeks. 
It is tlu' au'e of Socrates again: our moral life is threatened, and our 
. intellectual' life is quickened and enlarged, by tRe disintegration of 
ancitMil Liistoms and beliefs. Everything is new and experimental in 
our ideas an(i our actions: nothing is established or certain any more. 
The raU\. complexity, and variety of changevjn our time are without 
precedent, even in Periclean days: all formsN'ihout us are altered, 
from the ".tools that complicate our toil, and the wheels that whirl 
us restlessly about the earth, to the innovations in our sexual relation- 
ships, and the hard disillusionment of our souls. The passage from 
* agriculture to industry, from the village -to the town, and from the 
town to the city, has elevated science, (lel)ased art, liberated thought; 
ended monarchy and aristocracy, generated democracy and sotialism, 
emancipated womna, disrupted marriage, broken down ihp old moral 
code, destroyed asceticism with luxuries, re[Maced Puritanism with 
Kjiictireanism, exalted excitement above content, made war less fre- 
(juent an>l more terrible, taken from us many of our most cherished 
religious beliefs, and given us in exchange a mechanical and fatalistic^ 
philosophy of life. All things flow, and we are at a loss to fmd some 
mooriim and staljility in the llux. 

In every developing civilization a {M?riod comes when old instincts 
and habits prove inadecpiate to altered stimuli, and ancient institu- 
tions and moralities crack like, hampering shells under the obstinate 
urowth of life. In (?ne sphere after another, now th^.t we have left 
the farm and the hcmie for the factory, the oftlce and the world, spon- 
lanenus and ■'•natural** mndes of order and response break down, and 
intellect chaotically experiments to replace with conscious guidance' 
the ancestral readiness and simplicity of impulse and wonted ways. 
Kv(;rytbinu must be thought out, from the artificial '^formula'' with 
which we feed our childrei}, and the ^'calories*' and •^vitamins*' of our 
muddled dietitians, tr^Uie bewildered efforts of a revolutionary govern- 
ment U) direct and co-ordinate all the haphazard processes of trade. 
We are like a man w!io cannot walk without thinking of his legs, or 
like a player who must analyze every nio^e and stroke as he plays. 
The ha[)py unity of instinct is gone fromMis. and we flounrler in a 
sea of reasoning and dr)ul)l; in llie midst unprecedented knowledge 
and power we are uncertain of our purpo^^'^s. our values, and our goals. 

I'ront this confusion the onv cscapr fH^orthy of a mature mind is to 
risr nut of the momrnt au<l the part, and contemplate the ndfole. What 
ire have I'Ksf ah^Kr all is total persprctiir. Life seems tcui intricate 
and mcibilc for us to ^ra-p it-^ unity ami >iLrnit*icance: we cease to be 
citi/ens .and become only individuals: we have no purpo<(S that look 
beyond our death: we :ire frauments of men. and nothinir more. Xt) 
one {(»\cept SpeOLder) dare^ t^flay to survey life in its entirely; analy- 
si-' leap- and '->nthe^i^ lai:-: we tcMr the e\pfrt< in every fielcl. and keep 
our-el\e>. for >alely*.s >.ike. l.i-hed to (»iir narrow s[H'cialties. Kvery 
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one knows his part, but is ignorant of its meaning in the play^ Life 
itself grows meaningless, and becomes enii)t\* just when it seemed most 
. full. ' " • 

^ Let us put aside our fear of inuviiahle error, and survey all the 
problems of our state, trying- to see each*i)art and puz/lc in the light 
of the whole. We shall defnie phil()s()i)hy as total perspective, as 
mimj overspreading life and forging chaos into unity. . . . 

For what if we shouUl fatten our |)urses. or rise to high office, and 
yet all -the while remain ighorantly naive, coarsely unfurnished in the j 
mind, brutal in behavior, unstable in character, chaotic in desi^"!m^ 
blindly miserable? 

Ripeness is alL Ptrhaps philosophy xvUl j^ivr us, if icr arc faithful 
to it, a hcainij^ unity of souL Wriirv w slovmly and scll-coufradictorv 
in our thinkinf^; it way he thiffuw shall clarify oursrlvrs, tnid pull 
ourselves toi^ether into eonsjstency, and he ashamed to harbor eontra- 
diet or y desires on beliefs. And tinoui^h this unity of wind nidv eonie 
///(// unity of purpose and character ichieh wakes a personalit\\ and 
lends some order and dii^nlty tv our existence. Philosophy ' is har- 
monized kno:eledi^e makini^ a harmonitHis liir; it is the selj'discipline 
ivhieh lifts us to serenity and friedom. Knmcledgeis powrr, hut only 
^u'isdopn is liberty, 

Ouf culture is super fieial today, and our knou^ledf^e dant^eroits, be- 
cause ti'c are rich in mechanisms and poor in purposes. The balance 
of mind which- once came of a warm religious faith is gom\^ science 
has taken from us the supernatural bases of our morality, and all the 
UH)rld seems consumed in a disorderly individualism that reflects the 
chaotic frairmentation of our character. We face again the problem 
that harassed Socrates: how shall we find a natural ethic to replace the 
supernatural sanctions that have ceased to inlhience the behavior of 
men? Without phiIos(H)hy. without that total vision which unities pur- 
poses and establishes the hierarchy of desirt'S. we fritter away our social 
heritage in cynical corruption on the one hand, and in reVohitionary . 
niathiess on the other; we abandon in a moment our pacitk idealism and 
plunge into the co-ofXTative suicide of war; >ve have a hunilred thou- 
sand politicians, and but a sinj^Ie statesman. We ^^orr. about the earth 
u*ith unprecedented speed, hut uu' do nt>t knou\ and have not thou\^ht, 
lehcrc xce are )^oini^\ or ivhcther ice shall find any happinrss there for our 
harassed souls. We are bcinu: dr>troyi'd hy our know Icdire. whiih has 
made us drunk with our power. And v\e'>hall not be >a\fcl without 
\\i><lom.^ 

Tin: Crisis in Kditahon- 

A pNychologist looks at education. Haviim noted the nie-i-aw of 
the philos(jpher to our disoriiani/ed Mu irty. \rX us turn to a trenchant 

M)ur;o]i. Will. TJh- Mnt^ion. rf /'//•7.-. v. pp \ii h, x-xi. Simnn and ?chu<liT, 
Nru- \n;k. i.):-,. 'I j,r K.tlii- in »h'. .,u..!,ihoi) «1m : ..( tppr.ir in thi* (.riu'in.il tr\t. 
luUcy. arc imrotiu..iHi lu-rc and in all Md.Mqiiriit '^!.i..l.ltiun:^ [or iIm; y.iU ui umphaMS. 
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analysis of the educational situatiorf which confronts us at this 
time. It comes from the pen of a disiin.nuislied psychologist who 
has also ^iven evidence of his keen interest in the deeper meaninjis 
of life. Professor Raymond H. Wheeler of the I'niversity of Kansas 
is a leadinJ^ exponent of confiHurational psycholofiy. The' fol- 
lowing abstract from one of his recent monojjraphs is significant 
here; * 

Why is our educational system under llrt* all the way from the 
kindt^r^arf.en to our graduate schools? Nt»arly evtMybody senses a bad 
situation; it is doubtful it anybody has completely analyzed what it 
is. IVrha[)s the reasons can more ade(iuately be seen if education is 
deliberately examined as an iiistitutiim created by the people for the 
purpose of facilitating social progress. Then the problem requires a 
close inspection of cultural history, and a clear-cut recognition of a 
cultural change that is taking place on a world-wide scale, today. This 
change penetrates deeply into science and is altering the fundamental 
pallern of our thinking' Indeed, the chantj'j is so revolutiiuiary that 
the conservatively minded person can see nothing in it. Xo one sees 
into it whose mind is burdened with inertia, or whose attitude is shaped 
by nineteenth century points of view. 

Ksscntially. the crisis in education is synchronous with this rrisis in 
the fabric of human culture. Its immediate oecasions are numerous. 
Amonu them is the discovery that natuj^» has been misconceived, more 
esi>e( ially human nature. Science, too. has !)een misdrfmed. When 
man redi-co\'ered science durint: the Renaissance he overestimated the 
part played by environnv^nt the stimulus, the objective, the inductive 
procfvs as fonipared with the pari playeil by man himself, in relation 
to environment. He underestimated the part he played the (hpend- 
eme of envirtnnnent on him -in the obsi-rvalinn process. He neu- 
lected the deductive aspect of experience, itself. Consequently he did 
not discover until the twentieth century that nature, after all, has a 
deductive as well as an inductive way abont 1-ut, implicit in the char- 
act»T of her objective methods. Antl what is (juite as important, it 
was not until the twentieth century that scientists discovered how 
beautifully they were letlini^ the deductive aspect (U* the observation 
I)rocess impose itself upt)n nature. He | the sci(»ntist ] had left fact-^et- 
tini^ unsafeLTuarded airainsl errors of hniie. He h:ifl taken for granted 
a certain conce[)tior] of reality and was leavinu' it unin-[H'Cted. It was 
a niechanistic cnnception. 

Meanwhile, it came to be assumed, inr puriio<cs of edncat'on. that 
l<nnwle(k'(* is n)orc indut ii\i» than (KMhuti\i\ ahnn-t exih^ivi'ly induc- 
tive. This fatal error ha- cist ii< nnich. The imhu live bias assumes 
knowlrdue to he built \\p [>ii'cenu\il irnn] mj nnuh e\perii»nce here and 
N) much tluTc. The bit- are put tnu'i'llu-r. 'I hi- S'. Ih-mI lurriiulum is 
hase<l upon this thesi> from the kinderuarten to the 'jraduate sch(K)l. 
Sei)arale cour^es; sei^arate >kills. Now we know that knowledge ac- 
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cumulates in mi such fashion and that, for the most part, individuals 
l)Ocnme edticatfd, in spite ot\ rather than l;cc'ausr of, formal efforts 
to iiiteurate ihc.-e isolated scraps of knowledge into a simple whole, 
the inilividual mind. i\ducatinn has been sucir>>ful, in ;i nu^asure, 
because there are ij;ood teachers who have always intuitively sensed the 
fact that knowledge does not «ro\v in piecemeal fashion. They have 
beeiv successful teachers because .thi»y did not l)ractice the psycholo'^y 
thai they had learned, and because thej' ijveilcdnu; the bandi^ap.-i under 
Nshich :i divided curriculum placed them. . J . 

^ Culture is unitars*. transposing from ont»/ end of knowlediie to the 
other, across science, literature, art, philosophy, social copies, theory 
and practice. It is a single pattern. 'I'here is only (uie.niind by which 
to <nlve all human prtjblems whether they he in physics, psychology, 
or ptilitii s. Anti ihi> one -mind will solve its problem'-- if at all only 
by beyinnini:. in each case, with identically the s.une kind of as<um[v 
tij)ns and by advancyij^ with the same set* of n ughods. Fundamental 
mistakes made in dne iield of endeavcjr will al<n hv uKule in all the 
others, at the same time, and for identically the same rea.'ons. 'I he 
chanu'e in hnm.an ihon-ht. today, is [nvcisely (he diMovery of such 
a fundamental error which has transposed across all thou-jbt and dis- 
torted the nature (^f all obsrrvation. So it is that, loriay. there is 
transpiring a universal rrVDlutiun. encomp.i>*irm the toi.iliix- df human 
Ihouuht anil attitude. We see it in numemus -o-called "liiovrniems;' 
the re!ativi>tic movenienl in ph\ -ical science, the ornani^niic mu\t«mrnt 
in bioln^riral suence. ihe coi]i;mirational mo\enuMit in psycholnuieal 

^ science, ami the soeiali-^tic m.>\i'meiii in praciiial eccmoniie-; and p«>l- 
itics. It is no accident that ali tliese e\enU arr onurrinL: sitnultane- 
ously. Ihe revolutinn is bei^oun'n- Im |)ei;etrate into thi mincU nf 
educators wha are br-innini,' lo in-^pfa the eiiucatinnal sw-tem wiib 
the ccMiviition that tluav jLv^rornt-thiYiu' luiidanu-nlall\ un.m: whh it. 
but iii>t what, thfv d.) uoT In-.w. Ju-i what \< umimcan iie.^i br <kv\\ 
in the litdu of cliariu^'S oi currimr in M ienie it^rlf. 

77//\ UiU^ ctnu rptittfi of nithirr drminuh. a i oua f^lioH in i-liu,!^ 
t'hni iiiitl iiu tiltn^^iflhr mil /vpt- of tr,h It, r tr.iiuhn:. It f/inhiJiff< 
'I ;c ;/A/y (/ijh ftiit tvpr i tmiiuhau tlhui r , thr :,wv 

■A'//:,' tlh i '/if,.:fi:r A, ,//,-. // pn!)ifs tlh -ay out oi thr prts^ut i n i\ 
ll p!f'f;>iff uni;:tii!in' »: oh i lhnii\tix I '^a 'ptiini ,r ntHmt, ni- 
':''.■///.'. ;/. :> 'ij/f h.ini'ni-:. It n pu.Hif, x fhr fh,,,) y v 
t/iiii/s ,i>. I, wit i(p irn)u simp!'' t/n)i'^^, that :Ji>^^> ^ ,w 
t/i'/r ;^/tfs-'if s ,/ )u^,!hmhtti p/n^/> AA.A.-v. ps y, ti, 

'I tr., , h.itli^!':. ii'ii^.pdmi o' thr fiounnr, ,n:>!) ^, a m, Ji'. 

\\ dciMaruU ilif .»i)pM«<!ic' iMiHthiiMii i»i \\\v \r.\r\\\\\^s |>.''ni---^ than 
hi- al\\i\> fM.vi t [ili-ilaii:f(|. i\t cpf by I h- i.iir tln!ikri> -n-i tr.n h- 
rr- c»f (lie ptM \sh'-c faiihioi. ifU!iili\f nmir' ^Vif^.iiii;: ..f Iminan n.oufc 
«"nipril«.i tlu-m tM i..|Inu tlh'ir i..fn!ii.»u -iiim" i.tilirr than llie -tifniilic 
till ' .ric'^ i.f ihi ir d.ty. 

' ^- i'l ijru'Ml. i- tlic why r;ii:rr, -niii irntiny p-\(h )|nwv 
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and education, still prevailing, do not yield nielbods that provide the 
gnmiiiK' mind with that unity of knowledge \\\mU it crave.s, and makes 
it useful, nor does it furnish the Kro\vin^^ mind with that social insl^^ht 
upnn which the iiUe^rity t)f the social order rests. The secret of 
democracy is co-operation, yet childhood and youth are taught under 
a scientific philosophy of competition, the philosophy of a mechanistic 
order. Youth is taught this falsehoixl in biology, in psycholoi^.y and .in 
business 

The* resistance against new discoveries . . . conu«s from the man 
who was once too sure that he was right and now finds it very difficult 
•to change. It ct)nu'S largely from that leadership in educatiiMi where 
one ou^^ht to expect the quicktst and surest ^rasI^ of what is going on 
in the world tt)day. . . . As it is, cduiutional Iradrrs/iip is jar bvhind 
srinitifir Iradvrship, even jar behind the leadership oj edueated 
laymen. This leadership in edueation is so jar behind, on (he whole, 
that unless it enmes to lije, rejorms will be aeenviplishrd xvithont it. . . . 

Edueation has spent its substance upon the meehanies oj a tnaehine, 
li'orryini^ about teehniealitii's oj method and etheieney, icithout knowl- 
ed^e oj'iehat it is that makes the mind etheient. It laeks a philosophy, 
a iioal, an understanding oj enlfure. It is ignorant, oj history, seienee, 
and loiiie. As a eonsequmee it has set up a shallo:,^ edueational pro- 
frram, dry and devitalized, that works ai^ainst the true jon es oj demoe- 
^raev bv stimulating super jxeiality, eonjorniity and the homogeneity 
oj the' mob. Demorrncy hinges upon unique eontrihutions oj the 
individual, upon individual dillerences^ not' upon thrir elimination. A 
envimon ground oj knowletlge and sympathy ean not be obtained or 
preserved on sueh a basis. Special skills or >perial siihji'ets, taught 
•out of relation to culture as a whole, do not integrate: there is no 
transfer. . . . Methods have the cart before the horse. The true pro- 
cedure by which we learn is not that of b(^^innin^ with the *'el(Mncnts*' 
but that'of beginning with limitHl. but unified, general grasps of 'total 
situations. Learnint; is orientation, a single process; it is not several 
processes put together. 

Ai^ain, edueat.'on is on the firimi line beeause it is saturated uith 
a hs^oeritieal ami jalse utilitarianism. Prai^matism has been misde- 
fined\ A jaet is not true heeause if works; if works beeause it is 
true. Pragniati:^m overemphasizes fUf'ans at the rxpeuKe of ewh. 
method at the expense oj purpose, the praetieal at the expense oi the 
ideal. The prai^matie is that whieh junetinns as means toward the 
idrai whieh is thr md. There ean be no praitieal out oj relation to 
the ideal, no proeess out oj relation io an end, no pr,)gre^s without the 
antieipation of a goal whii h is its own reward. Knowledge should not 
be taught as subordinate to the praitieal, but the pra.tieal as subordi- 
nate to kmniledi^r. 

Learning is diuovrry, always di^^Kery, It is not aehievn, by me- 
ehanieal method^ oi r'x,reisr and drilL nor, in the eon: i nlir.nal sense 
ni the term, is it subordinate it) pain and pleuuire, 7V/t se arc symp- 
toms, not causes. 
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Education lias much oj its u^ork to do over. That is as it s/iouJd Ih\ 
Tlfe Siicncrs have had to do it; :hry arc doing it fiou\ U'hrn ivill 
educators discover what their true task is ami huild a ueu' tern pic f'^ 

V\KY TWO 

THK STRUGGLK FOR' AX ADnQrA l K rillLOSOrHY 
OK KDUCATION^ 

rHILOSOPHV AND SCU-NCK AS KsSKMIAL I^NTKKPRISKS 

Our constant dependence on philosophy. It has been sairl that 
philosophy is an unusually persistent and honest attempt at clear 
thinking ahout life s }^reat problems. If such thinking is pursued 
with sufficif^nt intensity and thoroughness, it will lead inevitably to 
a consideration of the bet3[innin}^s and the end of all thinj^s. In 
other words, alt true thinking? seeks an adecjuale anchorage or 
starting point from which it may proceed, and with tu|ual necessity 
is directed toward a K^ab ^And so, throughout the aues there may 
be observed the jiever-endini; stru^^le to luid convincing answers 
concerning such fundamental ({uestions as the followini^: *AVhere 
do we come from?** *AVhere do we ^o?'' *'What is the purpose of 
all thinus that exist?'' *AVhat is the ^oal of the universe?*' '^Wliy 
should there be a universe rather tban no|Jun^?" **Is anything 
truly real?" **How can we know?"' *A\'hat is truth?" 

As soDU as man emerges from a ^tate of i^rimeval savai^ery, he 
begins to ask (juestions of this sort. To ihi-^ da\', th(*\' cannot jjus- 
sibly be evaded. Like a lu^ver-endin.^ mel(Kly. these (|Ui*slions ac- 
cnmpany us from the cradle to the ;;r;u-c. They transcend all of 
life\s activities. 

Science and philosophy a?; con^plcn^rnts. It needs to he rei)eate<i 
airain and ai:ain that both science and phihjsophy are permanent 
and essential human enter[)rises. There sbnuld bt no (juarrel between 
them. Macli ha< its characteristic domain. If their re<iurtivr func- 
tions wcM'e ch*arly ditTercntiated. much of the c(mfusion in present- 
day Ihinkinu Wf>uhl be eliminated. 

" VVhiH-U r^ Ha\ ru)n(l Ht)ldi r, '*Thc ('ri>i^ in I'.iliK.ttiMii," .S'. //»>(•/ iind Society, 
I)ru-n)l)rr </. 1')%^. pp. 7>f»-7N'j. ^ 

'Mm tin- prt p.ir.itn»n (U tlii- -rt tij*!!?*"! lu- wntir h In i m ifit-mK .i— :-tf(i h\' Vro- 
lr--t»r M. I )iTi)i.i'<hkfvich^ hitroducii'^n thf Pli ! .'/i//v /.'/ American 

Mimk ('"inp.uu . Nrw \*nik. ll-.* .ii k i!"v\ It » l.i - hi- in- 1< I «U ' 1 *»t^^ {o \hi< ro- 

niark.ihi\ xU.ir aiul hrlplul trr.itiM* .md ti> .iii r.ulur \i«|;ini«* 1»\ l'r^.tt••>^(^r A N. 
W hitflu'.ul. mtitlfti 77*.' Ainn oj EdimilU'n ^md {):lhr /.-./vs, *1 he M.unulUn 
C'oiiipa.iyi Ni w Vork, i*j:<). 
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Schinco is inttM'esttMl in llu^ disLov^My ol ]aits and in their syste- 
matic sttith'. The scientiljc nulhnd lias onablvd man to enlarjio 
liis dominion over this mattM'ial \\orld to an exteut 'prt^viou^ly con- 
sidtTrd im}X).->iI)Ie. The achiexenients (^f nnuUTn scienee read like 
a fairy-tale, '.Hy the exjiert use of observation, of lal)oratory ex- 
perimentation, and "of liiatlu^navieal analysis., the scieniist has 
fashiotied the-tools wlueh have enabled him to transform industry, 
to rdieve human sfc^fferin'x. to plaet^ heretofore unkn(^\vn material 
ccMiiforts within the reach of everybody, to extend the conHnes of 
kfU)Nvled.^e beyond „aiVvthin«( held possible in previous centuries. 

Hut this si)ectacular Huecess of the scientilic method has letl cer- 
tain men of science, thouJi usually not the greatest scientists, to 
look Willi contempt at ''nu^^e speculation/v Such an attitude i^.nores 
a very simple bu^t al\l-imiHJitant distinction between the relative 
functions of science and philo>ophy. It is obvious that the scientist 
can never subject-.to observali'.>n or experimentation either the 
bejiinnin'^s of, things or their tnial fate. That is. the (|Uestion of*-^ 
*'ullimates" is beyond his province. Philosophy brains n^hcrc set- ' 
vncr Olds. A sciiuiiist may also be a phdosopher. Hut wheh he 
speaks a.- a [)lulosopher, he moves in a different reaim, 

»SV/V;/tT— in the sense of experimental science or ^'science proper" — 
/\ inlrrrslf fl in /c>io[,'ini^ jarts, ihrir immediate orii^iu, thrir fruits and 
conscqui m rs. It eonirols and vm'ifies its own knowledtft* nntv Avithin 
tlie realm (^f those facts. lixpt'tihirutal scirucr </oi's not, study uor 
ran it study --the firsts causes aud last ends of all existence. ** Tht)se 
thin-j^ eannot. on aeef)unl of their very nature. (J)e dennwHtraled in a 
laboratory. Similarly, experimental seience is not concerned with the 
prohirm of liie last fonndations of all knowled^^e. of the validity of 
knowleduc in ^.^eneral. ... 

All told, experimental s\-ienee on account of its v(Ty nature, result- 
inii froni its method of invfsliLrat'oii a.nd vtMifi' ation. cannot penetrate 
\wV)\s the surfac e «)f phenomena or the reality a< it ap|)ears to, be. 
Hut humanity clamors for an .answer to the (|uesti(jn as to . hat is 
the uhiniate sen>e of all i*\i-tenee. Tlu^ hir-tory t»f philosophy, in its 
m('laph\^i( al or ontol'i-ical doctrines, pre^cnt^ a series (U* ansWrrs for 
tin* bcrU'j'il «»f :ill who wi>h to be a^-i<led in th'eir (jui*<t for a rational 
uhimate cerlaintx* by tlu^ proved fmdinLS and sUL^L^'-tion^ of ureat phi- 
Insopht-rs. Sueh i.* the hr.-t Jundanu-ntal fart about tli" hi^Uory (^i 
philo>ophy.** 

It is clean that m*itluT science nor [)bih.M)[^liy can furnish com- 

pelliui]; an>wers to ultimate fiuestions. l\ach is movimr on a ' urve 

* I)fmi:i-hk('\ i( h//>/>. / ]:\'\\. by |H rini-ii>n <'l 1 !»<• M.tiniiil.in Com- 

p.uiy, pulili>.h(.'t ^. 
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that approaches, but never readies, it:^ asymptotVs: This gap be- « * 

twccn reality and its human interpretation can be brid.uecl only by 
enlifihtened reli^iious faith. It remains true that **\vhere there no 
vision/the people parish/' Vision is the fundanuMUal concern of 
philosophy and religion. 

Education and philosophy. Obviously, education Tests onthe triple 
foundation of ^science, pliilosoi ' \'. ai\d religion. Some* educa- 
tional leaders seem to have {fM^^ntten thi^^ fact* In their desire 
to»make education purely **t)bjectiv(>" and ''scientific/' they have 
been misletl into an abandonment of philosophic orientation. Here 
is ope of the principal sources. of the present confusion in our edu- 
cational aims, and in our educational theories and proiirams. 

In his In.^lis Lecture on l^hc Way Out of Educational Confusion^ 
^Vofessor I)c\Vey stated, with perfect truth, that this confusion, 
which is only too apparent, 'is due ultimately to aimlcssncss,'*^ 
Precisely, but what caused this aimlessness? Is it not due in lar,^e 
measure to the very men who are ni)W deploring its arri\;il? ' AVas • 
it >not the same P^'ofessor Dewey wlio ur^'ed us *'to abandon the 
search for absolu and immutable reality and valur^''^' and yvho 
identified religitm with superstition?' We are certainly facing a 
peculiar situation ''when anotluT well-known educator assures us 
that until ^nne' people'* have decided what iht*y want in education, 
there is no hope for improvement, is not this a declaration of 
bankruiHcy on the par t^ of tlu><e same educaiionin leaders to whom 
"the people*' have looked for .guidance? Is not our educational 
crisis due lart^<?ly to oi^r uncritical ^^spousal of pra.'^niatic thiid<in^ 
which William James defmed as '^l/ie attitude of lookiiii; away from ^ 
first 't/iini^s, principles, catei^oric^, supposed necessities, and of hiok- 
im^ tow:irn~iii>t thih;:s. consec[ucncL'S. facts" Hut hnw ciii "la-t 
lhinu<'* be (ii>Wi:itt'd from "first thinj.-"? Does not a t:«';d pifsup- 
jjose a pTilnt and a direition? Ih\\v can one (liscus> "cnn- 

-e(juence<" withouty*antece(lents" ? At besl. a pra-inaiic aliitude 
leads one to ••muddle thrcmuh somehow/* ancl to adnpt a policN* of 
inunien(ar\' expediency. 

* Drwcv. JiAtu. Tiir \\\iy Out nf i:aiu-ii}i'r..i: CoKfu.^i n, Iivjhs Li-cturi'. p 4O1 

**I)i'\\i>. Johi]. ilit''\):ir t :\'r Cftliimy, p. ui. Minton H.iUh Co, N\-\v 
I-.: .. 

' r-.f . {I- ' 

* J.inu \\ iili iin. I'r.um i-'i-n:: I.^'ii^ni i!'-. Cl:i'«.n and (\) . N\ \v Vt>rk, 
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In^itead, it is here contended that the first step in the direction 
of educational recovery is* an hones.t. examination of the 'Tirst things 
and principles'' from which we 'have been turned away to our 
detriment. 

♦> 

Basic Philosophic Orikntation 

Importance of basic concepts and assumptions* Every well-in- 
formed teacher of mathematics knows the role which is occupied 
in the study of mathematics by its underlyinp; concepts anil assump- 
tions or postulates. The first genuine example of a postulational 
system was Euclid's famous textbook on geometry V It taught the 
world how to organize knowledge on a basis of defmitions'and first 
principU^s. We have ample reiison for saying that deductive 
techniijues of mathematics have furnished a pattern that must 
eventually be followeil in every other field of research.**^ Only by 
being equally careful in its fundamental appn^ach can education 
hnpe to become '^scientific." The confusion and uncertainty char- 
acteristic of , education t<Mlay will be overcome only in projiortion 
as its iKu^ic concepts and its guiding principles can be stated in less 
ambiguous terms. This is impossible without a clear understand- 
ing of the working vocabulary of the contributing sciences and of 
the great hist^.ric systems of ph^\)S()phy. 

In particular, the e.iucat'ir sht)uld be familiar with the meaning 
and philosophic import of such terms as materialism (naturalism, 
realism), idealism, skepticism, dualism, pluralism, pragmatislii, and 
the like. He should know that each complet? system of philosophy 
has its own metaphysics, or conception of the ultimate reality, its 
own rpistr)>ioli)^\\ or theory of knowledge, and its own ethics,. or 
(loclriiie of conduct and values.^* 

Thu<» the wiitrriiilistir approach to the [problem of reality is 
empiricisfv. Materialism asserts that all kntjwledge is bast'd on 
the experience f)f our senses. ICthically. materialir.m leads to deter- 
minisuK arc urding to which man s coniluct is governed by mechani- 
cal natural laws, the inherent prtjpertics tjf matter. Hence, a con- 

*K(\Mr. {\ J. Thinkini^ aiioul Tlitnki>ii:, p. K. I\ Dulton an«I (*o,. New 
Voik. iw-^>. 

S. r .iKn HrlK K T . Tlir Sr.in h ^or Truth, 'Hu' William-^ Wilkin^ 

''Set Dt-n-.: j.hk.ni. h. ,./> a' \ \\. Ch.iiu I HI: .iKo rarruk, {\ T. \W 
htlriulurtnn t.i Phiit^^'-f^h \ , (li.ijjv I J I«) luhtoii Mililiii Co, I^j-lijt}. i-^. re- 
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sistent mat(^rialist must deny the freedom *of the will as well as 
moral responsibility.. 

Idealism, on the other hand, asserts that the ultimate reality is 
spiritual or immaterial. Its method of obtaining knowledge of this 
true reality is the speculation of our reason. Ethically, idealism as- 
serts the freedom of the ivilL 

Just as we now have a^myHiplicity of consistent systems of 
mathematical axioms, so we may approach life s ultimate problems 
in the. spirit pf one or the other of the great. philosophic systems. 
And choose t^e must. In the iolbwmg passage, Professor Ralph 
Jieatley has e^tated this tlio.ught very clearly, though perhaps the 
negative forrti of his opening sentences may seem unwarranted: 

We can never fullv know what is the true end of man: we can never 
know the praise purpose of the secondary school: we can never know 
the part which mathematics ought to play in training the youth of this 
nation. These matters rest ultimately .upon philosophy, and there are 
many philosophies. The at^surrs vary aceoriUn^ to the philosophy we 
choose. If we choose that one whit h yields the most satisfactory 
answers, we must rvalize iirM this very satisfaction, however obtained 
— from stan(lardize<l tests, subjective opini(m; the experience of the 
ages, common sense --derives its ultimate validity for us from some 
philosophy. Our ch()ice of answer, of what to us is satisfying, reflects 
indeed our choice of a philosophy. Our neighbor may choose differ- 
ently. As between the respective merits of these phiUisophies, who 
can arbitn\te? 

Kven if we can never surely know, a ct^mmon philosophical notirui 
prompts us to the belief that if we would live, be goocl citizens and 
good teachers, we must try to discover hy thiukinn the most satisfying 
philosophy conccrnini^ the edmation of boys ami ^iris in secondary 

schools y-^ 

In the li^dit of these preliminary consideration^, we shall now 
examine, howt s-er briefly anrl imperfectly, the dominant educational 
philosophies of our day. It will appear that our main. task is a syn- 
thesis that avoids extreme positions anrl fallacious inferences. 

J T\n\ PhII.<^S01>HV of PR\nMATIC* TNSTRl'MKNT.M.lSNr 

Preliminary statement. The attempt to summarize in a few pa^e^s 
jthe educational implications of so complex a phiInso[)hic movenu*ot 
as is represenlcfl by tht* various phases of praunnalic thinking which 

I 

' ^ Hcatli'v. R.ilph. "f * >}>( ri'n(c atul Hivcr'-ily in Srcnnd trv Nt:it})rmat!i</' Thf 
FiiihUt Yi k-rh nlc, X iii.'ti.i! Tenrhrr^ oi M it hrnt'it i» ^. p 1^5. Hiirrau of 

I'ublu al.'.Ki:-, Ti-.uhiT- Ct)lli'«ji'. (*nliinil)i.i L*!H\i'r>it>, Ni*w \nrl, lo^j. 
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are now current constitutes an almost 'nsuperable task. Hut since 
it is undeniable that the influence of pra>^niatism, particularly in 
the form a^vim it by Professor Dewey, has been an all-pervasive 
educa'tional ferment of our generation, such analysis, however 
fraumentary, cannot be evaded. The very name of the m(n*ement 
carrirs us back to ancient (Ireece. The term ''pragmatic'* was 
employed by Kant in one of his most important treatises. lUit it 
was William James, through, his volume on Pra^matisw. who pave 
general currency to this mode of thlnkini?. We are here concerned 
.primarily with that phase of the pra.i^matic attitude which has be* 
ctMue known as histrumrntal}:>m. Its chief exponent in this coun- 
try is John Dewey, who has i^iven us his views on the subject 
in an impressive series of volimies or "monni^raph^s.^'^ Unfortunately, 
rrofe><or Dewey's style is difficult antl his I\i)^;dish often seems im- 
penetrable. As a result, it is doubtful if npdny Jleachers have ever 
had the time or the eneruy to read one of Dewey s major works. 
Most of them ha\e been affected by Deweys educational ideas 
only indirectly, throuuh a ^arue number of slo^jaus. It is these 
slogans, ri'peated uncritically until /{hey have been accepted a^ 
axioms, which ha\e been responsible, in the main, for the educa- 
tional inllutnce of Profe^stir Dewey and his numerous followers. 

\i)t lom^ a^o. nea-l\' every appraisal of Dewey s educatitMial 
tributi'>n^ fxhibitfil a spirit of frcn/ied enlhu<ia>m .lK)rderimr t^n 
idolatry.^* A more cnnsfr\aii\e estimate is now t'meruinu, and the 
baneful effei'ls of prauniatic thinkin.u are at last beuinnin^ tt) be 
reali/t^rl. 

Pragmiitisiii :\s a method. We now ha\'e' a mmibrr, of excellent 
criliral (li^cu<>i(in< of praunnatism. and j)arlicularly of Deweys 
in-t»-unu'n!aliMu. In the opinitm of tlu^ writiT. nothinir wouhl pay 
irrcaler eduiatiniial dividfiid-; xu the ttachimr profc»ion just now 
than a careful >tu{ly of these candiil >ludifsJ'' 

^■^ St'f i-{HM i.illy PrmiVr'trx tind )■.'*/•<''/'.'"«. Rt't on 'tur'i^ni in Philt^'^''f>h\', Hunt. in 
\ :!:irr .itul i.\ ptrit Ki r av.d Xilurr, Tli'* {)•(''* ^< r \ . ami 

.'^ !'\ f^rn'ryr.' 'I'hv -t'rir< n» cr-.titl.-il c^'-.'/;/' h:i» I'! ,[ryn *\ \\\ I)i\v<v 

ami ill- ft>!!*»urr<. i- al-o in)[><nt.nHr 

** I-i.r illu-tr.itinn-. tbe rr-idir ni.i\ i-i- rr!r:Tr'l to flu* Prt i ire o{ Vn\U -^m H II. 
H'>rru'*- ( 'ninunf <r\ t\}\ \'^^■\\^^'\\ I),*)}''rr u \- 'ind I'llw •I'i'ft. entitled The Dmu-- 
tr,::i(- /'/;.'/" ■'\:^>:v <>/ }u!i(. :!:<•!!. p;) i\ ff., Tin* M.iiniill.in ('{jmp.ir^y. NfW York, 
I'i ' : 

^ In :Kli|ititin In H'>r?»r'- cxi t l)i nt mmnicMtirv. rritTcnro «-hf>ul<l hero fjc nn»!»* 
tt' \^\r t.!!tivv iMj ( nfit riliiit ' I ii '11 ' .t -!i k i \- 1 1 Ii . M. ( ^' . PI' lo: li;: Hnrnf. 
n ir. /;. - .v. . /■./.•/ ///rn.. .\l.ini.l.>n Pn -. Ni w Vnrk. i .u. K.ui.iil. I. L , •'Tlio 
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The manifohHuicd nature of pragmatism is characterized by 



Pramnatism is a tendency and a movement rather than a philosnphy. 
In fact it hnlds philn.sophical SN'Slems In profcjund suspirion. It is 
more like a *'cnrri(!jr*' thrmiiih which ouv may enter upon philoso{)hical 
studies. It is an attitude and a habit oj thought —a habit of lonk-iug 
fomard to rf\xults rat/nr than backward to first 'principles, Evrry- 
thinii is to />'• jihli^rd by its fruits, hy its consciincnccs. Thus it Jo/- 
lo'ics that any idta, t/irory, or dispute ichich dors not wa>{'c 0 ditu'rrncr 
in its prartiial i ouscqunicrs for us erases at once to have any siii}ii}i- 
cance. All ihcs(» are sirn|)!y drofipi'd: they canmU be tested. Hence 
a i;riMl p.uniluT of ancient piiilosnphieal cnntroversies. thruries* hypoth- 
eses. s\ Menis C()lla[ise; tliey fade away under this riijid praunialic 
te^l. , . , 

In l!;e nM-.-r philnsophy there was nnuh talk about certc-un ideas, 
sueh w- (i"f!. .'^hitler. Reason, the Al)<ohit(\ the Snul. These ide:is 
were uhinialy, and we felt that we couhl rest in them. Hut the 
iVamnatKl dues nut lake this attitude towiird them. He dors not 
li'ant to rrst, II r imiuires as to their cask valur. He uiU put them 
to i. fO'k and sn :,'hat cnnsei/urncrs they way yield. If they witl not 
icoy/c, th a)' not true, Praumalism unstiffens rdl our theories, lini- 
l)ers them u|) and ^ets each nnu at work. In actual life we have al- 
ways In (UmI with dermilr eonerele siluatinns, and thes(- situations 
are to W met and sulved on their own merits not on abstr.uet tra- 
ditioNal priru ipU'S. ljU* is a nune t/irow^h -which ice are threadint^ 
t)ur ti'/zv r/v hr<t :ce can, find in the path as "we i^o a/oni^, A}iSu*ers 
"whii h S'>f:r,! jormrr situations icill not Sidve this one. Kvfrythinj^ 
chiDi-^f ^^ drvrlops; nnthinii is fixrd, static, final. 

I\\ *n nitotd la::s ehiDii^r; they ^now and beeonie perfreled. latere 
arr }io u\f 'l or final moral laws and no etrrnal principlr^ either oj 
conduct /'^ h^i'^wl' f/i^i, l\rii/ity is in thr makini^; you and I arr mak- 
iu'^ it. I !:!' matl lij iht* futurt* is an npvn road, nlxtrmtrd by no 
oitfrnHa^ ' or liniitint^ fates, and drjrrniined by no a prii)ri 

prinrip!^ s /»- jh'>ir'ht. Reality is joimd in the flow ftf experiencr. Thr 
Id A /'/:/(/;y/ prrdrt erniined rnd ; (\ieh nill i< surmounted 

a- it (.MUe > inti \it'W. What ha{)pens next is not (h\termineii. but i< 
eunMni't nt up*in wh.it has happened. IJir is a srrirs^ cf pri)blrms to 
br <f*l\»d :\ -u»it'--inn (»f real siruiitih-^ with re.d diftuuhii-^. To think 
/c /i) '/w// ftl.ii^tly iJth th'Sr prohlr)ns and idias are tools to htip 
in th'". '^■'^/*fi'*tL 

\\r.\\e\' l-^ il'ii l. I harv.^imr, t»v^>lvinu'. Pii turt-- (A ;i (In?]-made. pc r- 
\ W 't-M. Mird ]\y ftrrn.il prini ijdes nf ju>tit e (ir by eternal math- 

IM.'... 'hv I j»!.:1miij ilji' S\vtini •>( Ivltit.i!j'>n in th«' t'nitrf'i St.Urs.*' 7 hr J..lu 
( 0: »: // J . fr/'/if/*. I r»hrn.it itinal In«(il.ih' i>i' 'IV:uhi'r> ('(j!!"uv'. Cfiliimhia 

I t:i' cr -it \ ; KIpitinl.. W. I { . * TrrHlrMr ir-^ in :U ii»n:il PhildMiphv/' Chap. Ill 
in 7* • ••. 1' ./ fi / 'It. :'fi'n 'I. I.. K-tn-iii, fOlitnrj, Thi* M.uniiU.iti (\i , 
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ematical laws, are just fancies. Leibniz' theory of the world as the ^ 
best of all possil)ic worlds is false. The only real ivorld is the world * 
oj real cxpcricm e^ ^ . . 

The spirit of^ TraCTiatism is the spirit of youth, adventure, and 
experimentation; it has no patience with idle vaporin^s about fate 
and destiny. S.o philosophical ideas are true xvhich cannot be put to 
sowe practical usr. Take such wards as Gody frcc-wilty or design. 
Other than practical sif^nificance, says James, they have none}^ 

Tn other words, pragmatism is* only *'a manner of approach to 
philosophy, a doctrine of lof;ical method, and not a theory of the 
* t'niverse." Accordin.t; to the pragmatist, **matter and spirit, body 
and soul, subject and object, a priori rules of thought or conduct 
- all these are too far away, too abstract, too unreal/' Hence 
'^philosophy cannot bei^in with them'; it has to do only with ex- 
perience: the world is a world of pure experience,'' 

Now, xvhiit is experience? The instrumentalist defines it, incom- 
pletely, as ''the interaction of the living organism with its physical 
and social environment/' Af:ain, **ideas are not psychical entities 
or subjective representations of an objective reality; ibey are plans 
of action, taking into account future consequences with leference 
to the weal or woe of the orf:anism. By tntelli^ence is meant just 
this ability to orj^anize responses xvith constant reference to future 
consiijurnces.^^^'^ 

A CkiTicM. ArPHMSAi. ok Pragmatic Instrumkntamsm 

We have unnt- far emiULih in our analysis to make clear some of 
Uie* cardinal tlaws in this mode of approach, 

T. 'lo say that "all expediences are real/' is one thini:. But to 
affirm also the truth of the converse of this statement leads to 
<^rotcs(jue absurdities. How can one assert that '*all realities are 
experienc("< ?'* Certainly liistorical events are real, though they 
can no humer lu» "experienced'' by any livinir or^'anism. All race 
experience is reab but no individual could ever ^'reconstruct'' all 
of it, even though he lived a million years. Such ethical ideals as 
justice, truth, and honesty are real, whether we appreciate their 
existence personally or not. ''The scliool is life," we are trild. Hut 
the school can never reproduce or "recfui^truct'' (/// of life. We can 
never elinn'nale frnni the scene the e(|ually important vicarious ex- 
perience t)t the race. 

^"P.itritk. (; T. \V.. of* fit [n]. pp ff (Tin* l)r:i<krri»d ficurr hrrt*. nrul in 
tuhM'cjiii-nfnt^ti-^. ri'priM-nt'^ \hv titli' citnl in a pri'icdirm t<H)tnnU' iiuiu .itid lt> that 
miTuluT ) //•/»/ , p. 
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2. The .primmatist s ama-ptiOn oi Iryth, as ordinarily staled, 
leads to com[)lete intellectual and ethical niliilism. We are told 
that **truth is that which works," and that **the truth of an idea 
is not a stagnant property inherent in it.'' Instead, ^Hrulh happens 
to an idea; it hccomrs true, Is made true by events I Now, as 
Patrick correctly points out, *'the verification or test of truth is one 
thin«, while the structure of truth is quite another/'^'^ 

3. While it is often very helpful to look upon concepts, ideas, and 
thinking as instruments or tools for solving life's problems, it is not 
true that all kftoirlcdf^r and all thinkin\^ are instrumental. Medita- 
tion, conlemplation, rellection. philosophic speculation, and the like, 
'are ctM'tainly of \ asi impnr^^tai^ce. even though they are at their best 
when not cnnrerned with utilitarian consicierations or practical 
**consequences/' 

4. It may stimulate us to think of the world as ''constantly in the 
makinir;' of growth leading.it) more growth, and still more growth, 
by experimental living." and the like. lUit what is the incentive 
for constant siri\-ing. for all this experimentation^ without a pur- 
pose, without a worthy and fnspiring crn/Z? How 'can growth lead 
to desirable further growth without some guiding principle? The 
absence of such standards, hoK'cver provisional they may be, must 
inevitably lead ft) social and cultural chaos. 

l*hese inescaf)aMe implicatir)ns of the pragmatic attitude have 
often been overlookftl by Professor I)ew(*y s many admirer^^ Edu- 
cation Ikh paifl a luvivy prire for these weaknesses in his theory. 
Only a radical revisitm of our educational creeds can bring order 
out of the present confusion aufi ain.lt^ssne.ss which Professor Dewey 
himself deplores, but for which his mode of thinking is so largely 
responsible. 

TwK Villi <)>tiv\i\ (H Cnwr.K wn or Social KKcoNsiKmioN 

The concept of *\*haogc/' "Evcrv'thing llows,*' said Heraclitus. 
some five hundred \i'[\v> bt-tMrt* tin- Christian era. Since then, the 
cr»ncept n{ cbanue. of llux. ha-^ continuously affected philosophic 
discus-ion^. Todaw tlie aj^ovtlcs of c^'ume seem anxious to make 
it the d<jminant ctjuceiu of irhicaiion. Just at present they repre- 
>ent a pf)werful iMc^^ure -jroup. and on the surface their ari^umt^nts 
setMU btith convini inu aiid im[)rc <»^ive. 
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In the fir5it place, the doctrine of evolution, so we are told, clearly- 
points out the ceaseless transformation that has been Koing on in 
the ^//y5/a// world. From the tiniest at^ni to the island universes 
float int; in outermost si>ace, nnthimi; srems imniune from the impact 
that constantly modifies the cosmic seme. 

The same ;»nMe;irs to he true of all huuum institutions, as Spen^ler 
has shown. Culture epochs come ayd ^no. and civ]lizati(ms rise and 
fall, in obedience to the same inexorable laws of growth and decay 
that udvern all biohviiiail or^^anisms. 

[n this evolutionary settin;::, it has become our fate to experience 
the arrival of the huuliinc age with its unavoidable outcome, the 
industrial rcvnlulion. As a result the time-honored customs and 
beliefs of society are bein.Li; subjected to transformin« inlluences be- 
yond the wildesi dreams of e\ en a ;j;cneration a.i^o. The whole worUl 
is beini? tested in a crucible of fire. Will the result be a new birth 
or complete chaos? 

The doctrine of change in the field of education. The school, 
we are told, cannot remain indifferent to the titanic conflict we are 
vvitnessin.Li; from day to day. In rini^imx phrases, the militant edu- 
cational reformer tells us that the school has de.^enerated into a 
museum of fossilized procedures, of anticjuated curricula and objec- 
tives. We need a complete turnover. Above i\ll, the school nui^t 
assist in the ^'continuous reconstruction of society'' and in brin.i^ini^ 
about the adjustment (Kmanded by the new economic order. This 
thesis has been stated as follows by Professor Dewey: 

An identity, an e(|uation. exists between the undent social need of 
the i)resent and that of edncati(»n. Society, in order to so. e its owti 
problems and remedy its own ills, needs to empljy science and tedi- 
nolML'V for ^f)iial instead of merely privatt* ends. This need jor a 
sorif ty in ir/iich rxprrimrutid inquiry and p/annifii^ for social ends arc 
ori*amiaUy cnutaiutul is also thr nrrd jor a nric rduration. In on<* 
ca-e a< in the Jitlier. then* is supplied a new dynamic in c«)nchict aiul 
there is required thr ro-opcrativr u^r of intcUii^fnn' on a social scale 
in behalf nf social valnr.^r'^ 

More recently Pr(^fi-<or Kilpatrick ha-* further expressed his 
views on the same subject : 

Mn«^t indiKive of the n(^w devi']t«j)nH'i>t^ now dt-m.-iiuliim attentitm 
In \ht' fait of mudern rapid char^L'e. mui n di-cn--t*d but .-aill tragically 
di-rei! irdt^d ii] social thinbinu and edm ation.il practi-t». 

Kiip.itrii k. Willirini H M'«|it'>rK I'll'' I'^ht^ 'iti<nuil Vtonl'n r, \^ f.\. I) \i.|»U-. 
tor.^Crr.f ury ( n . \*nfl.. i j^i. i 
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A moclern notiurixnf change has eiiierirod. Affairs (levelt)p in ever 
novel fashidii. Ne\v'^ituaf''.)ns continually confront. New aims arise. 
()lfl knmvlL'cl;;e and hhJ)its are reworked in with the new conditions, 
and ne\\ resiihs appear\ Cuhuri* llius an inniilates: ever new knowl- 
edge, (lislinclions, attitu(lc>i and teidinies. Kftlcieney thus increase^ 
and soeia! inlellitience j^rows. Individual intellij^ence sharing -the new 
cuhural product should <^row correlatively. 

Ami/I ever novel coiulit'uws, think'nij:!^ is stressed, nu T habit could 
fn>t sutfwe. Each fi, :c situation is a protiU ni, demanding its study and 
thought, ' We try out our best thought plan: xce wateh ^n'hether it 
xcorks, Each nciv program is thus an experiment , Amid changin^g 
conditions, tcr live experimentally, must do so. Hducation ceases then 
to be mere acquisition of sonu thing handed dtnen. It too pecomes 
rxperimentuL Othfnrise, it uv ;<' no adnjuatc preparation for a chanj^- 
ing ami experimental liir. 

In a rapidly ehanu:in.ij^ eivili/ation new siicial problems thus con- 
tinu'^l^y arise, :,'ith ever nrw solutions praposrd. These new solutions, 
democracy demands, must he passed upon by the people. Citizens 
must then be continually studyiim. critiri/inir their institutions to im- 
prove them. Social education thus nui^t I)rC(uiie a lifelon.t: prt)Cess. 
Tills must beuin bef«)rt twenty-one, or the person is sadly handicapped 
untl priibably l)iased against sturly anil inlelli^t^nt criticism. 

The si'hools must acee[it the lu-w task. The pupils must learn ever 
ht-tter. with their increa<irm year^. tfi study and crilici/e our institu- 
tional life, in order, inlelliuently. to hidp imt^rove it. The alternative 
is unintelligent indoctrination in thr status quor^ 

Extreme demands. \o ^le should r)l)ject to a sensible and balanced 
demand an "uivto-dare*" edtuaiicmal prouram. (hir future citi- 
zens, taxpayers, and wa-^t* earntM-s can hardly learn ttu> much about 
the conditions which lhr\' mu<t facr all too sotin. It would be 
highly nienacin^ U) chu' instituti(»nN to brim; up the risinu: uenera- 
tif)n in iumtirance of ih(» prts^iuLi -(Kial. k fiifunic. and political pro!)- 
lents that surround u< on all -iilr^. lUi: flm*^ that »»bvious iluty war- 
rant a di-rei^ard of all otln-r (Mhu.at inu;tl \alur- or neiMis that we 
have lu'M sarred lhu< far ^ In a fro!i/y nf eruhu-ia<m. thi' social 
ri»fornuT wjiuld start with a ch'.'Mi datt-. llr h\\< but one i>bi(Htiv(\ 
to make, the si honl ' -m irt y-t f nlnnL'^ In the inliTe-l of this nt'w 
Uo^prl. rvrrylhiP!^ eNi* nui-t bt* -a( rinct-d. Surli hoary >idjjects as 
I.alin aiij| inalhi'inal ii ^ mu-i iMrt-i-jii biivju.i'ji'- art* taboo, m ! 
enre i< tnltTviU-d fc.r "-Mrial ^it\ ic \alui -."' and Mh'iaturf :\\u\ 
art aro rrtaini'fl a- Iri-uri'-tinu' p.t- iinc-. Any dfieii-e of tin* "idd- 
liru' ^ubierl>*' i- '(h'urauu rr I as ibonottry r>i* 'Ao^tfd intm'-t-.** 

• Kl'jMMiik \\iiii.rn 11 . * \i \\ I it \ r-pi;.. • J . \ . a I Ji Ii . i n. I .* / //. J. u>Uil! 
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Apparently the pupils will be expected to uive neaVly all their 
tin\' tf) current {)olitical and economic problems. They iTre to learn 
aljout unemployment and its causes, about technocracyXaml the 
"economy of abundance," about taxation, production costsXwa.i^es, 
and profits. Are they also to be informed about the real or alleged 
dangers of capitalism, about the merits and possible flaws of so^jial- 
ism, conmiunism, and fascism? 

One pets the impression that under this new dispensation (V 
social reccmstruction, each school is to' be transformed into a con-\ 
tiiiuous dobatin.u j?ociety. " The schoolroom is to be kept in con- 
stant toi^ch with the march of e^Tnts by every available means, such 
as excursions, visits t(^ factories, bulletins, news letters, movies, and 
radij talks. Xewspai)ers and jx^riodicals are to replace the text- 
books. Intricate and highly **explosive" problems that have baf- 
fled the in.uenuity of an army of experts are presently to be attacked 
by immature boys and ^irls, many of whom Cannot read seventh 
tirade l)0()ks, caiinot write an English sentence, and camjot [x'rform 
the simplest computations. 

.\ coUet^e professor has remarked that if all the economists and 
s^ntisticians of the world were placed in a 'nc, end to end, they 
would not reach a conclusion. Perhaps that i 'he reason why the 
reft)rmer -expects such ^^'•eat results from pupils who are *'unbur- 
denetl by the useless knowled^^es anrl skills of the traditional cur- 
ricula/' That many of them are thus unl)urdened, every teacher 
knows only too well.^- 

A saner attitude. Significantly enough, the teachers who are to 
be the principal ajxents in creatint^ the new, society centered school, 
are be.i^inninu to realize some of the difficulties that lie ahead of 
them. They know only tor) well that whenever the social studies 
still appear on the educational menu under such specialized desit^na- 
tidns as history, civics, and ecf>nomics, the **averaue pupil"' extends 
to them the same impartial sales resistance that all the other ''vested 
interests" of th(» srliool have so lon.^ !^een aware of. These ieach(TS 
AVi' bru'innini^ tn <u=iH»ct that the trick uf usin.u a new name for 
ihe-e "subject.^" is not ^jt)in^ to make a new beint^ out of a {loorly 

^ For a <^iirvrv of the extreme virw- «iie:!'.'-trri ahove the reader may he referred 
tn Hvrrolt. S. M\(iit')r), .1 (*//.///» to Srri>fui.iry Eflucation, Af)[)U'tnn Century 
(*n , N« w York, l'<^r ;i i ()ntr;i^tintr pnint <il view. s<»e I)emia--hki'vich, M.. 

' Thr Al/>hra uf i'wu^'' Thr Ilarvard T'* yhrr^ Hrc^d. February. t'j<5; and 
I )i'nii;t-hke\ i' h. M. 1 iUr'Ulurt'u^n Uf the Philo^iiplty of EducatioUt pj). 397 ff., 
Ameriran H«.nk Company, i-ns 
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prepared, aimlei^s youngster. In their group discussions, ihey point' 
out the hopelessness of assigning to the teachers t>f the* social 
stmiies the role of super engineers of the new educational age. 

It is encouraging to observe this sane oiientation in the authori- 
tative pronouncements that have recently been issued by the Com- 
mission on the Social Studies. In an impressive series of reports 
and studies, some of which are still in preparation, the ( ommission 
is sul)mittfng its findings and suggestions. Of particular interest 
is the volume entitled Conchisions and Rccommnidationsr^ 
C^hapter Two of this volume presents a "Frame of Reference"; 
Chapter Three offers a discussion of Philosophy and Purpose in 
Education"; Chapter Four is concerned with the ^ Selection and 
Organization of Materials of Instruction.^' Much of this report 
should be brrfught to the attention ot every teacher, and particu- 
larly to the attention of every iconoclast who, in the name of the 
"s(x:ial studie.s/' would demolish the entire educalional struclure. 
« We submit merely the following statements as samples of the 
comniendable sanity and thoroughness which, on the whole, charac- 
terize the work of the Comnussion on the Social Studies: 

Thr main junction of the social sciences is thr acquisition of accurate 
knou^ledi^e oj, and informed insif^ht into, man hnd society; that of 
social science instruction is the transmission of such kntKclrdj^e and 
insij^ht, u'ith attendant skills and loyalties, to the individuals compos- 
ini^ sth'iety, Rei^ardliss of the special circumstances oi a :Jven time, 
these funsUjons are vitally important and li/crly to he r\J ctive in the 
'measure of thr breadth and drpth of their conception, invotvim^ a 
real knoivlediir of manuind '^society under nuist diversr conditions awl 
circumstanci s, 

. . . Scholarship has its own imperatives, and to say that scicncr 
exists merely to serve the inUant nred of thi>ti^s, cau\e\\ or parlies is to 
hetray a fatal i^^noraPHC of its nature and of inexorahb movtnu nt^ in 
thoui^ht. 

The Commissiofi believes that fundamentaUy the disinterested pur- 
suit of truth and thr permanent interests oi socittv it uhti/e are 
not, and i annot bf\ incompatible, and that both th' social Siientist 
in his "study and the teacher of any social scii>iee in hi^ tta^ismiiw fire 
committed, to scholarly, Siinttific ideals inhirent in thtir proies^i n antl 
0{ I upatiour^ 

^ Rrfi 'rt (if thr C i^nimi^^'hni juj ihr S(ti i,i! Stutlir-, Ch.irh'- Si rifin» r*- *^'iin-. New 
York, loU' ^'T .*i ri'vifw of xW TkmI volunu\ (*i>'/,///.;.'jm- ./>/«/ Rrc^tn^im Itition^, 
src The So'Jid Sfudir^. Vol WV, OiIuIht, f^pt't i.iKy thr p.iprr 1)> .Mr. Km- 

m-ih Iv (it'll, pp. 2^8 2>}\. 

■''IhiJ.. pp. 7-,S. 
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Thk IMiilosophy ov Pkhmanknt N'.M.rHs 

The concept of *4nvariance/' I*A'er\' student of mathematics has 
occasion to U'am that this threat scitMue is not exclusively con- 
cerned with ^'variabies" and with '^transformations.'* It is quite 
as much interested in ^'conslants," so much so that the concept of 
invarixincc has become one of the key ideas of mathematics. Thus, 
the elementary number facts will always remain the same. Two 
and two will always be four. The sum of the angles of a triangle, 
in luiclidean goomeiry. will always be i8o^. The (luadratic formula 
has ar unchani(in.i^ relation to the standard quadratic equation. 
This idea of invariiince. as the mathematician sees it, was given 
currency especiall}' by IVofessor l*'elix Klein, and it, has l)ecn dis- 
cussed admirably by many oth^r writers.'-'-' 

Xow. the pragmatist seems constitutionally unable to tolerate 
this idea of permanence, of enduring l^ackgrounds, qf controlling 
^•frames of reference.'* He feels that he is being put into a strait- 
jacket by any attempt at ^'indoctrination/' at binding agreements, 
at fixed princi[>les of action or of conduct. His style is craniped, 
so to speak. l)y anytliing but a provisional and highly '^experi- 
mental'* attitude toward reality. He fiesires to be al)solutely free, 
"reconstructing" the universe as. he sees fit. He is forever on the 
road toward ever-shifting horizons. To a certain extent, this has 
come to be a national characteristic. Like many summer tourists, 
\vc are ^ alwass goinu full blast nowliere." 

Hut this old world of ours has been a lonu time in the making. 
Somehow, after billions of \ear.^ of cosmic adventure, it seems to 
have achieved a few settled adjustments. If this had not been the 
case, there would be no super galaxies, and certainly no solar sys- 
ton. There would be no bi(doL:ical organisms, fnr tlu* verN' essence 
(i^ife is o)XiVi}zatuui, and that implies a plan. When man arrived 
ni^he scene, he found no alternative but that of "accepting the 
universe." its law of graviiatitm. its laws of health, and if he was 
\vi>e its laws or ^'commandments" of co-operative effort. 

EducativMi and its francos of reference. .Ml the forces of nature 
seem to "work together for uood." and man. unle^< he courte(l de- 
structi(Mi. f(»und it \o bi> advaiuaue to conform to this plan. Ob- 

Sci* KiA-<T. (* J. "M.itlufii.itii - .wA tin- (V.;»Vnti i»l ('.i-ruir M mrl " Soiptil 
UtUhffU'jit.:, \k \v NUrk. 1'j>n; Smtth. P V. . "Tlu- lN'(tr\ «>! M.itlutu.iti. - and 
(Mhrr K--^.i\-," Sir:pl-i M ill IhVhil iC'l . Ni \^ N'-rk. I .-li 'I. \\ 1". J hf {h<ti H of 
;//»■ Siii'it'-., riu- Willi. un» ;imi Wiikiii- Cu . It.illuuiiU-. vt-^i. 
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vimisly, then, there could be . no ^^experience/' and hence no 
educutiun, without the interaction of planful orjjjanisms a;id a 
pkimud physical worUl, An aimless chaos is' hardly a fit laboratory 
for ^'experience," for it lacks the^ very first presuppositions of ex- 
perience, w'hich are dependability, order, and duratioir. The uni- 
verse, we are teminded by Sir James-^ Jeans, appears to be a Great 
Thou«hlsJthu work of a Supreme Architect, a Master Mathe- 
. niaticiiiu.-'^ 

Have not .many of our educators fof gotten the facts of invariance 
in their -personal antl social philosophy? Fortunately, the revolt 
against coni{)lacent agnosticism or skepticism is steailily K^'owinj^.-' 
Thus. Professor T. V. Smith of the I'niversitv of Chicago has ren- 
dered a real service by analyzinu; the relation between >kepticism 
;yul endurint; values.--^' dn a" chapter devoted to an apprecialivt 
study of the late Just ice ilolnies. thtTe occurs this passage: 

All men accept the universe *'Kirad. they'd better!'' True, not all 
accept it, as did Holmes, like a gentleman. Some tak^ it lyintj down, 
resimied to whaltij^'er comes. SdiTi** lake it with raised voice, defying' 
\^(h1s ami devilr^. Snnie take it iiumbly, i|Ueryiim neither whence nor 
whiiher. Some take it wi(k^»eyeVi,'a-woii(ler at all that is, a-twitter at 
what may bef Soiiu» take it t»(jui vocally, t(Klay allame, tomorrow 
hardly a IhVker, day after tomorrow dumb des|)air>'-' 

* *. * ' * 

So it conns down to this: Shall we assist our hoys and uirls in 

acceptint; the uni\'erse intc/lii^rnt/y and "like a uentleman/' or in 
the spirit of "ihnijb de^iiair"? For there is no doubt that ra<iical 
empjricism, .as Herirand Russell frankly admits in his own case, 

^JiMii^. Sir Janwv "'I hu l*ui\i r-i' A (irr:it 'I'hnu-.'ht." Ch.ifi \IV df /Ar. Stimt r 
Piuoxrnti God/ (Kil\\ar<j H. (*ntt(in. Kditor), Thnm.i^ V, ('r«»\\rll Ci) . Ni w 
York. loU- Sri' al-ti Jr.in-. 77;r I nhrt^e Around ^^ n-viMMl njr;). and 

The My^terh . ( njio. rt vi-t rl lo^j). M.n tuillan <\i . Nrw Vcirk. 

Admirable ('.\|M>Mii<iris \*i ihi- attitudi- (M' liMfjin- -ti»nu-t - tt.w.ird nnta[ili> -ical 
or ri'liiriou- pr.)l)!inK air n«)W a\ .iiial»I»'. Si-i-. h)r\\.i/iipli-. 'A S>m|iM^iiini of Mod- 
ern ScirntilM Oj.init.n.*' *:i»h mi and rdUrd h\ Kduaid IL I'nOuri. .ind |>'dili-lu'd 
un»lt*r Ihc tillr Sn'Ktr I)is."\frt'd (ind.^ dlrtl .Amw Anmnu thi^ 

>tiiMli-t^ nprr^i riUfl ,irr Mdl-kiii. Kill-trill. JuImii S/ Hii\ii > . Sir J Arthur 'I'Kum- 
Min. Muliarl I'tipni. Jidin Luvj-Imm !)j\ir-. Sir J.iri. - J( m-. >ir (Hjvrr I.i-djr. Sri' 
al-n Carrrl, \!« \i-. ,\f it:, thr i'tiknoun^ llarpi^r .nul Hr«)!hi*r>-. Ni-w \\\rk. lo;;; 
Kddinuinti. Artliiir S. 77ir \,ttun^ ///r !'h\ n u! W't^rld, Thr Marmjilan Ci) . Nrvv 
York. Kddmi,'..!). Arthur S. Si i^r.cr ,tt:d .'Af ('•! "U l\f>rld. Thr M.Knuliaa 

Cu . \i \v N'nik. I',.,. IMdin::tini. AiOiiirS. /^;//'^•/\^ iu S* i' >}• f\ VUv Mai - 

niiiiati Cm. \'\\ .tnd. r^Mi-ilK M.i.nii. I-r.ai;i - '!.«lit.'M. / //.■ {i)i\it 

/V'Ki?. "1 Iu- M n imll.in (*nr^i|..i;i\ . \\ \*nrk. I', > 

Smith, r \* . i'rr.tt/:: S /^'.w-. Wilirft. Clark \ ('«nipanv. Chhau^^ l 
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can only lead to *-»he debris of u universe in ruins'' and hence to the 
dubious '^foundation of unyieUlini? despair/'^*^ 

Every thinj? in nature is en.na^ied in writing its own history,'' 
said Emerson. lUit every real story is based on a plan, a plot. Shall 
uie not give to our yoioig people vnouf^h orioftation and perspective 
to enable them to select idsely their oun life plan, unthin the jranie-^ 
work oj permanent backgrounds? 

Wanted -A Comprkhensivf. and Consistent EnucATioNAi. 

Philosophy 

Three permanent centers of interest. It is the function of educa- 
tion to assist t^rowin;? human beings in developin/j; satisfactory rela- 
tionships between- themselves and the world into which they are 
born. This process is obviously an endless one, -and it has many 
as{x^cts/ M'hen it is directed too exclusively \^ only one or two 
of its legitimate objectives, it becomes one-sided and, to that extent, 
a caricature of what it should be. This is precisely what has hap- 
pened attain and attain. 

1. Educational programs which are concerned primarily with the 
real or alleged needs of the ''educand,*' the 'individual to be edu- 
cated, l^ad to ''child'Centerrd'' schools. This type of orientation 
is particularly marked in the modern school. 

2. When the educational process is built principally around tlje 
real or supposed demands of the educands social ^roup, or the 
community, we have a ''society-centered'' pn\uram of education. 
We know that this type of emphasis has been a concern of edu- 
cation since the days of primitive man. 

In so far as both the individual an(^society are ultimately gov- 
erned by co<:wic processes anil by such forces as account for the 
historic evolution of human civilization and of lium:m institutions, 
education cannt^t i^n()re tlie ol)jective co.nsideration of these per- 
manrnt causal faaors and their underlyiuiz relationships. In its 
extreme form, such an empha>is \e\\i\^ to a ''curriailuuiu entcrecr 
school. 

Importance of a balanced educational orieiitntioii. It is osential 
that the educator sluudd never Uwe siirht of the three poles around 
whieh bis wnrk will always have to rotate. If he for^cMs nr vr. 
Uteres .any one of them, he will eventually wreck tlie educatit)nal 

Rii-oU. HiTlraiul. \f\stiii^m ami Life tnid Olhcr K^sny^. pp. 47 . l.nn^imans, 
Oni-u and Co., New York, 
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machin.e. Our ^Vhild-contered*' schools ancr tha **artivity program'' 
only too clearly show the consecjuenccs of a narrowly •.v//6;tr//z'c at- 
titude. A;;ain, a pi^tely social emphasis leads y) a type' of rej?inien- 
talion and autocratic indoctrination that we now witness in cjfrtain 
Kuropean nnd Asiatic countries. Finally,, the mechanized trans- 
mission of (he accumulated wisdom of the a.^es invites the danj^er 
of excessive formalism and a resulting decay of niental and spiritual 
creati'veness. 

Is it not possible to give due attention to all three of these es- 
sential as|)ects vi the educational process? Can we not avoid a 
constant swervini^ from one extreme to the other? Hy so doin<i:, we 
simll at last eliminate the ^larinjj; inconsistencies in \uv current edu- 
tational philosophies. Some of these inconsistencies will receive 
further attention in later sections' of this discussion. 



The present stru.n.ule for a dynamic philosophy of education 
in a chantiini; world needs to bo oriented, above all, by a considera-' 
lion of nil i male ohjrclivrSy and not merely of immediate interests. 
In the lan^ua.^e u{ Professor G. T. W. Patrick: 

Tin* ^reat things of the world have been done by men who were 
in>|)ired by fimit ideals, idenls of juslirt*. righteousness, beauty, and 
truth, /r/irsr lojty ittcah arc not somrthin^ to hr made and thrn 
trsh'd hy thrir safisfactorinrss ; t/try arc sontcffiginti 'to he attained, 
Ht-auty wliich exists just to be ai^[)reciale(b truth which e:^ists just to 
be c(*ntemj)lated, laws of nature which just have to be disc(n'ered rmd 
wniulrrt-d at, ideals which just have to be aspired to - all these ^reat 
things would seem to have no place in i)rat:iii;itjc philosophy, which 
is too subjective. Something vte'rnal must draw us on/^^ 



TIIK PRKSKNT STATUS OF -PR()(;RKSS1V|:" KDUC.VnOX 

Introducti>ry stateiuent. What is now kntnvn as ^ progressive" edu- 
cation, or as the "new" ethuation. is tht* cubnination of a lon^ (K*- 
vrlopnu'nl. .\t lirst \'ery sporadic anrl of uncertain character, the 
ninvmu iit ha- now ac(|uire(l the /e>t of a cull. In its extreme form, 
it ha< a>-u?ne(j an uncomprf)misini: intolerance that aims to deslroy 
ibe traditional tMjurational jMouram. its inip:icl on schfxd {)roce- 
(lure-, nu currii ula anrl standards, may be ob^'crved at v\'cry turn, 
lo tcnbeiv ni nK'ilhemalii s this movement >hould h(» of con^idi^r- 
ablr inirit-t. Hiitt' it lias v^iww approval to tin* curiou-^ itjea that 

r.ilriik. (i. T. U op. <i/., [ ii ], p. 397, 




P.\RT TURKIC 



48 THE KLEVKXTH VKARHOOK * 

"mathematics is useless to the aveni.uc child ami therefore must 
either be eliuiiiiated or restricted to its few practical aiul incidental 
functions/' The threatened removal of mathematics from our hi^h 
school curricula, hv the majority ()f secondary pupils, is (hie in 
lar^T measure to projxi«^anda circulated by the uninformed. 

It will be shown in -the paties that follow that "{)roij;ressive'* edu- 
cati{)n is basetl on a rather involved philcjsuphy uf education. Many 
of its aspects art* contradictor^y. Like every other pronounced de- 
[xu'ture from the beaten path. i[ has produceil a conservative and 
a ladical uroup of devotees. It is the extremism of the latter group 
that is forciuu into the open a critical examination of the funda- 
mental assumi)tions whit-h govern the "activity movement" and the 
programs of the "progressive" schools. 

TlIK .\CTIVITV MoVKMKNT 

A brief retrospect. 'Ihe Thirty-tfiird Vrarhook of the XatioPtal 
Socirty for the Study of Education may be regarded as the best 
single source of information now available on the activity move- 
ment.'^'-^ Its second chapter (pj). n;-4.0 offers a "historical sketch 
of activism." contributed by Professor Thomas Woody, which shows 
hnw by gradual steps man made his way from the authoritarian, pas- 
sive type of echicatlon imposed by the clan, or the conunutiity, or 
the printed jxige, the authority of nature.". '"Rrroi^mzinc^ law 
in man's nature, educators cawe to dream of harmonizinii^ his edu- 
cation icith that laxc\ Herein is to be found the source of modern 
activism!' Professor Woody prcMMits an informing sutnmary of 
ibe-evolution of this idea through tl'.e centuries, especially since 
tbe d;!ys of the Renai>sance and the Reformation. Outstanding 
supi)<)rters of tbe naturalistic trend in education, thus interi)reted, 
were ( onuMiius, Kous<eau. Pe<talo//i. I-'roebcl.-and Herbart. Tbe 
Americtin pha-e of the movement. d.'Ues back ninre than a century. 
\\\' are reminded thai the (h'siunation. *'th(** n«-w education," has 
luHMi "[lart of the !\merican pcdaunirical vociibuhiry for a hun- 
dred yr;u-^ : tbe irlra^. it noi the W(»r(is. luivc biH-n currtMit in West- 
ern European wrilinu^ to some extent for l*i\*e hundred year>. and 
to a pronounced extent for three hundred." Hut it wa< ihitMly the 
plnbwophy and the ji^Ncholo^y ui lYofe-snr I)( Wt'\ that launched 
.ictivi-m in a new biuhly dvnanui' t<»rm anrl with a revolutionary 

Tllf \'ti\Stv MnVrnu'Mt.* 'I hr 7 !• ' » ! ^ 'rr,l }. -r' -l ' l:r \ ' } ' 1! S-Tn ! \* 
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sori«'\I inipliratioi?^nd mnmpntuni. Dewey not merely epitomized 
the contributions of his many predecessors. He and liis followers 
transformed and .ureatly intensified the central concepts of activism 
\ \vitli the aid of more recent psycholo«;icul and sociological lindinj;s 
or assumptions. 

Characteristics of the activity movement. In the third chapter of 
the yearbook mentioned above, Professor Kilpatrick attempts the 
considerable task of fornmlatin^ a coheri^t^rjlcfniiliiin of the activ- 
ity niovenuMit today.'' He states that in their" effort *'t{) tmd ah 
♦ authentic picture/* the Yearbook C\)mmittee "collected and studied 
(i) forty-two expert-made delinilions; (2) twenty-live carefuHy 
selected published curricula, illustratiniij the activity pri)m'am: and 
(.0 fifteen 1)ooks giviivu; authoritative treatment of the subject/' 
These forty-two delinilions are ^iven in Appendix i, while the 
courses of study and the fifteen books are listed in later a[)pendices. 
Professor Kil{xitrickV sunmiary occupies nearly twenty paues. It 
records a larue variety of opinions and trends with n-i'-U'd to thir- 
teen major a>pect> of the educational in'oa». As to ways of inter- 
preting the principh^ of activity in actual school work. Chapicr I\* 
of the same yi^arbook. pt^ejuired by four other reviewer^, li^ts "six 
<j;n)ups of practices" arranged in ascendiui^ order^ from a modtMale 
and merely incidental use of activiMes. (experiments. diMunn-trations. 
puj)il particij)atinn. excursions, and the like, to "so profound an 
acceptance of the fa'ith .hat the leariu^ de\t*loj)ii thnuiuh his nv.n 
initiated activity that there are distrust ol 'guidance. Ic-^t it trans- 
ure>s individual {xissihilities, and ^reat c!nplia>is ujion study of tlu* 
individual and uj)oii heli)inL^ him to further his own I'l'lorl^.'* As to 
the concrpt of "activity/' C hapter 1\' oUers the fullowinu >tatement- 
in fmal sumiiiary : 

Ci^iUral aninnu' the many mcaninL'- that the prupntuMU-^ the a(tiv- 
itv principle liavt* in mind arc kiiuis nf \\«»rk ii) that t-nli^t ilu* per- 
>«>nal C'»uicrn of tin* learruT in what he <lninir. {2) that iiivdlvi* par- 
(icipati>«n nf the ItMrntr in the life ah«ait him. (;) th;it euiouraife the 
Irarner to iuiiiatr at tion tliat wilt furttu-r the thiiiLr^ in whiJi he eii- 
^a'-ie<. ' ) that a<>unie ami teach per-nnal re^ptm-iSility tnr !lie ton 
se(j\ieiut'< uf ntu»"s own* (Inii)Lr. (S) thai ft>^ter treati\e *-eli e\pre--i«in 
as a mean^ and a iuatufeMati("!i of the de\fli»pinu ^clf. n*) that <leal 
with the learner'> reality and etuieaVnr to teaeh the harner to i.nr 
h\< iiwn realit\'. ami (7) that assumt^Mhe neie^Mty ^f a trrt-iiuTn whit h 
make> pi'>-iliie this <l\narnic livimr mu the pait thi* harntr. S*>mi* 
pmpiinents >ee!n Id u>e the term "adivity * a> a hriel way "f j^«'-tulat- 
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ing these elements in the learninp proc[rtini. T hoy assiinio thtit. the 
term **aclivity program** implies all these chaiacleristics/*^ 

Dean Clyde Hisson^, in his study of the activity movement, lists 
certain basic ideas or principles which the majority of the schools 
concerned seem to endorse.*** He gives particular prominence to 
such items as (i) good health; (2) **learning by doing"; (3) an 
atnip<Titn?>e of freedom; (4) the avoidance of standardization and 
tests in favot of individual development; (5) social adjustment and 
extensive co-operation; (6) opportunity for creative expression; 
(7) joyous and creative learning; (vS*) the attempt to satisfy the 
pupils' "needs" rather than following a prescribed curriculum. 

h\om these and many similar studies the inference may readily 
be derived that all good schools could at once subscribe to a large 
part of the activity program. An inspection of published courses 
of study and of booklets which are based on this creed usually 
reveals an unsuspected wealth of excellent materials of instruction, 
of new means of motivation, and of ()[)[)ortunities for ''joyous par- 
ticipation*' and creative self-expression, such as any real teacher 
>hould welcome.-^"' 

The ^'danger zones'* of the movement, and they are very real, 
are caused mainly by (i) an inaccurate conception of the learning 
process; (2) an unsound doctrine of freedom; (.0 a disregard of 
standards and of critical thinking: (4) an unwarranted neglect of 
organized knowledge and oi the essential tuols of learning. Unless 
and until these defects are corrected, the activity mnvemriit must 
be regarded with caution all true frit^nds of American education. 

Weak spots of activism. 1'l.e acti\ist^ as-^erts that we ''learn by 
doing** To what extent is thi> true? 

Now, biologists and j^sychologKts have made us thoroughly famil- 
iar with the fact that "organic beJ^ivior is determined by the struc- 
ture of the organism.'' More. than ihat. it now >ounds Wko a truism 
that ''a child learns to do \)\ doinii. doc< any other oruMuism."'^'' 
Thus, we learn to walk only by actual walkini^, to s[)eak and sing 

pp. 65^^16. 

Hissnnir. CKde. The Activity Movfrntfit , W.irwiik ^ V«irk. Tjaltitudr*-. 
'^'^ For illu-.ti*.itit>n^ \h\< t\pr. >rf. U\r rN.m)plv. the patnphirt < Ciinlinal 
Oh'tC'ti-i'' in F.Irnirntiiry Kdm.ttioHy is-urd by tlu- I niMTMty i»t thv Stalt* nl N\\v 
\'««rk. Alhanv . i'):^. 

•** Sfi» (ir.iv. J ^i:mlr\-. •'A Hiolfiui* :il \*ii*\v of H^ h.ix ior Mrxhih .ii inn." in \hv 
Joum d Iff EdiU'ilii'yi'il P^Vi h"!i>x^y, NDM iuht r. U*r an .ihir (ii^iii--ion ni tlu* 

hinlutrical a^pi'i ts of bihavior. 
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only by usinij; our \ocal chords, and to make a nuiltitude of neces- 
sary adjustments only hy the correspondini? bodily responses. 

Hut is it true that all leariiini!: implies gross muscular or neuro- ' 
logical activities, and in exactly the same sense? Do we learn only 
by '^doinjr"? To what extent can all the subtle but vastly important 
mental reactions of the child be covered by this formula? Are 
thinkinfr, retleclion, appreciation, and the like, to be regarded as 
^'activities"? If so, are these on the same level as playing a game, 
or cutting out paper dulls? A'j^ain, race experience certainly cannot 
all be ^Reconstructed'' in the school by means of activities, and 
yet this experience cannot j^ossibly be ignored. Hence the slogan 
that we "hsirn by dning" neetls to be clarified and to be restricted 
to its pr(i|)cr duniain. 

Final]\'. to what extent do activities, unless they are organized 
with the greatest care. h»ad to cumulative growth, or to growth in 
the right direction? Can the unguided activities of gropimr chil- 
dren ever produce harmonious educational results? 

Let us nn\v review a ft*w siunificant statements on this subject 
from fducatnr> who carnijjt In* accused of lack of interest in the 
"new ecUu aliori." 

StanwcMid Cohli. nnt» of tht* foutulers of the Progressive Kducation 
As-ociation and :it prt^sent one of its \'icc presidents, wideh* known 
as the director of the Chevy ('ha>e Country Day School, devoted 
an entire chapter of a recent volume to '^the limitations of activity 
i eilucation."-*' I-'roni this chapter we (juote the following significant 
passages : 

The tendency t(Klay is not so miuh that the activity method will 
j not he used hy teachers, as that it will be abused by them. As in every 
reform, there is danger of Uu) great a react i()n. 

A common (Irirrf in the usr (yf arfivify projects is the nr\^lrct in 
assure f/r finite cultural nsult^, ... In other words, the activity proj- 
ect should be a ntriins tincanl (h fbiilr educational f^oals and not an end 
in itself, , . . 

7'he ton!^ and ttchniijurs oj Irarnini^ such as reading, leritin^, and 
nrithwrfie — tannot hr Iramfd hy tht project mrthod hut only yno- 
iivafed hy it. These skills nuist ht» made cuitomatic by n^ean-i (►f much . 
drill and practice. ... 

Imzv, unambitious, and shnc-tmiprramrnt chUdrrn do not respond 
nrll to the project method. They learn very little hy means oj it, 

Tohh, Stanu-(M>(!. Horizoyis ior tiw Child, Thap VIII. Tin* Av.ilon Vrt^\\ 
\Vashini;ton, 1914. 
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Such children cannot achieve their bfst academic results except by 
weans of academic pressure and discipline. 

Retarded children definitely above the border line of intelliRence 
need thorough drilling in the tcchnicjues of readi;ig and arithmetic more 
than they need activities. ... 

Academic handicaps on the part of normal but retarded children 
can le ovrrcome by careful teehnical wr^'k on the part .of teaJi^rs; 
but ij such children are abandoned to manual afts .wd project activi- 
tirs they are thereby condemned to sutler throuj^hout their academic 
career^ and perhaps throuiihont life, from educational injcnoritirs which 
cou/d, easily have been overcome on the lourr educational levels.^ . . . 

**Learnifv^ by doing"' is an excellent formula jor inducinf^ interest 
and effort in children and for asvakenin*^ in them a con^^ciousness of 
how the Human race has 'materially i^ro^^ressed. it is the best method 
of learning any trade, [irofessic :i, or art. But has this jorwula any 
proi/tinrnt place in thr aequ'^itithi of thr racial knowledge accumu- 
Intrd over innnmse prriod^ of time, or-in the drvt^topment oj abstract 
thinkin^^f ..." ■ ' 

Readinir. rather than activity^ is the way toeruditihn. . . . 

The world had- had "activity education" fnr si:^'tlu)usand historical 
ycar^ and knew very lillh* at Ihf end of that pOrifui. Hut durinix the 
ri'latw'cly brief when the world has been practisinjr edu»..ition 

by means of bo«tk-learninir. its knowletUjk* has urown- apace. Humanity 
has Itarned a hundrerlfuhi more in the la<t thtve centuries than it 
had Irarm-d dnrinu the previous six thousand years. 

Atlivitv projrets can'br helpful in moiivating our study and in pre- 
pa>in[[ us to undnstaud u hnt u r rr.id. But ninr-trnths —I "would say 
ui)irt\'ninr hundredths of ichat we muxh rns know eomes to ks from 
thr prinfrd pogc . . . 

Activity (tirri'hited with abMract thinkimr is the meth(wi par excel- 
Irtnc Ml <(ii*ntiuc fli-co\iT\-. ip. which obscrvatifui antl experimentation 
bMth ii:-[rr(' and vtrily idfas. \\*e niu<t urant tliat the educational 
tuii'tiini- of activity are valuablt* ami indispcnsablt*. Hut we cannot 
o'-hinl to lr( ,1, fivity rrowd out thr iunrtions oj abstract rdneation. 
i 'rrtain thini^s f tin hr Imrntd murh brttrr thrnui^h doini^ than think- 
in'^, hut othir tkini^s i an hr Imrurd only through thi'iking:^^ 

\vAv> auM Profc^^nr Dewey, in lii< Dnnoeroey and I'.duration. 
aNo cautioned auain>t a narrow inier[)retati<)ii of the activity idea: 

Mrrr a'!i:it\' do* \ tonstilutr i vp' rimer. It is rlispiTsive. cenlri- 
lUL'.d. ^li-'-ipatinu^ l-'.\pcririu i' as tryim: invnlvt*- cbanire. but chanue 

m(*an:ni!lt*-s truj-itinn unle-s it i-> ctniscini.dy connt^cted with the 
rriu' u wavo of i on«-tM jiu^iu I's whiili ll<tw irfim it. . . . Hlind and 
u!ptiii'iu< inipuUt'-. hurry us on hc-fdlc<dy frtim out* thinii to an(aher. 

far a- thi- ha[»pcn<. crythiii'^ i*' writ in water. Thf rr i\ nour oj 
t/:,!t ii(}):uh:ti\ r '^nr^. tb whli I: mok's tin rxprririur in finy vital smsi' 
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of that teruK . . . Thr vivasurr of f/tr valnr of an experience lies in 
the pcrrrption relationships or contiuuitics to ichich it leads up, 
. . . '1 here is no difference of opinion as .to the theory of the mutter. 
.1// authorities a^rrr that that diserrnmefU of relationships is the gen- 
uinely intel!(*etual matter; hr>iee, the educative matter. . . . Thought 
or r,e'rteclion. as we have already seen virtually if not explicitly, is the 
(iir^eernment of the relaliiUi between what wc try to do and Avhat 
happens in eon^e(|iit'nee. \o experience haviujj^ a meaninf^ is possihle 
'without some element of thoui^ht. . . . Thinking is the method of in- 
telligvnt learning, of lea>niug that employs and reicards mind. , . . 

Direct observatif>n is naturally more vivid and vital. Hut it has its 
•limitations: and in any easf it is a necessary part of education that 
one should acquire the ability to supplemcjit the narroxeness of his 
immediately personal experiences hy utilizing the ixperiences of 
others, ... ' . 

Processes of instrut tio>i are unified in the dci^rce in u-hich they cen- 
ter in the production of good habits of thinking, \\'hile we may speak, 
without error, of the nu-lhod of thouizht. the important thing is that 
thinking is the method of an educative ixperitnce. The essentials of 
weth.id are therefore identical with the esst ntials of retlection:^'* 

In their study of chiid-centrred schools. Rui^u and Shumaker 
likewise i*^*^ue a word tjf uarnini: auMin^t the a^'^i(laTu•(» of real work 
and of consecutive ihinkiir.'. uhiih i> oiity too often llu' CfUi^eijuence 
u\ unrelated ••activities." The fcdlowini^ jKi^^aues are of iKirticular 
interest in this coniuclion: 

F.mphalieally. intillrctnal tit \ t lt)pmr}it avoidt tl by manv of these 
-j'/./w./f. They siai. i f^r infnrniality and they si-iure the ciutcnnie^ of 
inftirmality. Th^ir ci ntrrs oi intcrr.Kt (they are well named) latk in- 
tf'lb'ctua! ri'^ny in piatt and tb rcloptnt >if, 7 /// y tnt- too oUt fi con- 
spicuous t vi/mpl* s of fiilltK.'int^ fhf path o^ lt a<t rc^i^ttnur. 

Thinking i< in/b rd hard u t^rk there is no bardrr :,'ork -yrt there is 
no rfiyal ri)ad ti) undi > sitnidiir^ : pn^bot'^t fl inh dt t f aal t jhfrf aot rs the 
only rouft . Tht impiotaftt mttntio'^.^ tp'c di'hcult /h' compr- hmuoft. 
Thcv :, ill not tt iich tht njs' Ivs. 'Thr in w u h'U^l is nbli'^.if'd to teach 
th-m. 

In tht Innt^ lun the intt !li'^int pt rsan is thr i>iii}r>ut d pi rsini. In 
the bm\^ run thr intil!i\:>ut ptrsun is hr :^'ho h^i^ nn tap a \iist arrav 
of mra}ii>i'^^, ctotif pt.\, m ra!i:iitifm\, ami >^/7/.\.*" 

The child as the cent<T and the divtrine i^f freedtnn, (^i even 
urt*ater niniMrnt is the pe( uU:n* I'UKcpt of iniliativt- and chihl *'pur- 
inu" which l..i- i'»inr i<» < hnractrii/c rh.e r;idit al aciiviu *^ilMif)|>. 

" I)t . J.Ii' fi-t}: .;■// ..'/■•/. (i'ii- XI XM tlx.. t;-I. .in- t.ijDlid 

Rtij'/. 11 ifiC I ii-.l ^htir*. .-r All!!. / //« (.'/'.' ( .i:'/.,/ s, // . p;, j ^jp,} 
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In Mich a school, the ''child is ..the center/' ''Out of the child s own 
activity conies his ;4ri);Nth. He nee(!.i contact wiih a rich environ- 
ment, but the past can hold but little of value to hiui, for it must 
he secure<l in second-hand fashion, and second-hand experience can 
not he vital.'' Hence, '^oruanjzed knowledge must be disregarded 
and \he teacher must sit ])atk and watch the activity ""^o *on 
apace/ ''*^ In such a school, **the teacher does not direct," She 
has a "sul)or(linate role." 

U\.^i later part of this study evidence will be submitted on how 
the doctrine of **child [lurposinu," of **felt needs," and of "incidental 
learning' has 'affected our curricula and our standards. The dis- 
placement of the teacher s leadership l}y that of the child is, how- 
ever, of such serious import that it merits further attention at this 
point. In a certain prominent activity school, so an official account 
states, the sponsors '-never let a little thini? like a pro.izram interfere 
with the days business. . . . Kveryone is intent on his own plans. 
'I'he teacher is asked for advice, occasionally, but there is no un- 
necessary sul)servience to her idea."^^ 

(\)mmon ^ense should dctecrthe injustice of such a scheme both 
to the child anrl to society. 

In the /i>.v/ place, sur/i a docirinr in its extreme forni errtaiuly 
will never wm k in a system of mass edueaiiopu A .i^roup of thirty 
en* forty children without (h'finite, coHcctive guidance would soon 
(li'^tiierate into :m incolierrnt mob. 

Seeond, the aclivi>t s conception of freedom is not substantiaterl 
by motlern binlDuiial science. The profound inlluence of the en- 
vironment on a (levelopin^r ori^anism i^ now recounized/-'' It ap- 
pears that it makes a tremendous difference whether or not a child's 
environment represents \ho type of milieu that he should ha^•e for 
his ideal d(^velo[Mnent. 'J'his involves the idea (.f Cfjutrol and of 
guidance. 

Tfiird, it i< far frf)in clear how the momentary interest^ of any 
liiven child can be tran>ff >rin('(l into worth-while eonseeutive centers 
i)\ inttM'c t tnr the i^ri)uff, or why om* child should subordinate hi^ 
(»\ n "feb ncf'fls*' to tho^e of hi^ neii-dibrir. In other words how can 
^in'iiil co-opt ralinn emrri^e in on a(mo'<phere of unrestrained Individ- 

Ci. Hi-^-.Tiv C . op ril . f p 1 ». 

*^ Ihi.l ^ p J J StM- Hi:rr, S K, An Inlrodm ti to /V(U*rru/tv F.dur jfiotu 
('in' iiin.iti. i c s. 

U --"fi ''^ ^innnt.u i/iiu! ^*ii*lv of "iMri-tl-'in in \hv I.iuht of Motlfrn Hio- 



MATHEMATICS IX MODERN EDUCATION 



t4ati$m ? Extremely serious problem cases are often due to the re- 
moval of uncompromising "law enforcement" in the home and in the 
schoolroom,^* 

Fourth, it is not true that all normal children crave unfettered 
freedom, Quite the opposite is the case, as is pointed out very 
effectively by Dr. Grace Adams. For seven years Dr. Adams worked 
, as an assistant to a psychiatrist who specialized in "adjusting'^ the 
so-called ''problem children'' of the rich. In a revealinj? study she 
tells us that ^'children are at heart tremendous sticklers for things ^ 
as they are and as they should be." Again, she discovered that the \ 
child ''can be made to perform the most irksome task with the most 
eager pleasure if the performante is turned into a formal and com- 
plicated ritual/'-*^ Any experienced parent or teacher will readily 
endorse that statement. The golden-hued sentimentalism about the 
Child should be corrected, so Dr, Adams thinks, by a more realistic 
and truthful attitude. After stating that the average child may be \ 
expected to exhibit undesirable character traits, judged by adult 
standards, she says: 

The normal child is like this not because he has been poorly trained 
or badly conditioned or harshly repressed, but simply becaijse he is 
a normal child. Most of us arc inherently much more like him thai? 
we often care to confess; and we would rrstunble him even more closely 
if advancing years, and the experiences they brought with them, had ^ 
not made us otherwise. But proi^rrsM'vc education, by shicldin\y^ the 
child so vigorously durini^ his early years, delays these chastening 
experifnecs until long after the more conventionally reared child has 
learned to adapt his nature to them, ^ By this melhod infantile traits 
are certainly not repressed. But neither are they corrected. They 
are encouraged, made more pronounced, and prolonged beyond the time 
when they should be gradually changing into characteristics more suit- 
able to adult life.-*'^ ^ 

Basic Im:.\s of **I^Kf)c.i<rssivr.** ICiJi'c ATinN and Tukir 

.AprRAISAL 

The organization of the niovenicnt. The ofucial spnn-^or of "pro- 
gressive'' education in this country \< \hv Trourcssive luiueatinn 
Associatif>n. Organized in loig, this a-sociation has grown fre- 

*'Sco Parvons Mkv Hral. "Tin* I)cSM)ti<m nf Pj^IIv Rt^^-^;' Harpfr^i, November, 
lO.^o. \\ fifn). Of siirnifu-.inrr. in th.s roiuurtion. thi- nuHlrrn play, The Chi^'hctCs 
Hour, wliich \\\\^ hirn attraitini: law .nidirru f< tur ruany nuuuhs. 

•^'^iT .-\(Jam>, (irace, 'i-'rctdnm and Ihr Child.'* Scribnrr's, March, 19^5, pp. 

"^Ibid., p. 186. 
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iiu*n(l(»u>l\\ now havuiy a nicmbcrship of approximately 7-000. Tts 
olYicial niaua/ini», rrofircssivc Education, started in 1924 ^^^^ M^^^^r- 
terly but since ig^g has appeared as a m(Mithly. The principal 
Anu»riran su[)p(jrlers of the niuvenienl arc such private schools as 
the Lincoln School of Teachers (\>lle«e, C\)lumbia Tnivcrsity. the • 
Kthical Cullure Schools, the Walden School, the (Mly and Country 
Day School, all of New York City: the Tower Hill School of 
Wiiniinuton, Delaware: the I5eaver t^)unlry l):iy School of Chest- 
nut Hill, ^Iassachu^elts; the Francis \V. Parker School of Chlcai^o, 
Illinois: the Fountain \'alley School of Colorado Springs, tNilorado, 
*rhe Association is affdiattnl with the **Ncw Kducalion Fdhnvship." 
an internal ional ori;:ini/ation havini^ representatives in at least 
t Weill y-eiuht countries, distributed over four conlincnis. ..Many 
loreiun periodicals ure ijow devoted exclusively to the movement. 
In the secondary tudd. pro.i»Tessive education is still distinctly "on 
trial" even more so than in the elenientarV field. 'I'here are indi- 
talioMs that its oriuinal violence is already a thini^ t)f the past. 
.\h)dified proures-ive education may prove to be a real help in 
inakinu our secondary schotjls more truly cultural a.i^encies th:in 
llu-y are at prestMit.^" 

^'haractcrisiicji of progressive education. The principal tenets of 
li I'rourc^sive Fducation Association and of the New lulucation 
l-rlluwship may be summed up as follows:*'^ 

M. All indcKMrinalitm shouhl be elimin;Ue{l I'ormal disei})line 
and th(* le:irninLr of booki>h fact^ should be abandnned. Vital ac- 
liyiiy nuwt take the p':ice of mechanical memori/iinr. LrurniHt: hy 
doin'i:, hy rxprrinu in.K ^lud cxprrimiHtin;^, is of parnmoioU impor- ^ 
laun\ 

Since "oidy life ran leacli life," Ihr .w/fonl must hr thr scritr 
oi yidl liir, oj p/iy^irul artii'ity, 0} Wiikini: thiw^^^Jmtrad nf merely 
lno/:iir^ ct tlh m or' In cjin'^ ahoiit thnn. All b:irren intelleciualism 
i- U) lie t'linu'n:\;ed. 

Thr i^>if> hftwtru thr schiud and lifr must diuippnir. Th\< 
rec|uirc< the con-laut iutrodiation nf lifr sitH'itions and of new 
problem^. lirL«rly discnvered an<l ^clcl■tcd by the pupil himself. 

*- l-..r furtlu-r drt.iiK ..f i\w histnrv nf the MmM-nunt. r./fi-niue may he m:u\v to 
iJurr. S. i: . op . I I ' I 1 V' 7 -^^^'^ puljli. .ili'>n^ ui ll.^ Proiin— ivo Kdii- 

i;it!..ii ;.i:i«»ti. , t . . f 

thr pr-iutl.!. ^ ui ;-MM/rr>-i\r nlui ali.M,. r .l-f U:c dfn i.il puhlualums of ihe Tru- 
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4, Only purposeful xvork icill produce real Ivarmu^f and thinkint^. 
Hence the pupil must make each pr()l)leni his own and must work 
at it in(k»pen(h*ntly. All school work should he permeated by the 
spirit of play. Thr antowary tvchnhjurs will then be acquired 
''incidrntallyy The u'hat of school work should be subordinatecl 
to the lunc, 

5, The tyranny of established j)ro.i^ranis and of rii^id time sched- 
ules must jio. ' 

6, The child's immediate interests and desires should he held 
sacred. They should drive out the usual **chalk an(J talk** of the 
traditional school. 

7, The artificial stinuilatioix repre^entetl liy marks, convtittional 
report cards, rmards and punishments must he ahandourd, 

8, *'I)iteiiratf d" instruction is to replac e the piecemeal approach hy 
means of separate suhjects. The stream of life is a living' unit which 
cannot be experienced and appreciated by its 'dissected fragments. 

Q. The teacher must cen^e beinii: a ••talkinii; dictator.** lie is to 
aid and to lisit^n rather than to command, 

10. Spontaneous activity on the part of the pupil mu t take the 
place of sequential work and on^a)ii:( fl currindo. 

A tentative evaluation. There are those who glorify these tend- 
t»ntMt'S an<l [^rofio-.ils with all the enthu<ia<m of a rcli^iuus faith. 
They art* hoiu'ful that the<e idtM^ will t»\*fntinll\- transform nur 
entire public sy-tcm of education and nnt reniai!i limited to a few 
highly favored laboratory schools. They hxjk tor>vard to a new 
educaticHial paradi-e in which children will really be happy, in 
which tl'.ere will be j(»\*ous activity in>tead of passive li-^teninu. and 
in which renre->ion will cea<e. *rhey see tlu» juTisal of schodN 
that shall be the cradles of a new social order antl of truly creati\(* 
endeavor. 

. T(; what extent, then, is pm'jrjim -outui. antl at wbieh imint^ 
Is it Utopian or danuerons in it^ fundamental a--u?n|U ion^ ? 

It i^ obviou> that, lila» the as<neia»ed aciixity myA*ement. the 
doctrine- of iiroun*e<^i\*e edutalion rest primarily on Dev. ty*s prai: 
matic in^trunu'ntali'-in. \\*e has'e alreads* criticized it< doubtful 
theory of knowledLie antl **e\perieiice.** its erri»nei>u^ ("onception of 
••truth." ai d its reieuion of jn>t |)rini iples and binilimj Mandard- 
or a'j:reer]ient<. \\*e h^r.'e abo pointed out the daniier -p^t^ of ihe 
activity movenient. .\11 the-e wt*akne--e- h:;\(* been t.dscn os'er. 
uncritically an<l almo>i blindly, by the (oniiriued fdllnwers of the 
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/progressive^' creed. The reaction that has already set in bids fair 
/ tojprevent a major disaster to American education.^^ 
^ Alost certainly, we shall plan to retain the sound features and 
^e corrective influences of the movement, without subscribing to 
its numerous flaws and eccentricities. Under conditions of mass 
education it is impossible to dispense with a considerable amount 
of discipline and control. When the community pays for the edu- 
caliim of its children, it has the right to know what is going on 
in the schools. It has the right and the duty to guide its children** 
in accordance with reasonable standards of personal and social effi- 
ciency. It cannot afford to give, too much attention to private 
whims. It must make sure, first of all, of a wholesome, aH-round 
product that will function successfully in later life. Is U not pos- 
sible to harmonize such a more realistic view of education with 
'the desire to see children happy, healthy, active, arid even creative? 
Visits to the schools of the country, from coast to coast; would 
reveal that in thousands of classrooms this conception is already 
more than a dream. Progressive education has undoubtedly served 
as a pruning knife. It has made us acutely aware of our major 
educatic^'ial shortcomings, our inflexible curricula, the perpetuation 
of meaningless drill, the quest ional)le character of our testing pro- 
grams, and the inadetjuate preparation of our teachers. To the 
extent to which the progressive education movement is correcting 
these drawbvicks, it is placing us under a debt of lasting gratitude. 

P.ART FOUR 

THE CURRICULUM .■'^•D ITS B.ASIC FR.\MES 
OK RK .:.RKN'CK 

A scene of confusion. A teacher entering on hi-^ duties for the 
first time (liscovers with some amazement, as soon as he has learned 

^••Attention should here be directed to the fiftcen-ycar trial of proprcssive educa- 
tinn in the Sovirt schools. The plan \va«^ found \vast<*ful, ineffective, and sub- 
viTMve of di-npline. So k'larinK wrre it? drffds that it has been dropped in its 
entirety. For a description of thi^ Ru-sian ex[>erinient and the rea^^ons for its 
abancionment. s<'e Th^ York lleriiUi Tribuyie, Si-pteinher 2. Banley, Wil- 

b.im V . *'The Ta<k of Kducation in a I*ertrid of Rapid Social Change," Eduralional 
AdyyuniArnli^n and Supeniuoft, Noveml)er, lou. PP ^61-578: Hatley, WilPam C, 
* Is Subjrd Matter Obsolete?*' Educntional Adminhtratinn and Supertision, Sep- 
lenibrr. p 4Co; Kandel. I. I.. "The Kdiiralii>nal Merr\ -(ni-Roiimi in Soviet 

Ru-i.i.'* I K'ldrlpian Rt xir:^. .May. 19 ^5. PI^ i-^7-.VU; I)eniia>hkevich. M., op. 
iit.i I.>l. PP 
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to look behind the scenes; that there is no longer a feelinp of con- 
fidence in the worth^whileness of his work. This feeling of uncer- 
tainty about th(; objectives of the school extends impartially to all 
phase.s of instruction. In fact, such is the instability of our edu- 
cational convictions that we seem ready to scrap at a moment's 
notice plans that were he.alded only yesterday as a glorious achieve- 
ment. One day we become very much excited by the children's 
ignorance of the ^ fundamentals/' and we straightway; make copious 
provision fur ' remedial work.** \ month later,^some one tells us 
that we are neglecting the creative talents of the pupils and their 
. 'individual interests and needs/* and we hasten . to make amends 
in that direction, often by curtailing the same "fundamentals" that 
seemed to require so much remedial attention. Our passion for 
educational hoveltics manifests itself* as regularly as our habit of 
buying new spring hats or new winter coats. If we are not greeted 
each year at our educational mass meetings by some new setting, 
some readjustment, some *i)rand-new" crop ()f devices or slogans, we 
feel that stmiething is radically wrong. \\ any cost, we must be 
^^progressive/' We have l^ecome ^'pragmatic" and "experimental" 
with a vengeance. 

And so, "adjusting" the curriculum has Ijecome a major educa- 
tional sport. •Kverybofly is doing it." Problems that have taxed 
the ingniiuly of the wisest are boldly attacked and -^solved" in the 
smalle.^t hamlet. The latest f'urriculuin-revision wave produced 
more than Mi.ooo courses of study, which are now on exhibition at 
Teachers College, Columbia Cniversity. And the end is not yet. 

If this game rlid not involve the cultural and vocational welfare 
of millions of young people, it might l)e regarded as an amusing 
pastime, like playing checkers or pinochle. Tlie situation looks 
immensely serif)us, however, when we become aware of its enormouy 
cost, not only in dollars and cents, l)ut in ruined careers and wasted 
years. W'e do no\ seem to realize that we cannot develop an inte- 
grated natiiMial li^e, a unified social etJiix-iousness. when the work 
of the schools is built on sand, on a tleeting impn^^sioni^m. on 
momentary --felt needs,'* on local or {)roviiu;ia! enijiu>ia-uis. on 
uninformed prejudice-. When the curriculum becomes tlie football 
of powerful pressure groups, the result i> chaos. It cannot be de- 
nied that many of our leading educalcr^ have been uuilty of fos- 
tering thi< spirit of echuational unre-t, of ihan"*e at any cost, even 
though they have been unable to offer more than ternporary sub- 
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slilult'S. .In particular, at a safe distance from lie clas>roo!n, ami 
withouv rirst-liand exi)erienco, the curriculum "exivrts" have offered 
iheir wares wilhiairassuraiue that is often inversely pruportional 
U) their actual oonipetenee. . Real teaehers have hecuine weaVy of 
this e(Nily and futile .uaine,'and they insist that there shall be less 
hallyhon and niorv edueational honesty, as well as genuine ac- 
qiKunlance with schoolroom possibilities. 

^ 1\ KKICII.IM-MaKINC, WITHDIT KnO • , 

Curricuhnn rr^Wsion and the American iscenc. The literature on 

itnrii'.iiuni-buildint^ in this country has i^rown to vast dimensions, 
and al an evey-arrclrratiMl pace. It has 'been asserted that this steady 
ouipnurin.ii nf Miui^estions for e(hicational reeonstruction rcpreseilts 
merely a syin[)loni of ^)ur national restlessness, our pioneering life 
in a new continent. 

The intimate connection between curriculum-makin.i? and the 
**drama of American life*' has been set forth with force and clear- 
nr<s by rn.fessor Ru^.t^. .*To (|Uole; n 

\ot once i :'n century aiuf a half nf Uiitiomil history has (he cunicu- 
lu»i oi thr school cau\^ht up trilh tnr dyntiwic content of flnierican life. 
W'ht'liier of ei>ltinial readi;m or rerkonini^ sehool. Latin ^irlunniar school, 
aeadi'iny. or ni(Klt-rn junior hi^h school, the curriculum has laRt,'ed 
behind "the currmt ci\-ili/at ion. AlthnUL'h the uap between the two 
Ivd^ hvvn nuirki'Aly cut ilnwn in the la>i thrce-MUattcrs i)f a centun', 
nrvertlu*lc<s the .American schnol has beiMi essentially acailennc. Tc^- 
(hiy. nuuh of the u'ap persists. 

]\ot only has thne bun a hui^e hrturrn the curriculum and 
Anitriain life: u similar o}ir Inn prrsistcd to thf present day betxcern 
tht' i:ynu','ni^ child and thr curruidnoL riu»re are. iiuleed, three criti- 
cal factors in the educative pn>u'>.<: the child. contempf»rary Ameri- 
lan sneiety, and. standing between them, the school curriculum. 

.V<ne, in niorr than a hundred ynir< of sy\tr)nati:ation of ihr no- 
tinnal t i^ieational sch''nn\ the nnift ritds of iiistrut titoi have not only 
Ih fii loy^'h: filnof from, iinlird, \orii\in to, the institutions and culturt^ 
of tht Anorit au pt oph : thrv havr joilrd iqnatlv to provide for max- 
iniiil child i^ro^.-lh. If the currit nlum (vf nnr sc hnols is to serve its true 
function, hnwevcT. i( must be rec()n>trucU*d on a twfifnl^l basis. Ade- 
qU'itr prfivisit))! niu'it hr nnntr for truitivr pi rsontd d^vdopmrnt , and 
ioh rnnt undefsfdn nf Ann rican Vrc must br erected as the^^rent 
i:ifidi)H^ intf l7i ( tUi.. i:niil ttt nlni atnni. Its n co}i^trm tinn, theh fore, 
must cti)ici ntrate upon t:. n !{)ci > hild v^rn^cth and the dynamic content 
oi 1 >ui rit an ci\ ilizofi>ni. 

N»iw. frnin the early day< nf toloni/ation. Ami^rican life has been 
dynamic. W ith each 5sUccee{linL: generation the rhythm h:is accelerated. 
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'The dominaut tin mr is chtnii^c, viovoucnt. The innovation of* today 
is rt*U*u'aiC'(l lo the scraplieap of tomorrow. Ei'cn national points of 
viruj a)C (ilt( rrd overnight. ... 

rih' Anuriton tt nipo, I .V(/u, is prrstissi)}^} and its intensify jortis- 
sinio, 77//' curnnt oi American lije is torrential. It is prrsonilu'ii by 
the 'piTvadint^ hum of mot(;rs and the djnanuc S}*nco;.atiou of our 
new national nuisic. 77/r American niiwl, like its industry, displays 
itSi lj in movement, huildifhi^, exploitation, 'Uiii^nrss and hedaninedness,*^ 

In a Intndred years, hon^cver, the puhlic school has lai^^ed jar he- 
hi}i(L It has nevir eauiiht up H'ith the momentum of industry, biisi- 
Hf ss, community lifj\jfr politics. 0\\\y rarely has it sueceedeil in deal- 
inir with eonteni|)orary issues and conditions; n*vcr has it anticipated 
Sfhial nt-rds. The masters of the Ameriran mind have fa>hnined the 
puhlic sch»M)l as a ureat conserving agency, and the halo (-if the past 
h.is- oriented those who have made the content {)uv school curricu- 
lum. Rarrlv have educational leadi^rs ainrmea' for the school a pre- 
patatory and prophetic fum tionJ'^^ 

Scj it -appears that because of our feverish national tempo, the 
puijlic ,scU(i()l has forever "lau'ued behind." This outcry ai^ainst our 
alleiied backwardness is sidl with us. One reCt-ut example nuist 
sufiice. In an address befort* the rro.^rt>sive Mducaiion A>soeiation 
at its nu-etim^ in Hartford. (onnecticutlMay ij.''io.m. i^*ofe><or 
J. Ralph Mc(iauuhy. of Tt:achers (\dleuf, >aid that "05 per cent 
of the >chnnls ill the I'nited Sl:ite< are entir(»ly out of >tep with 
cniuemporary life." ('(umiientini!: on thi> statinu'Ut. an able scliooU 
man oUerrd thi- reductin ad ah>urdum : 

If ()5 prr ctiU of the sctmols of tiwla\' art* nut df <\r\) with cuniem- 
piti'ary lifi*. then teriairdy that pruporimii nui-t ha\e hi'cn mU of 
-lt|i ten. idii't'O and twenty yt-ars auo that is in -ay. (j^ per cent ()f 
uur eiti/i'M^ are (»ul (if stt'p with modern trt-nds. Who. ilu'n. crtMtes 
tin- c«>nti-mi)nrary l*fi'? .^arely. it is nnt tliJ.* n-mainim: ^ prr (t'lit. 
If aiAihinu^ lin's siatfment provrs just the Dppnsite nf what it intends 

uam(l\. thai ihe i-mphasis plaeed in tlu* pai)lic ^Jin.iU upnn ilie 
ba-ii [»ri!uiph< nf kiHiVvliMtLre \^ m()>t cnniliitivr tn pu-pariiej the m- 
<h\itluai f«)r ci»nita!iporary life.*'^ 

r.i thi- apt rt-ply ma\ tn* addeil ilu* (juoi'v. Iim-a (duld tin- un- 

» jUt'-' n MU'd a» hiiA i'inmu of American ci\*ili/al i»'n Ikim* bi-t-n ae- 
I i-'iipl.-lit d b> lM»pt lc--|y inailequale >ch.iM)l<?' 

.\n<tdn'r (jt ii iuiial tAp'anai i«'n tU* nur >iiji[>«'^twi t-dui af iima! ri-- 

k :.'^. II.H. I'l. * 'I hi- Sih(ui! Cnrrii iliun .in«l Xlu- lir'.:. i ot Air.irit m l.iir. * i;i 
/»'/»• ..*, .'M J ' :>•' k' 'O ir>- A'-;.' /•".'■// S ' i' ' \ ' 'r th* Stud; ■■' t >i i> Jr. 
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tardaliun is that of ''colltiie domination^' Mofo recently-; however, 
a well-known professor uf education assured us that until twenty 
years a^o we had been held in bondage by Kuroix*, that we were* 
just bei^innuvj; to emerge from that intellectual slavery and were 
at last buildinj? a school system in harmony with the ideals of the 
fathers of our country. A stran.^e alibi. Of course, the majority 
of our people, as well as the basic features of our civilization, origi- 
nally came from Europe. It would hav^ been decidedly (}ueer if 
^the j)ioneers had brouj^ht with them no educaNonal ideas which 
they considered it desiral/le to perpetuate. Hut. did that constitute 
^•domination l)y Europe"? Do we not all belong to tJitj^ffat family 
of western nations- that have a common cultural background? As 
the f()llowin^ pai^es will show, we have had ample opportunity and 
have nuule heroic attempts to achieve our own soals. What is 
obviously lackin.t^, to this very moment, is clearm 's of purpose and 
a consistently applied educational philosophy. It "e had a really 
convincini* plan, our American initiative could be trusted to put it 
into effect. 

Four decades of curriculum revision* The Tiirnty-sixth Yearbook 
of the Sational Sodrty for the Study of Kdiicatio}' |i;ives a particu- 
larly illuminatin;i[ survey of national curriculum-making during the 
pa>t <^enerati()n.-'^ In this development we may distingi^ish at least 
three distinct types of procedure. 

(i) 77/r Committee of Ten, This committee (i8g:!) was largely 
com()osed of college presidents and representatives of private 
schocds. Of the ninety menbers of its subcommittees, forty-seven 
were college professors and administrators, twenty-(jne were head- 
masters of private schools, while only fnurtetn were principals of 
public jli^h schools. The work this conmiittee exerted an enor- 
mous inlluence, but chiefly in administrative trends. Its emphasis 
was coUeiie p"ej)arntion, on uniformity and standardization, and 
on time allotment. 'I'he baneful effect of the unit idea, erfdorsed 
antl iir.posed by the (\)nnnittee of Ten, is still with us. lis quanti- 
tatiir i(^rmulation ()f 'in ade(|uate college preparati^mjAas remained 
im? f)f the chief stumblinu blocks in the pa!h of educational reform. 

Era of Sational Comwittns. This rra eNtem^nl approxi- 
mately from iSt)5 to our own day. starting wiih the work (.f the 
Ccunniittee of Fifteen (iSi)S) and (*(>ntinuin'j: to the work i)\ the 
C'ommi-sion on Uie Social Studies, which is -till in proi^rt^s. Of 

'-^Scv op. cii., IsoK Sic. I, (Miajw. III-V. 
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particular imprest to' secondary schools were llu* conlrihuiions of 
the National CouHiiittee on Malhemalical ^Retjuirenients (1,916- 
i9^.i), of ihe Classical lnvesii;;ation { iqj i-igi^s), and of the Mod-* 
eni LanKiKw* Study (1924-1928). Th^ TtC'rnty'Sixlh Yearbook 
offers a peneiratinji: crhiijue of this phase of curricuhini-revision. 
The shoricumin^s of the work done by these comniiiiees are attribu- 
ted mainly to tb^fact that these coniniittu'c^ "contained not a single 
profes^ional stiuieiH of curriculum-making, not an educational psy- 
cholo.uist. not a sociologist, not a critical student of society/'*''^ This 
arraignment is then continueil as follows: 

Recent national ^'subject*' committees (like thtMr predecessors) have 
not viewed the curriculum as a whole. Never have they taken a posi- 
tion alu(jf and tried to determine the vital social needs of children and 
adults. Instead, t/try have been defenders of thiir partindar faiths. 
They have been special pleaders for their subjects. They have main- 
tained that their function u*as to inventory present practices. The 
Cn.'i^sics Report put it: to investigate the ''relevant facts of classics 
teaching** and to formulate {)roaran>s for improvinu the teaching of 
iheir subject, They never really ciuestioned the wisdom 01 teaching 
the existing content. They assumed that it should l)e taui^ht. They 
stond like their predecessors of 1S90-1920, for the status ([uo. 

Xever once did these cnmmittees opm their winds to the really 
fundamental currictdum questions: Should nuithrmatiiS awl iMtin be 
taui^ht at alt to all pupils^ If so, on xehat iirounds/ To whomf 
With li'hat materials,'^ Ilow chosen f On a broad analysis of the social 
nredSf-oi contemporary ,\mcrica or on the basi^ oi disciplinary values 
. -Instead of answering these ciuesiinns the reports (the (1a>^ics Report 
especially, the Mathematics Report much less C(Wispicuously ) used their 
vast arra\s of facts to defend the position of nKillifmalics and classics 
in the curriculum.'"'* 

As to the Mathematics Counnitlee, we are told that ''tht* person- 
nel of the conuniltee was (fi»-titut(^ (»f profe^-inually trained >tu* 
dents i){ curricuhmvmakiim. heni r ttu- lack td oI>jri iI\ ity anrPcom- 
prehen-i\*ene^-^ in it< procedures." 

( O Xdtioii'ieidi' Ciirriculuni'Mahim:, W'hnf the at)ove cnmpre- 
hen^ivenes-^ niiulit nu*an was <oon redrctrd in the third phase nf na- 
tional I urrirulunMuakiiiu. It will pn»h.d)Iy u(> down in tii^tory as 
the* urrat **( urricuhim jamboree. Since the *'-pri i:ih'-t-'* had 
faileti to pro(iuce(i .ici'epiabh* t urrieula. the <lncii im* cniiinalt'd from 
hi'jh places th.at perhaps the tla^'^roinn (fuh'r^ of the country 

'-Uhid. p. <C7. 
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injL'ht find tlit* answer to llu' threat coiuuulriiiu. 'I'luis I)t';;aii an 
S(j(Ie in curriciiliun-niakini^ which foslerrd \hv notion thai "t'arh 
coniniuniiy must havi' a curriculum all its (jwn." 'V\\v rfsiilis wort* 
slartlinu. .V ah'rady sUUctK more than ss^^'oo diiU'rciu curricula 
haw emanated frtmi this movement, and new .suri)rise> are still an- 
nmuiced from day to day. The idea ai expect inu classroom ti^achers 
without special trainlnLr. without e\ten>ivt' library reMaircrs. anil 
without an adeijuate time allowance, to fill the painful .uap left by 
the specialists. wa> in the frank work:« of Pr«)lc.-sor \Villiani 
Ha.uley *Miol rmly .^illy but tra-^ic." It hardly tU'Ccv«ary to en- 
larue on thai patluMic theme. 

'I'he new approach. And m)W wt* are facin'.r aLiain the periMinial 
(halli-nue: What next? W't'U, the keen e\i' of lYofe-sor Rui:^ fore- 
saw the oidy louical ey.it friim the dilemma of curriculum making 
as interpreted ten years a^o. In Chapters Ifl and 1\* of T/ir Ticrnty- 
sixl/i Vctirhonk of the \atioiitil Si)iiify ior thr. Study of Education, 
he outlined his \ie\\s of a really ''scii*nt iiic'" [irncedure. Abovi* alb 
we mu>t have a "clear oriciUalion as Xn \\\v outcome (U' education"; 

The day has pa-si'd in which a siuLMc individual professor, teacher 
or adminiMralor. p>\ chulouisl, .-ducalioiKd l;iw-uiver or rt soarcli >pe- 
ualist, can hope to ma-^ler the maniloUb hiidily prnfrssioiial tasks of 
( urriculum-makinu. "1 hey are far ton diffn ult and complex for any 
one persnn to hope t(i compass tlu-m all sinulediandi-d."'* 

There must be. actjudimi to l'ri»fi»nr Ruu.:. l\\o types (jf >pe- 
ciali-ts who >hould take part in this co-o[)tM'ative enterprist^: { i ) 
Tho-^i* trainefl in >lud\* of the \*alidity of matiM'ials : and ii) those 
trained in the scieni e df curric ulum rnakinu.- in tlu» study of .society 
and of educational t^"> ihnloLiy. lie adds that * it i.*- incnncei\able 
that a curriculum tan be made jiroperly by eillur -^rnup working 
alone. y 

iJu^ whtj is Worthy of takini^ part in this difiu idt ta^k ? .\':ain. 
Professor Ruuli >iip()lies the an>\\er. in the ff)llo\\in^ pas>;im^: 

77//' /t/N/x' 0} stotini^ the \\'hih id rthn iitiau i\ udt fa In t i^HMono/oii d 
/'V (in (iii(dy^is of soi iol orthitits oJniir, Ii :cdl /n- d/i/id I'v tlh liiff'>\ 
hut niu }iot In' diu>ihi'}tfd Av //. // it HI he ii://i':id i>>ily liv Juird 
fliiukiir^ and hy thr >j/m\/ priitiMi'^, ft i f}}x'hi,}\iti,ni />/ ^ufs hv tic 
ilti prs* \t > rs i)j Imohin //"■ I'or the L'reit IjuIK nf dur c urriculum, 
tlierefore. the :inaly-is '»f sniial avti\iti< s will iiiiliirn« c the iud'.rmt»nis 
«)t frt>ntier thinker-: but ii i^ the iud_:tnen! f>f the -c c-r ba-ed uj^on 
thc^ -lientilk* study of sm ieiy not the nic ie fai uial n^ailts of >oiial 
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analysis - that will drltTinine the more intangible, hut /lirecliuK uuite- 
riaU of our curriculum. 

SOi'iol (ipuilysis nn rvly i^ivrs us the ta hviqurs and^ /oiou Irdi^rs *icr 
should have ou tap. For the basic insij^/its and attiliidrs IkC onat 
rely, as ire do jor the statcmt uts of the ^oals of (duration, upon human 
jud^fMj^^Jt is imperative, hotcever^ that ice make use oj only the^ 
mostvma^'judjiments. The joreeastiuji oj trends of soeial morouent, 
the perception oj the jocal problems and issues, and the connections , 
underlyiui^ them, deman[l erudition and maturity of ri flection that 
eventuates only from proloni^ed and scientific study oj society. To 
the 'frontier oj creative thoui^ht and oj deepest jeelini^ we i^o jor 
i^uidance as to lehat to teach y"^' 

It would seem, then, that we are now ready for a jourlh >UvAe of 
natioiial ciu'riculinn-huildini:. that of the "frontier thinktM's/' j-A-i- 
(h*ntly the challenge has been hear<l. ^ 'I'he mantle of wisdom. ha< 
obviously drscended. on a .uroup of Sflf-apj)(jinted disciples who frrl 
the urire to lead us out of the wilderness into a new land of i)roml>e. 
Unfortunately, the new symphony of expt*rt tah^nts st-ems .to be 
marred by oeeasional dissunanees. j)frhaps due to fault)' orchestra- 
tion. At any rate, a unified melod\- has not yet emei'uvd. There 
are. in fact, quite a few versions of ilu» tu'w theme sonL^ 

Hut the main point is that ccMitral secret has 'already U*akfd 
out. The solution now propositi is as ama/inu as it is simi)h\ It 
is to the effect that, since the curricidum has caused sti much trnu- 
bU\ we can impruvt^ the educalional .situation tiid\- b\' aboli'^hin'^ thr 
eurriculuw. This ma\' .'ound \\\<e mauic t'> a p.oi);-. un-iij)hi-ticated 
school teacher. It is liki^ curim: the dmj !>>' tin* faniou- expedieni 
of cuttinii: off his tail just behind hi- eai"^. 'I he an ival 'if "Nirwrna" 
may. indeed, be the linal attiMupt at lana iiaiimn tinkeriiri. for there 
will be no "subjecl*>'" left for fe.rtluM- bmevolent execution. And 
M) the curtain is abnat to ri-;' on another New Deal in etlucation, 
the planlf\ss school. 

XlW W \VS oi I >I M.INO Willi I Mi" C *l Kkl« M 1 \I 

The planless sehiH>l. The arLainients whii'h undi-rlie ihi- late-l 
fle\eli)pment repre.-eut a ma/e nf pariial iiuih- and ur-->- 
lb-re W(* m( ft auain (Uir old friend-, aln-adv ( '-n-iilerrd .it Kaejlh. 
namely the ikuirinr- nf praumaiic in-lrllM!rn^.h-m .i.'id ihe 
urams of llu- acli\!-t^ and the -»uial rr- nu- 1 1 iit i imii 

hnnuiliiilr iXpfiitUi' afinw ;> }d')''! ..''.'.7/ ..h:!- M' HiiJh 
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tary intrrrsts and problems tronscntd in importance the experience 
of the race. Individual freedom and ''felt n:eds'' must be respected 
at^any cost. Standards of excellence are necessarily outmoded. Se- 
quential learning is of no consequence ami is regarded as stultifying, 
The iriuliiional -riJubjeOts*' have been \.c\n in the schools, we are 
told, only because of blind belief in the **()bsoleie'* doctrine of 
mental' discipline. We must drop that hoary myth and with it 
throw out foreign hmiiuages, mathematics, and other "disciplinary" 
subjects, Everywhere and at all times the emphasis is to be on 
social valuesy social elficiency and patticipation. 

When the school has been thus emancipated from its traditional 
fetters, proj^ress can at last be made in achievin.u: the real objectives 
ofedueatiom It is true tha\ these have not yet been fully formu- 
latdd. but they are expecttyi to emerji[e in due time, after further 
experimentation and ^^reufnstruction." The new school will be 
very different from anythin*; we have had thus far. Cilimpses of 
what is intended may be found by those who are curious by reading 
some recently published m()no';rai)hs dealin.^ with that subject.^** 
The aim of the transformed secondary school is described by one 
of its enthusiastic proponents in the following manner: 

The new high school should have as its central and (iynarnic objec- 
tive: to prepare young people to take an active part 'in planning and 
building a new society ivhich julfitls the matrrial and cultural needs 
of the great mass of the A merit an people. This objective is definite, 
meaningful, and dynamic, a guide and a tirive to action.'*'* 

As to a program, essentially that of "social recon>truction." we 
are informed a> follows: 

In phuininu the mmmuliity nnd the ^ iIutc AhnjUl ])o a long- 
term plan which statts in.hroatl outline what tht* ntn-ik itf the people 
are. *J1iere should also be a short-term plan t•\ten^iin^ say over sev- 

Srr. r-pniallv. Kvcrcfl. S (Kdilc.r). A (■/r.;/A'».'i,f to .S\..'«.Azrv Fdurilion [jij. 
''ihiii, p. K^^. For fiirthiT inform. ition ruiufrnini: thi- ' M.ti.il" ohji^tivc of 
r«hu.iri«»n antl rrl.Ui'fl pr(»ljlfni-. thr*n*a»lfr ni.iv In* niitrrd U) Mnh <^()urtivs as the 
fi^llnuHi- Kil[»atrhk. \\ i'li;irn H iKiliti.r). / fuim uto'^uil hronlier, I20I; The 
S.u /.il FrtuUtvr, ii Jounuil i f /■.tl:n itii'K-il ('r:!ni m .di.I Rh irm lion, I'^pccially 
ihr i->-in* of J.mu.iry. p^^;: ( InM-. Jdm I.. I'^iu. 'it i.m ,itui ilir Philo<t}phy of Ex- 
prrimt nliili-m^ Vv\\\\\x\ (*n . NfW N**.rk. i-,u. ( >\ rr-l rrit . H H. liV Movf in 
Xr:t' lUrrdioK'^^ \V \V. Nuriuii \ Cn. hh*. \,u N tir^. Iit:^:uT. I'./lward H., 

•■('.ill thr SihooN Chaiiuf tfir Sm lal (Udri-' ' Tr ;,hrr^ ( . ;.', . /• Rnord, I'Vl)riiary. 
1-;^;; (\«iint<. (;M»r^r. Ihirr thr S, h-'>-! K'i.dl -i .\r:r S.>- i.il Or .{> r / . The John I)ay 
Co. Inr . Nrw \*^rk. i rrpr, ^utmu' Nu 11 t.t Ihr j..hn Parnphli't ^ , ami. 

♦•-pt't Lilly. Tilt' Thirtf't'ftflt yrirfn'"h Mn;-! m' !h> I)r pirtmrnt o' Suprrinti'mlt'tn t\ 
'■>tnia! ClianiT am) l.dut ati"M," \\ .tdiiriL-tun. 
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eral years which l^ follnwecl by succeeding' bhurt-term [)hins. Step by 
step each plan leads toward the ;!:oaIs set in the lonK-term plan, which 
of course is revised in the lisht of the experiences accumulated in 
workinR out the intermediate plans.'''* 

The curriculum is conceived of as a series of "experiences and 
activities" : 

Instead'of organizin;^ the curriculum info narrow s hje ts of study, 
it should he set up as integral parts of the l)rnad tht .v.r or ohjective, 
namely, ''plannhig twd building the nnc socirty,'' . .r convenience 
of reference, these parts miiiht be desitniated as areas of experience, 
for exam|)le, *'makini^ a living," '•developing health," etc. Each of 
these areas would have definite social objectives which would be ap- 
proached through a consideration of crucial Hie problems and through 
participation in vital activities.''^ 

The many proposed '^activities'' of the new school are' justified in 
the following manner : 

Two fundamental principles of modern psychology are that learning 
Is an active process and that people learn what they practice. In 
accordance with the.-^e principles, the new high school should have an 
abundance and variety of student activities.''- : 

As to the equipment of the new school, we are told that it will 
be converted from a " factory into a place for "living." There 
will he mt)vable /ables and chaiis. Each classroom will have its 
library, it.< nt-w.^pajiers and maua/ines. S[HH*ial rooms will be avail- 
able for particular **?ireas of experience." There will be otluT ronm< 
where pupils may write poem<. firaw or paint, or "just rest." Of 
cour>e," radios will be availalile at every turn. 

In such a school there will be "no hard and fast grades'* and 
there will be little or no t»mphasi< on marks. Tlie nupils themselve*^ 
are to he judgt^s of thtMr own achie\*ement. .\l)ove all.> they will 
spend considerable time {n^ making fir^t-hand studies of the com- 
munity. They will vi-it factories and office-. slum<, mu-eums. and 
city balU. They will learn, as directly as pos<il)le. all about family 
and coinnuinity burl-jet^. Their knowled-je of eiononiic^-. govt^n- 
nient, and social planning \< t«) bt'cotnc real and "finu !ion:d/* 

what about tlu* t^fu/nr in ^uch an emaiuii)at(Ml MhooT:' It 
is re(;nuni/ed tliat the new program re((uir<'- "maMcr li»ai hers/' 
Their m.'iin function would be that uf '^Nn/tuitr, I'.iuh ma-ter 

Kvt-rrn. S. 'Kiiitcr). ('/> . {::\. p .no 
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teacher would he responsilile for the work of ai)proximately a hun- 
(Ireci [)Ui)ils. lie would be a '^teachinjj; counselor, remaininj; with 

.his grouj) of pupils throughout three, four, or six years, There 
should also he ordinary teachers who are to *'advise a j^roup of fif- 
teen or twenty students,*' ^'The ath'iser is resptinsible for seeinjj; 
that puj^ils really work; that they put themselves wholeheartedly 

.into projects; that they acce[)t and carry out duties and responsi- 
bililies. He stands in lieu of re([uirenients and administrative^ pres- 
sures,'* Quite a contract for the ^'ordinary" teacher! In fact, an 
**ima.!^inary typical day'' for a teacher whose S{)ecial field is ''stofis- ' 
tied mathematics'' is su^uested in Professor Goodwin Watson's 
monograph."* The schedule extends from 9 A.^r. to 8 p,Ar., when at 
last !he harassed teacher-adviser is **free for recreation ami study'' 
Kaiii pu[)il has a card file of desirable projects, under various 
'•funclio!iar' headinus. I^'roin tlu»se he will select certain ones 
^'iclunrvrr an iuca appeals to him'' Some of them re[)resent 'don^- 

•term purposes/' and some "short-term i)uriiosus/' Professor Wat- 
Sfin subnu'ls a tentative list of se\'enteen ^'functional (li\isions'* of 
the curriculum, lliey include such diverse items as *'establishinu; 
a home/' "l)rinLiini^ up children," ^'workim: out a satisfying philos- 
oi)hy of life."''"' I'A'idently, mere subject matter and ordinary text- 
books will not be ne(^rssary or sufficient in dcvt^lopin^ such *'func- 
licinaT* areas. I\ach uill re(|uire '"several hun:lre(| uuides/' and 
• new i:ui(le< will be added constantly, 

To ihi- whole enter[)ri<e >larte(i smoothly. Dr. Samuel Mverett 
wisely remarks that social philosophy nuist fir>t be formulated 
and acce[)led/' ,^\s to separate subjects, howe\'er, he says with 
finality: 

^f^<t .\nieriean> will urvrr u<v hist'»ry. m:uhemativ"s. jiliysics, chem- 
i>tr\'. and the like*, as the-eViil)jects are nnw t;timiil. lor the most [)art 
SKi li skills (Did knowUd'^r ran br hanud ni a i^r.u/ui.tr school^ or^ 
\7/f ;/•: / ;• i)idividiiii!s irrl tlir n al }u rd joy spu ializiition!'^' 

Tins i- anntlaT reluni to !he lhe«»ry of ^ incidental learniu'^.** di-^- 
]-)rii\-et| -o (jfltn. The '^ame wriler at hie\t'< e\*en greater lieiuhl^. 
or dejilb^. of in-iuht, wlu*n he write-: 

\\\\ \iner;e:nw will *'\vv Ir.jvel ahr^jid aw] theret'nre nci'd fcireiun 
hur'iLiee, A ifhitively few* intii\idu:d^ will u-e fyreien lanuiiaLZe in 
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husiiu'-i'^. Only a very small uroiip of rhiliiren will lovr lanmia^e fnr 
i{< (iwii <aki\ riu' wliolo lour of a Mvomlary school can hv sn dovrl- 
iipi'd that i/ir (U'lfuisition oi ((/n Itnn^ioiiir us a nuirk oj the h isnrr 
class and as a bailiia oj iin'ldioia disthu tii^H u'iil he in disrrpntc,'*'" 

Onv woiiilers wlicthiT this .m'litltMiiaii vvvv >a\v onu of the liiiui* 
(K^ran liiuTs that anniiall\' carry a inillioii .Viiirricaii tourists across 
tin* M-a. Onr wcuidois whether he has ever \vitne>>e(l an asseniMy 
proLirani uiven by ninilern lanmia^e clubs in our hi.uli sihcuils, or- 
uani/.ed by pupils who evidently enjoy the stinl\- of ftirei^n lan- 
.Uiiaues. Ami one doiihts whether this astute observer (if the Ameri- 
can scene realizes that many tht)i]san(ls of youm^ nu'ii and women 
in oin' jH'off-.-icaial silinoN. a-^ well as all research worktM'S and 
technicians in count b's.> lalniratories. must, if the\' are to be leaders, 
make wide um' nf foreign bfuiks and | frioclical-^. Sin^ilarly in malb- 
^emalics. Is such trainin.l^ also to Ue actiuired "incidentally," as a 
M)rt of adult '•projed"? 

We have uiven encuiuh samples of what i*^ inlfudecl in the "ideal** 
secondary si hool i)f the fiUur(\ After learning nf these plaiK. a 
clever teacher remarked: "'I'hese etlucalnr^ are shinin^^ Examples of 
the minimum rdi cation wliich ihey wish to force on our American 
school^, the only type of education which ti ey seem able to com- 
prehend." Whwi the whole W(jrld is clamoring for more conijdcMe, 
systematic, and thorouuh training in every iudil of human activity, 
Wf art* advi-ed b\' these educatinnal spnki'^miui to develop a pl:jn- 
le<s school devoted to "functifuiar' areas atljusted to ''personal in- 
terests'* or allewd iivlividual 'Mieeds/' 

Curricula ba.scd on orientation* Much more siiiuificant is the 
emphatic plea for educati(Mial or profe<-i<»nal orientation, which is 
encountered UL'ain and a^ain in the recent litcraliu'e on si'condary 
education. M;iny subjeii-mat ter te:i(her< ha\*e. of cnursi*, been 
keenlv auare of this leuit iin.ite demand. They kimw that each sub- 
ject i.-. or should \k\ a constituent and \ital p.Mrt of tlie meat >ym- 
phony «U* per-ona! and M)cial interest-. Oiily tf»o often :\ fra^- 
UM-ntaiy ami piei rnieal moilr of teaching ob-i nre- ibi^ all important 
fact. "I he -[)eci ;u ular >ucce--^ of such bnok^ W'elU*- Oiillinr of 
//: fnry deinon-.li .ite< the po-itive huimer for a paiinr.imit view of 
ibiiij- on the p.irl of cmnile-- Ihon-.ind-. AppariMitly. thi< aue oi\ 
the radio, air Ir.avel. .itul of tlu* movies h:\< preparecj u-^ fofV-- 
ko'uer \ i-ion- and m'»ie inJuaxe di,'-cu>r-ions. We all know of the 
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danger o{ extreme specialization, so charactcristiQ of our aye. The 
specialist only loo often is a person who 'iearns niorir and more 
about less and less." The story is told of a bone specialist who 
was called to see the victim of an accident. The poor fellow had 
broken his right leg. Shrugging his shoulders, the specialist re- 
fused to lake the case because he was merely an expert in 'ieft 

Besides, the fund of human knowledge has become so vast that 
no single human being can cope with it alone, even in restricted 
fields. Thus, Dr. Alexis Carrel teils us that a comprehensive mas- 
tery of the essentials of the new **science of man/' as he conceives 
it, would call for the unremitting, painstaking labor cf at least 
twenty-fu e years on the part of even a super-scientist.^^ Similarly, 
Dr. E. T. Bell informs us that modern mathematical science has 
grown to such dimensions that *'a detailed, professional mastery of 
the whole domain would demand the lifelong toil of twenty or more 
richly gifted men."^" 

For some time, the colleges have recognized the imperative call 
for orientation. More than four hundred colleges are now giving 
survty courses in one form or another. But how can the secondary 
sch()(»l meet this demand? How can one *'orient" pupils who have 
not yet acquired even the rudiments of a general education? At 
l^^ist two plans, differing widely in scope and in merit, have 
emerged. The first is a debatable imitation of the orientation 
courses offered in the colleges. When high schools offer *'explora- 
tory'* or **si;rvey'' courses extending over a few weeks or months, 
ihey an^ in great danger of encouraging a superficial smattering 
of subject matter that is imperfectly understood and (juickly for- 
gotten. Such courses may be entertaining and even "popular/* 
They can never be a substitute for more substantial, long-continued 
Contact with any one of the major subjects of the curriculum. 
Al)ove all. \hvy undermine the appetite for really serious study by 
creatinu a false ^ense of ma-^tery. They are reniiiifiers of the brief 
••<-xpn>urt*** ct)urses nWcn in the academii^s and hiL^h schools several 
decade^ auo. Such tt^xt- :\< '•I-nurteen W'eek^ in Botany" rarely left 
a (ii-rovera!)lo trace in ihe iiuihIV mind. Why revive a pian that 
was discarded loim auo as futile*-' And \'el. it i-- n-»w pro[K)sed that 
**>lo\v ]nipil>/' e.-peciidly. be given preei>el\ that ^ort of ^'snappy 

■ Hill. K. l.,op. rii., | J5I. j.. 5. 
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orientation." In mathematics, we already have a number of cur- 
ricula and texts based on this idea. Primarily for *^slo\v'' pupils 
or *'non-academic" pupils, a one-year survey course in secondary 
mathematics is now proposed, involving the elements of business 
arithmetic, ^'applied" algebra, intuitive geometry, trigonometry, 
demohstrative geometry, statistics, and copious related units of an 
optional type. In some cases, morsels of physical science are idso 
to be included. Any teacher of matlicmatics knows that such a 
one-year program is dishonest and imposjsible. It will lead only 
to the further destruction or disintegration of secondary mathe- 
matics. 

Of very different (lualiiy is the type of orientation that gi\'es the 
student a real understanding of a major field in which he may be 
interested. It may be described as ^'intensive orientation. " Such 
a plan has been (Ie\eloped at the Fieldston School, New York 

. City. After seventeen years of experimentation., the plan is now 
working successfully. In a thirtj'-page monograph, Dr.* V. T. 
Thayer, director of education of the Kthical Culture Schools, has 
given us a welcome di'scription of this j'iro^ram.'^* Thus, in the 
field of art. a student may pursue a four-vtnir, preprofessional orien- 
tation cour.^e. .Any major center of interest of this type is then 
used as '^a bridge to culture.""''-* leading to many extensive C(uitacts 
with science, history, mathematics, and other relateci branches. A 
student thus preparc(i carries away mit only a substantial e(|uip- 
ment in his field of concentratinn. but also in many of th(» other 

• basic domains of knowledge and skill. It is the type of orientation 
that one miuht welcome in any hiuh school. 

The core-curricuhuu plan, (^josely resembling the proizram of 
intensive (»rientatinn i< that adN'ocatcd by prtipnnenls of the (Orr- 
curriculum idea. Hut while the fnrnuT is essentially prevocational 
in charact(*r. the latter is very uenrral antj i< intended \ov evrr\ 
student. X'arious modificatinn^ of this plan have appeared in [irint. 
One (Uit^tanrlinir example, the result of the X'irLzinia Curriculum 
Pro-iram. is drscribed by Mr. Sidne}* H. Hall. Su[)erintrndent of 
INiblic luNtrudion in \*ir^inia. in (•(jllaboratit)n with IViiuifial 1'. M. 
Ah*xan<ler.'^ l or all pupil- in the secondary school a corr-cur- 
ricuhim ha> bfi-n >rl up which i> ori^ani/cd aruunii certain broad 

'M-Ai-rrtt. S. ' IvIil.jD. t^p li: , |;. |, Ch.ip IV. 
Ihii! . p n.\ 
lh:d . ( h t;. II. 
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oi kiiowlodi^e. It is hi\<vi\ on c.'nters of interest that are jh^li- 
nitely n-laltMl to eleven major funetions of social life. The cur- 
riculiiin extends ihroULihtvui all the years of the hiiih school perloil. 
hehnile prc^visjon isMnade for those pupils who also wish to ''elect 
the study n{ s[)eciali/e(l ort^anized hotlies of knowleduie such as for- 
eign laimuaLie^. matFieniatics, and so on.*' X'arious ''adaptations" 
of tlu' plan are suu^e-ted. It is noteworth}' and very encourauin;i 
thai vcjcalinnal education is delinitely ruled out of the picture. /lo 
(|unte: 

I. T/ir .u'tipr of thv curriiitUitn for thf' Cfitirr system of puhl/c 
>i /ft)ifh sh*>ifhl /'f on^tunznl as a voutiuitons system on fhr bash oj 
tlir nnittion auti ci utrr-oj-iutrrrst approach. The secondary 

.•»^-N.l .-{imild he nierL'ed into tfiis ctinnnnn-sclnHjl proirrnin and should 
nni \)v n*iiardrd as a separate in:ititutii)n with peculiar functions of its 
nwn. 

z. Voianofial rdiiiatioH except connficrc'uil trabihiji, other types of 
t'iiiniii.1 fill this I-i tl, ami exploratory 'icork, ^hoithl he postponed un- 
til thr p' iit^l oi ait nera! education is over. I'his means that i^eih rtfl 
edu^ ejion :eou!il wu inid/y continue to what is .jiow considered the 
f nd fi' the junitn'-coHr'^f period, 

I'upiU <hnuld ht^jiiainetj uiuil in the iuflirnient nf schof)l authori; 
tie<. unmiifled hy the schoiil, they can di>char'ri' re^piMwilulities tn 
smirty. 

4; This t')iuninn-schnul proiiram should he cnneerned with the v;ilue 
of it*^ own e«>nr-es. The courses should he aimetl towatd f^eparn- 
tii}fi fur I'^atitmal :i'ork or at/'cauifd studi''s.'^ 

A diverueiit and nmre conservative {dan is that -^uii^^sted by Or. 
\V. 1>. l-'i'ai heroic .ne. fnrnu'rly Director of Secondary Curricuhun. 
I.ns Anuel'v-. ( aliff)rnia. and nrnv Assist;in1 Professor of l^lucation 
at ^'nlunihia rnix-ersity.'"' It is detniilely ren/i^nized that there are 
uunuMin ethicational es^entiaU which all pt/M)n- 'nnist have ac(|uir(Ml 
i:i iht* interest of sneial .solidarity and the security of life itself, 
y\i\xe than that, tht' impnrtance of cnntifiuiiy in the major activi- 
tii's i- admitted, lh\\*Mnd that, each pupil may pur.-ut» such *-mar- 
uinal" activities as\may ap])eal to him jKirticularly. The oni» L'reat 
eiieniv j>l >uch a core-currieulum is seen In l)e the current unit sys- 
frm. In tht* fullowimr paragraph our present dllennna is clearly 
pi»inti'd tint : 

*l'!icn» AVi' many eleinrnts which helnnir in (he cnre-curriculuni - 
I.nudidK hi-tnry. an. :ue:ue. nni-ie. uenLir^iphw eiMD.xnits. psychnlnL'y. 
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and probably others. Obviously we cannot provide a ptM*iod a, day 
for each of these imd have any time left ft)r other matters. .Further- 
more, we dare not spread them out. providintj a dose (»f one here and 
a dab of another there. Ii we do; we shaH vi«)late one of the m^^l 
important principles of teachini^. that of coniniuity. There Is only one 
alternative, anrl that is to develop unified programs which brinu into 
one learning situation essential materials that were formerly' founci 
only in subjects-matter fields sharply separated from one anothiT. We 
must •fm'd a thread in the form of a.rrntriil thomv or ccutral hira u|)on 
which we can string the separate beatls of lanuua^e, i:eouraph'y, scirncv 
and*the like, and have when we have finished somethinir that is wlToly 
inAj^ uwn rii^ht aiid n*ot just an agsj;reuation of unrelatei} entities.T 

The integration movement. A further variation of the same I;vn- 
oral idea is rei")resented by rerent in^i^tent demands for a u^'ealer 
ifitrxf'iition of our instructional eiiter[^rises. In this ca^e we may 
have in niind a* core-curriculum such-as those de-icrib.-d above, or 
we hiay think of the fusion of twi) or more otherwise di^llnct bnes. 
of work. The latter plan has been advocated particularlv b\- 
cators connected wilh Teachers College. Colunrbia • 'nlwr-ity. 
Thus, Professor L. 1'homas IIof)kiii^ ha^ submitted a detailed li.st 
of tiic characteristic^ of an "iiiteu'rated individuaT' and of the cur- 
riculum chani^es which thi< concepToeems to imjilw"- At present, 
one of. the most active supporter^ of {W\< plan i< I)r. Ji'<<e 11. 
Xewlon of the Lincoln Scho(d of Teai'ber^ Colleire. 'I'he followini^ 
typical passages fnim one of his recent addre-x-^ on ihi^ -.ubject. 
as yucJted in Ttarhrrs Collr-^t' /w( r;/*f/. ma\ be of iniere-t : 

It'iS(»f critical im[)t>riance *at thi*^ [larlicular tinir that tln' currii ubim 
be (lesiL^ned to make [)o-sible the achievement of the bmad >Mual \ahu-^ 
of education. 

Tn this end an effei tive |)lan nui<t ( Mrnjirrlu ed all -i-tii'icant Mil- 
tural pn>ce<<es and prt»blern< in ordtT to uivr ihr iiitliMdnil tbe be-^t 
pus^ible tirientati<»n to ilu* W(»rld in wh'fh he !ivr^. li uwi^i iutrntlin 
him to all important arca< ol human kimw Iftl n' ami e\j«er!t-nv c 1 hnc 
nuNt be oo traps in bis >oi-:;il edui atinn. . . . 

Infe-jralinii (»f tht* evperieme- and ajJiiitic- "f tin* hvirnrr at r.trh 
levt*l i< also es-^enlial. Tlir^e an* ninU' than pr ••^'Ir'tn-^ nf ■•f idr pi u f 
in^nt nf malcriaN. "1 hi'V are n»»l p^^ll^K■I^-^ in rm-. Imiui 

i;\[)erimenl< in tbi< direction havr bt-eu LiMirr.: nn at the I.incnlu 
School since io^nj. .Xftempt^ ha\f lu^t-n madt* t » iiil'-jiratr maib. 

''^ SrO Hujikin-. I.. Tlp'rjM-. \r.*J:::Mie > l-.(\fr.iu' h n-.t " / » . i ,* 

'^T» iJur^ (■./.'#•,»■ K'i-r.l, .M.:.h. I,.:. | {- ^ :i , 
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maiics and science in the seventh grade. In 1932 a course devoted 
to a study of the evolution of Western culture was introduced, 
replacing the usual c^ourses in history, FCnjjlish,- and art. This 
course is expected to culminate in an inte'nsive study of American 
culture. Needless to say, all the usual subject-rhatter boundaries 
arc (leliberatelyignored in these experiments. ' / 

Comments on thesis plans, /t'irst,- as to the planless school, it is 
to be hoped that oijr~ proverbial sense of humor may keep us from 
takins?.this edu£*ational burlesque too seriously. .However, if 
heavier artiJlery Is needed to demolish this almost incredible ex- 
travauanza, there an ample stock of it for such bombardments, 
VoT. example,/iet the reader turn to such devastating critiques as 
thf)se furnishfc^d by Profes.sor I^agley, Professor Kandel, and Pro- 
fessor DemitkhkevichJ^ Above all, let him learn of the verdict of 
Kur^sia \vhen,\fter nearly fifteen years of a compulsory, nation- 
wide tri^il of planless education based on the pattern glorified by 
ouf own theorists, it swept the whole useless structure out of 
existence.'''* 

We may, however, feel much more optimistic about the other 
three plans discu.^sed above. Irudue time, their extreme and vision- 
ary features will be eliminated. Orientation of the Fielfiston type 
has great possibilities. The core-curriculum idea has the merit of 
not ^Mvin^.up an emphasis on essentials. And integration has al- 
v.-ays been a more or less sub.coriscj[Qj»<»' objective of every real 
teacher. The ^^many-sided" interest of the Herbartians and sub- 
sec juent "currelati(Mi'* theories have served to keep this ideal alive 
in nvuiern efhication. 

On the other hand, any attempt at excessive fusion will almost 
certainly lead to failure. There have l)een numerous previous 
aitenifUs in that direction. They have never l)een successful. Thus, 
the plan of fusing mathematics and science was launched with 
much enthusiasm, thirty years a^o, by a gr()up of leaders in the 
Mifidle West. .\ speci.il cnnimittee was orLrani/erl which eventually 
submitted its recommonflations in a pu])lished report.^^ ^luch lab- 

■■' Sa* Hau'ln-. Willinm (* . SuhjiTl -Mattrr ()h>t>U«ti* op cit. pp. 4Ci- 

\\:\ *.infli*l. I I. . * Ali(i' in (*lnu(l-C*iic|:Mo-I,an<!." Tetuhers Ci^llri^r Rrt ord, May, 
i", ^ V. pp. ''1:7 ''i U . Drnn.i-hki-vich. Si , <»/ (// . ( \ t. pp.245 ff. 

' >i {• rfli-rmi I - in ii»M(niitr 4-1. paiH" ;^ 

"** Hrport n> \Uv CoriHiiittoi- lui thr (*t»rrfiali(»n nt M.itlu'matirs and Physics in 
Snor'l.irv Sdion'^. St-^ t>nrl I'.iiitidii. p^On. THia cun-titutr^ thi* Appeyuiix of the 
Priit rrtlini:^ cf thr Sm^titf Annioil tht' Ct^ntral A^uh ialion of Science 

tiud M'tthmi'iii' s '}t,uhrr>> ( dui i»i print* 
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oratory wprk was suKj((*:ste(i arid i)articular endorsement was uiven 
to the famtfus Perry movement, then at its height in England. 
IVofes-or iVrrs's main objective was in the direction of applied 
mathematics in a thoroughly correlated setting. Hardly a trace of 
•thai movement is left in Kn^^land, in sj)ite of the enthusiasm wi;.}r 
which it was greeted by many teachers. Must we a' .Vays J^e1)eai 
the errors Of others? 

A cri(i(;ue of inteuration, in its relation tf) mathematics, was re- 
cently offered by Professor W. 1). Reeve.*^- He furnished a helpful 
l)ibli(»ti:raph\ and pointed out some of the merits and rlan^^ers ol 
the movement. Of particular im(>ortance is the followinji; passage: 

It should b(» s:iid here that before teachers can properly correlate 
mathematics with other fields, they ou^ht to learn how to correlate 
the various part.s of mathemtitics. 'i'hey should first learn how and 
where arithmetic and informal geometry can be corrt'laterl, how anfi 
wher»j algebra may be best correlated with arithmetic and informational 
^'oomeiry, and so on. Unless we can do this, there is small chance 
that wc can success! lUy correlate mathematics with science, nnisic, 
the arts, and other api)lie(i llelds. We should not make the mistake 
of break n.i^ down sui)ject-matter lines l)efore teachers are <jualifie<l to 
PKike the |)roper cor.- -.uis and to exi)lain the si^nifiVant relationships 
*jetwevn subjects to their pui)ils.''** 

Teachers cannot intei^rate .several subjects or c(Hirses unless they 
have mastered each of them. .\t present, it is only too clt*ar that 
vo have un{ yt^t devel:)i)efl adequate mastery in e\en one fiehl nn 
.Ul part of the majority of our teachers. .Are they to si)end three 
I:.. Tvv vears in maduate schf)ols fo. ihe .ole purpose of integration? 
\^'^ :i\ >alary ind-ucements. and what professional >e( urily aie we 
offt^rini: in return ? /i is si^nificattt that in most Europran countrirs 
tt it(h*r\ i)i S(HU(f iirr also thr trarhrrs oj }nat lu nuitit s. hi spite 
of this iih al f^nparation, thry pn jrr uot to fiisr tfh sn/ijrtts. 
\ \u \ realize Uiat ea( h of the^e fields has its own genius and its (jwn 
te( hni'iuc*^. >-i '.-ru c and mathematics should constantly >upport 
each niher. bul \ht y \\ouid only lo^e their characteri>i ic educational 
turn lif»n- l\\ beinii i'u.-ed into a >in;^le subject or "area of ex[)eriein:e." 

1^ \.>sie f'*K.\MKS OK Hi khknck 

\ *tuhanj:ing biu kgrcumds. .\ttt»r davs or wt>eks of weary tra\ <1 
th.ou.:ii an arid desert, mraiy a caravan iias l)een s[)urr(\l )n 

St I- Kt«'\t\ \\* I). "M.ifhrrn.tfit .irnl ihr Intr'jr.ittd rroLrr.ini in Ki'ii .it um.** 
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l>y llie rfali/alion that an oasis promising frfsh\vatrr anci a source 
i)\ liKiil wi'y. not far (li>tant. Ju>t so. in our moods of despair over 
llu* rdiu'atinnal >ituati(Mi. \\v may i;ain renewed courage and vij^or 
hy keepinii our eyes on liu)se endurinu landmarks thai never fade 
from the pielure. I'or there are three >ueh mountain peaks; They 
are Nature. Man, and the Utimate. 

In the leahn of Xiilurr, we \\itne>< ever\ ne.re the rei.un of de- 
peuilahh' lau^. The eosmic hjree iM' liravitatiiMi prevaiU'd before 
the arrival of man, and we ma\- I'ount on its further o[)eration in 
all the art'n> that inay lie alu\ad. 1 ^le >iin and it> >atelliles have 
lu-en >pinnin'j: through s[)aee lur untold millinns of years. Life- 
liixiir^ aiid life'>u-taiiiii' ^ priiH'iple> and enrriiii'^ have Keen at work 
(Uirihii eoiintle:-s ane-. aiui a heliei" in tiu'ir heni'Meent eonlinuanee 
i- n>»t at \arj<^iu'e with acicpted i>(»>tulaU'^ tU' seirnee. 

.\> to Mini, the m\>teri()U> .-traiiuer on this >trauue earth, we 
hnnw at h'a>t that his phy.-Ieal ui'imN, hi-^ driuaidiaue food, 
ilnthinu. ^hrlhT, and niher matnial iMiufnrN, a- w<'ll a< his soL*ial 
nerd^. will alwa\> remain the fnundaiinn nf hi^ t i'a>ele,>^ >;ru'^ule 
\i\ trinM)ph oxr; lumiier. want, limitation, and dl-ra-e. l.onu and 
jKiinlnl ha- 1 r-i-n hi- pilurimaue. u-rriMy exaflinu' ha- heen t!u» 
I nili'ai fer ha* hi- e<hh ation. man\ ai e thr le- -hil- -till to be learned. 
I;at lAii" nu-n* i Ir.n l\* tht*ie emci ^r- ilu* xa-inn of a Mu ial human- 
i;\ uralid h\ iridy wi-e. M-if i (»nir«i|lrd. i'n-n|uM'ali\e men and 
Wi.nirn. 

I inally. we lia\r lurn «»n i!ir ffad Ina j t ai»U'jh tti frri ini reasiniil)' 
-me thi" prrmanrni prt -laV e i>f a'/////// in\ -in iMU- ehani-nt w hieii 
i- oiMi'T than l»reaihin-i. and ( in-i-r ihan hand- or fert." "^nme 
t .til if rvniu^i^'a. and oihrr> vail il (Intl" I !f)W ^xci- we ma\' wi-h 
t.. paraphM-f it. whrtlua' wt- (all il tt't- S^pn'rair Mmd. <»r the in- 
laii!'-. mt iiir (,immI Lift*, tin' i!rrpr-t '>'-cr-- 'M* ina:i!.in-i have revt-r- 
rii:l\ ImiUimI 1.) Il- ailnalii> ai^i liavf a:ii"/'i:iid /«» il tlirii' nw n 
ih-pi! ..1 i«"M. h hfir ii-at Wr i iir Diralt r a la::.i i»|:aiaiU'nt la-ahn. 
:jif iaii\r: M- iiir.i!-- a:;-! OMial \ala:;-. "f h;-.:h ••iiiii-Jjv.'i a Or I uiiM-lf- 
]-]] dr\»ij :mii. 

oiu- i;itat vatiaMr. What, tij'-n. we n:a-* a^w a-k. i- it lha» 
tli.i::T^/ 1 :.r .i;>ucr i- -iaiplr. Ma:; - //>/.;./ ' uf hi- inp 
i , I I'-r ra\ !." "f-ni i::anjt--. I(.'- i .\ i :;:/>/ ■ /.;/// i;)! • » ! Iir ph\ -i< a 1. 
-ni.iLai:'! -pi'ilaal /''..'•.•.•//■/.•.'/- liui r • .ii. ! i J !• iii Iui'm la Wr-lta.'i* !ia- 
;•«.:: ih.f .::iA\ l:.oi na'" iha' t«'ni:ni;''- 1" I'ft I'a-r i*'";n ■a\.iLTiy 
: . t •. « i- _:t .;ta ht! !t h.i tiKiMrrI liiia lAjiiume hi-- -ei f- 
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(luni to the forces of naturi;.. his lioiKhi-^i* lo Tvar an^l sui)it.- liiinii, 
and to (lt'vi«h)p ail ovc.r more eoiiiuU'iit . loiitrol of liis (h*sliny. 
Human inuili^rtur n not 'a (on^Uint. li 1. ^Mu^^iiinjt vitii'ihfr. 
M(hu' ' )\\ is fori'Vfr eoncenu'il with thi* di'X'clopuuMii and llu* trans- 
inis>ion uf higher and noliler foiiii^ of in-iulu into ihe lia-ic rrhil ion- 
ships infiilioiu'd al)ove. 

Constants of the ctirricuhnn. If this an;dy>is is s<»und, it f(dlt)\\s 
..I ona- thaf^lhe turrieuluin ^houhi he tlie veliieU* of a hroad orienta- 
tion. It >houhl iniliaie in eae'h iiifli\idual a i^rnwii^u ahiliiy to 
^ndeistand. to ;ip;)n'eia!e. and to enntrol hi^ en\ ioninient . not l'«>r 
[jn-rely >elii^h rea-nns. l»ut always in thi* (h'reciion of an ioeiea^inu 
>oeial welfare, limce the peiniatu-nt ehMunu^ of the tnrriiuhini 
must he tho-e nianuah menial^ and spiritual adaptation^ whii h niee 
experience has >l.u)wn to hi» es>ential for human pro.i:re'-s and for 
an inlei,'rated social life. \Vr must Itiivr at hast .ax sUih fhnhnt^ 
in an ( Ir nmilary l urrit iduni , as litl/ttws: thr pf Utliral arts, lau- 
ilUiti;t\ <fUf nii\ mtitlh JUiitifs, t/if .saiial studii n. and tlir fiuc aifw 

I. 77/f' prat thai arl>. All tlu* ha->ic achie\-emetM> of ^ur iiVrHirial 
(ivili/atinn ar<' Inndainenlally products of the huiiiaii Ihind. 'V\\r 
machine U imihin^ hut an t-Mfii^ion of the hand. I he human 
hand :md il> suh>tituti\ the tUiichine, ari* hiif\'er tniumird with 
the ulili/alitiu :iiid tlu* lr;iii-f«irniatif'n of tlu- *'aw i;i;iici i il- fui 
ni-f)fd hy naiuie. l'«>r t!ie iiumediato and ultiiu.Ue puipn-i«> of 
sorirty. 'I lu' epie nf tin* hand still n-main- to he wMitoii. 
>;ory^ nf tlir tian-ilinu fii»:\i ihi* i rudr iniph'Uirni- uf tlu- Stfrn* 
A-»' In tlif luaiNi-U i>f a iimhIi'Ih mav hiiic -hup i- :\\\ rpifnine of 
human -uffcriou an«l hiimai>^!i imopli-. It i- "Of nf tlu« tr.i jriiir . 
of our l»iij cilir-^ th.at tu.uiy cluldfrn and adnh- U'*. hui^ri' eNp'Mi- 
enct' thr dignity aiid the -ai i- faji inn of w \\ l.aMfh\»i:k. \\v lun-i 
ir^hire -i»mr nf ihi' I'l^i Mp-oi luniiif- f'lr ( -I itai:i:.i.: ^n* h tiainia.:. 

fni \M,.Miiaal pufpo-r-, lait f<ir the kirn .r;ii.'\ ok lU and ap 
p!f( iaUMU nf ilu' ahiliix* in "maki* ihin. -" w'wh "n* '- lianM-. and 
?i-i(irl\ wiiha m.i' hinr. \\c mu-l fuin:-h in i a- h --hmil a ica 
-«)naMr \ ai ifl >■ of ii (MM\ e nhnnta! ael i \ it it-. '1 he I :i : v ( f -al Si h«i(>l 
id Ifar ht rafi-. in Rni kricllc- < 'fiitrr. \fu ( ii>. liirtM ird hy 

Ijiwaid T. Ilall, niijhl w-ll -rixi- a- a mnilrl i.ir a -iiiiil.n M;jain/a 
li'iu in li'Uli la!"::r ami -tuali hijh -ri.iHiN. 

I. :a .'t( . 1 -pMkin. wiirt^-n. ai.d pnnlid \\";d ili'* 
::: I it waU'l ih.il m.'d.' pn^^^Jlilr for;?)- ' f ■n.'/-.r-' di i^kia-'. h 
M.iii-;.,- nil '! a und*- I a id in-iim I inlo ii.!- naia- «if i i| < . ni 
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munication. Dewey has stated correctly that the jjivcnlion of syni- 
Ifot'S'Zras the i^rcatrst sinf^tc event in human hist or The pres- 
ervation of hunKiiV accoinplisluneiits by means of written or printed 
.records made man a '•lime-binding animal." to use a famous phrase 
due to Count Korzybski.^'* Hence we have ^ood leason to, stress 
the transcendent importance of the hm.i^uaue arts in the curriculum. 
H^^re we may also include the study of foreign lani^uau:es. .if time 
permits, for - as a ^^reat thinker once said - whenever we study 
another langua.ue,' we add another soul to our own. 

.^ Sciener. We have already pointed out that science is con- 
cerned with fuels, The aim of the physical sciences is tlie discovery 
and formulation of the relationships which govern the happenings 
of nature. Hence science is the handmaid of technology and of all 
forms of engineering. When applied to the ''human maclnne/* it 
leads to the life-conserving study of health. The bioloudcal sciences, 
including psychology, have opened up a new universe that the school 
is only beginning to appreciate. Mi^lern life (iej)ends on science 
at almost every step, and the ciirriruhun nuist make ad?»(|uale prti- 
visi{)n fur broadly conceivtMl contact- with scientific backgrounds, 
including a c<instant emphasis on bodily health and eiTiciency. 

4. M at hr matter. In co-operation with ^^ ience» mathematics has 
furnished thr principal tool> for di>cnverinu\ ti^sting, and stating the 
laws of nature. It is thr alKtraet form of st li ner, thr prototype of 
(ill seif ner. W ithout it. our materia! civilization would crumble into 
{iu<t. and man would return tn a >tate ()f <avauery. rht»>t» undis- 
puterj facts ali)iu» wi»ultl warrant a mantlainry empha-i^ on mathe- 
matical trainiULr in oui >(hnoN. 

5. Thr sot itil sliit/ir\\ It has been charncd that in the unavoid- 
able endtMvor to under>tanfl aufj (■i)ntrcil our phy^ittil en\ironment, 
we have ncjltctetl the >tu<ly of mail a- a uuial lu'inu. To thi< ab 
U'iii'il ta( t leadiui/ tMhuaiiniMl triiit- uaw attribute many of out 
prt-^fut -day jjifiK ult it->. a (orrritivf tlit-y in-i-t <u\ a nnich 
bu'jer. an alino-t e\clu>i\ e. i oii-i»it : .m inn of thr ^"t/\il ^i^clifs in tin* 
i uiaicula of our ^i*hool>. Whih* \\v nui-t rrjccl f\tr<*n*ff (h*miUi<N 
in I hi - diret i ifm. it i> t rr taint \- truf t hat t he t it i/cii- ni a (Icinoi r.n y 
^urrouiidrd l>> flanuri-^N u«»il<l iinifiil- -ln'uhl he iiil<>rinr/l a? to 
the fuiif I.! mental iai. ruaunnit . ai*«l i. .1! [irnMrin- of thr 

■'^)•Ar^. f'hr (iw t r t : f- ' r-, 

' k.-f, I \iiO'! .\/ ;r:/;... .f- //;.m; I !■ |. .\ (.,. \ . ,^ \-.,rk. 
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immediate future. For a titno» al least, this social emphasis may 
have to rei)lace or su[)plemei)t the customary paut»ant idea of human 
history, the orderly recital of man > t^volulion \rom a primitive state 
to that represented by mo(iern civilisation. 

6. Tfir finr arts. Music and the representative arts, aside from 
literature, constitute a form of release from life's daily routine. 
Here, at lea>t, we have a field of almost pure creativenes> and 'of 
idi*:}l ap[)reciation. The liberatinu inllueiice of the \]ur arts can 
hardly be exijL.u.uerated. No human heint^ should be srni (Uit inio 
life without having parsed throu.^h the d(M)r that lead.> to this land 
— ^ enchant ment.'^'"' 

These six diHuains constitute tlu* permanent fram»' of n-ferenct* 
'for all curriculun^makin^^ 77/rv arc hu^ic bcruust' i/n'v hivf v^m^yU 
out oj the vrry fiiiturr oj thim^s. They are the protluct> of humari 
evolution. 77/cv (/// <}ajr biuk to tfir hci^innim^s of fn/m-in fu^torv. 
Atui thry coutniiU until tfir rnd of tfir story. If all human 
institutions were destroyed toda\\ provitied human iK'ini!^ remained. 
lhe>e six ureat ba>ic cate.uf)rie.s woulc return with ine\itable cer- 
tainty. Not one of them, therefort*, .an he (Moitted fmrn the cur- 
riculum, for that would cause the loss of an e-sential "area of 
experienc<'/' 

We have 7iot included in this list the alhim[)or{ant matter of 
rfuiriKtrr huUiliui^, dimply l)ecau>e ethiial education does not con- 
stitute a "subject" or a forinulated cour^^e i>f study that can he 
mastered from d:iv to dav hv a ''dialed seri<'- of le^Min^, The school 
must certninly make a delniitr contrihutitui iti thi- direcli<ui.^'^ Hut 
it can never relieve the homi' ;nid <ither auencie^ from their share 
in de\tdn])in^ st^onu. moral ihaKuler>. fr<»itt >tre>^iim t*thi<*al and 
reliiiious iiieals, and from di-Miuiauinu all fo! ni- i»f atiti^K ial or 
criminal heha\ inr. 

The lime element, l.ver -iiue there lia\e hern nindtTn >choMh, 
there ha> been the pu/zliiiL^ (jue^iinn uf \v^\\ the time couhl be hudu- 
eted to actnmmodate all the desired nhitn i i\ t'-. In thr it.cdern 

Till- icni.tJ k.tl)lt' ^ui « of l)rn,ii|I\ t 1 1 l-. ■! .t':'i \\« !! "r-j tf:i/i •! .iri nuir-^-- in 
i.'»-niT il III- ^j"«:ih/ril :i nrni j'l i: tin- ! tt i tliit rn.iii\ \ianr.! 

-'irii-ni- i-lr- 1 tli-'M' -tU'ln-.. l>ii.iii-( tin \ .irr -■i;!*' t" t-»' " t i-\ ."' Imt lie 

i.iH-'C thrv uftrr an t -mi! .il .in<i ri-.j> »\ .iM-- i-l. f: . "I lu'l jr.il \"iuml: 
till- ... hmi'. uh:«h :trv df-ine iumMir vM»:k in 'li:- ({ih -Ih-Ii fli.- Nf\\.iik i Ni w 
Ji I M •. I Am V ^, 'im.m 

- ^r.. ("In* S : I.'!-: 7/:. I • ^'.h Y-:^' ^ ihr pr p :t: fK.it! .^f >uprr. 
M.-Vf;./. r \)^\,\\ty\r\U fl ^ r ,!:'<: .l- M: \ ..tO-'ll til {liO 



80 



THE KLr:VEXTiI. VEARliOOK 



Amorican hii;h >t'ht)c^l. the stilntidn has hn n made i ulnally iniptts- 
>ihlr hy the unit systrni ich'uli is still in ttnir. It ini(.\t hr i^ivcn 
up. histtad i^r ntn,\l lit}[r 'cont'aiaty oj lior/. in rach ojjhr six 
unk4i}ir domains outlinrd aha. t', aiur a l)f iiod oj at Itast fanr 
vm/>.v, fro}n [^f udt' ^^t vcn t/ixur^/i i^radt' trn, and pn hrtihly throua^h 
:^h,dr /it'c/i-r. 'I'd aiconiplish this, ui* imi-t a-^imi ihvvv or four 
pi'i iiuls wi'vk to sonu' of llu* major >ul)jiH i-. instratl of fivi*. This 
V al h\\\ v a ilfxihU' maruin of liiiu' fnr liralih irainioLr, and for 
^•)rk in llu* prarlical and fiiu* arl>, Si lmoU pirfn l iivj; a luir-rur- 
iculuin. or orirnialion ionr>rs in minor TirhU. will ihrn I-r al)h' to 
vork oiii iNt'fuI variations and still pro\i«li' f<ir miitinuily in iho 

n . jnr l!rl(|s. 

If il he (;I)jinttMl thai this cannnt hr dnnc, alU'ntion may In* 
(linH'icd to ihr tiint'-schtMhiU's of otluT hMdinir countrits, as pub- 
li^hrtl in >iKh soiu'li'S a> thi' Educational Via^hiU)ks oi tlw Inttr- 
)hitional histltutr oj itiwlhrs thr l\rjh)it ot tlif XaHonal 

{'onnaittii' on Mat /it nuidt ,i/ l\i (/nif * nn nt and ihr I'iUtrtli Viar- 
hook of tlh' .\ationa! i\niniil of Tct.'t kris oi Malhrv.iatit s (lo^oK 
All thr-r Minu'-lalMi'N" prn\iiU' for rontinuil\- mi ilu* [iriiuij^al snh- 
jfi't-. and i'-pi.'rially in hmuuaiit-. mathnnaiii^. ami M ieaiu*, . 'I'lu- ^ 
inial mnnlu'r of prt'.-t rilu-tl wn kly [)i'ri(irh u-u:ill>- r\(rrd- that of 
llu' 1 orri'^pnndinu Anifiiian mIihuU. I-u!' f\.inii»h\ in tlu* japaiu'si* 
-(■(iinilary M hntiU mithllr -i hcHiUi, tlu* (arr\ thii*t\ prriniU 

(jl wmk r.h h Week. .huI the 'jirN ha\r tuciUy ri-^ht pniod. wi 
un-kly in-i rnci ion. Auain. thr nmnln r of pj i ril .i d pi-riod^ a-- 
-i'.^nrd tn Mi.ii hiinai in Imnh. fnr 1m. \ < .n h wcrk. tid oit^liout a . 
/hii,},/ ,}j i.- l ilhrr fn tir ur 

"I M ! r \ I 1 M J ( »u I \ \ i I ( »! M \ I n ! \i \ I |i s 

"I h^' iTuii.d qiu-siiiMi. W'v li.i\r rt ft i rrd ])ii \l"ii-ly In \\\r •j.iawiw-^ 
t fill jj-i.. \ to liiKilllr .1 drhiii* t»i* -ct . ii). I.ii y n i. i ! i.i : M.i I it - l»y .Uuii- 
nu-nt- (hal aM-anulunu l-ul cnii' lu-i\ i*. :\ wi ll iiMMrnu'd 

t ihi. lO.i- >hnii!d i< .di/r ih.it ill im i^ils;-: i ■ !,r/: \ -in !) a ih hai-r 
(•I nMilu i.iai i< - c 1 .n-id«-i rj| lU ' i - \ . 1 iM- ( .i: i:'. • ! p.d mn-t far- 
M .ti hiii-^. nf .id llu* M itiu nud- ip ■ ■ 1 11 , ;.d ; 'di:!: " 1 1 will 
' « 'lU loat' to !)(• :i 1 1>) f -nl»h"^ 1 l«>ti-,: .o o ■ i Iii* \ .i : i i; - . »i oim' 
! tM' d. -a; 'pt-.i: f I. I ('\ ta\ inaiiy o l" > ^a ' *. .: : i ■ i . I- .n c ;i. 'W 
d(i>M\.d <■! an f-M iiiial c'lrM-' ai '!» ili.. t dii- ii' a li\ a 
.i • la ( ! p! ■ 'p I • M"!a a;:ai)il nu ' I !> ! . . i ' : > \.'.^ ''..i' ' .i 

!•'{■'' I. >i\«alr'M) ^l.iJr- \\ \\ < .li'i « i :■ i i !):;.. I iiiadu' 
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HKilics from iho list of pri'>cril)e(l sulmnls in tluMr seojiulary schools. 
Ainonu: [he priiu'ipal ri'aM)Ms iJ!,[yvn iov this action by responsible 
nfiiciai< are ibe hjllowiiii; : (i) \)ooy icachiim. UM ptinr textbooks, 
(,^) a lack iA esscniial an<l ct)nvincin.ii: object iNcs/"^ 

Xow there is -hardly utiy (ioubl that the 'accu-alion of '^loor 
teachinif" may be extciKh'il with etiual jii-tice to a\iy ami every 
other .^ecniiciarx' subiei t. Perhaps the sanu* thinu is triie abn (»f llie 
textbook'^. So it comes ilnwn to this, that our C()ur.-es i«f study 
evidently (jo not >eem to ri'lleit convincingly the real >pirli and 
the purpoM- ui' malhemaiical in-triictinn at the si-condarx lr\el. 'In 
put it diueienlly. the iiiieMion that- ue au" now laiin:; is the 
follijwiim : 

yVf*//^//v :, li'it is thr mil or pnh utiiil i ontfihnl'n.-i of mii'Jir- 
nuitiis that aoulil jii^tiiy its iuanddtoiy iutlu^iou in iilin\itio>i 
" of iiU our viUifiii prnpir t i t h ij it hf tfnad'f/ thiit in niy th- ui 
}}h:v ihi'y li'iir lUi'hion to ii>r }ihit lo uhit'ii \ }or >if'ui!y \iHx:l:iOuil 
pur po Si \ ! 

The ser\ice valur i>f inalhemaiu^, The an^wrr ma\ Ik* H'^uKrd 
in!<i two W'e nui-t lir-t Inok iiUo the "iu ti ifi)i> ul^fT^ \alu("^ 

or niathiinaiii.-. lor that i- the onl\ pha-r of thr -ubin t that -i-enw 
to intrrra ilu' m.m in the >trrrt and the piaumaiic txpi- m1 cjhuatnr. 

Will, that part of the -N»iy ba- bi-eti tica'.rd m.in\ tinic- b\- 
-I Hit-, ui ( nniprU !U wiiic!^ that an\ oni' \\ht» i,in ri .id ukin inl«»rm 
bim-elf al«»n- tbi- liiie. Meit lx iuni>inu dn- ixldt iiM* n»»t a 
i-rfinaU'in oi' it- tiulh. \ 

In ibi- ('i-nlurs ui I'lo:^l^.-.^ L\pi/-i:ioii at t'liica^'.) tbiie \\a- e\ 
Iiil.iic d MM iinr of t!;i' walU t«f tin- ll.i!! 'U n n. .i Iw.n' pirtnif 
( .illf<l tin- •• i ri-e nf Kn««uhMbji'." li^ i. a^ .nid bi.tn' hr ■ it- pvi-entfl 
till' U.idi- and Appliitl >Mfiit c-." \i t'lr f'^a ^f tin- tit *-. nTiiui].^ 
it - \ri \ fMiin. I.i! i« 'U and Mia in !t'i.!. w pk:v» d du- k-.^ 'i !. "Malhr 
tniiii-.." Ilii- pii Mirc mkin !h.\\ br ;i ai Muram i»i 

>i icii. t iMd irdii -it \ in ^ 'h;< a-:o. 

( U\ uali «>;>}M»-iir dial piitmr. da- "I' ti.t-- w.;- '":o "aOil 

wiih -iMty "f rlri I ; a il \ and la il-i ; I'ia^ f.c'.nm v. ;^ 

\s.i-i,-a h\ ..iV.tr:- i»f dir I idled Ma'i • \ i' ^ I'^d W r;;.f ( ..ip-. 
h t ubii:ii Of' in tlu- fn| h.w ir,.; -imIcm. r ■ ■• 1 /.;/.•• -j; ; H'.-' /\ > \- 

,:r l Ay: '/' •! ]l ::h- yi, / ///. 7''../../;.;...;/' 1/ > // ' 

u ■ : .a 1 \'.,- I , : ! 1 . 'i; ; ; i . ■ 
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This same theme is treated in ahiiost endless variatjon in scores 
of articles or reports fouml in such publications as The Mutficmatics 
TeachcTy School Science and Mathematics, Scripta Mathematics, 
and the Year book oj the Sational Council oj, Teachers of Mathc- 
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I HI. TU} K uK K\nU I Mm. I. 

Frnrn a niiir.il [Miiitr*! I.v Jnlm Norton im tlu- ('rnmr\ ui rr«iL;rr-^ Kxpd-iti.m 
\:i fMl.iri:i-ii n.pv ni {hr Tnr ff A*» //•//\/- in iuImtn i r< ' • will bo 

ni.i'Ir.I [M>-i[i.ii<I U't ifnt> lu tin- ii.-^ M.in.i/ir »•! tlu- Miwuni ot hiU'iue 



;;^.•/:^ I-Acn a \n \ri cnuhu'ral inn nf \hv silifUl innnn^raphs, ncU 
(n inciilinn nian\ -j)ccial Ircati-c-. wmiid it-cjuirr inn-idyfaMc space. 

It fna> . hnuv\c(\ he (jf urt'atcr intfif-t tn hear how *>V)int' nf our 
liiuhf?; in-li!n{i<fn- ni harniiu air rcattitiu' tu th*' ( iirrrnl allacks 
MM iiKiihi'inal it Diii^ the ( iiixct -iiy nf W i-t niiMt^ rrtcntU' tnfjk 
ntiaial atlinii (niucrrni);^^ jtic pit-^Vni M'tuaiinn a <ira-tit inodifi- 
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cation of its methods of admis^sion. tiereafter, students arc ad^ 
mitted on either an 'Hinrcstricted ' oc a ^ restricted" basis, according 
as they have, or have ttot, met the usual re(iuirements in mathe- 
matics. Tho^ who come without such preparation, may pursue 
such studies ''a§^do not re(iuire high school mathematics as | their | 
background. It does not give admission to the College of Agri- 
culture or the College of Engineering or the Course in Chemistry, 
and does not permit the student to major or specialize in^chemistry, 
hi^merce, economics, maihematics, pharmacy, political science, 
pre^mcrlicine, philoso[ihy, psychology or sociology, or in any of the 
other natural sciences including physical geography and geology, or 
to graduate from 'the School of Education with a major or minor 
in any of these fields/"^'-' 

Commenting on this action. Professor J^anger, of the University 
of Wisconsin, writes as follows: 

// seems important under the eireumstanees,'f\r':^{\\\ that the faeitities 
jot the study of the ynathemaHcul subjects in the hi^h school be guarded 
against any impairment , and that under no ci^'cumstances they be 
allowed to deteriorate from their present status. Secondly, it seems 
important that students be brought at an early stage to a realization 
of the role played by mathematics both as a subject in itself, and as a 
buttress to innumerable others many of which are not obviously related 
to it."'* 

Mathematics as a mode of thinkiiu^. It i< true that our unitary, 
one-year courses in algebra and ueonieir\- give a totally inadeciuate 
picture of the •insirunuMitar* valut^-^ of mathematics. Th\< is not 
the fault of the subject nor of the teacher^, but of the insufl'icient 
time allotment. Hc-itiis. even the uiideiiiable. practual ctuitribu- 
tions of mathematics have failed t(» imj^ress certain critics. These 
writers readily admit tht- •*aneillary*' function^ of ap[ilie<l math(»- 
matics in modern life. lUii they ImHow IVofessnr Inulis in as.^iuning 
the '^direct'* value< f)f a -ubje( t to the diunain of vocational or prac- 
tical trainint.'. an<i concerning: the • inflirect * valuer of mathematics 
they continue in have their duubt^.''' This ske^ptical attitude as to 
the "ueneral " wihie- of nKilhemali(> i< --till <iue, tt» a very lame (ex- 
tent. In the unfortunate ^im nta! discipline" contro\er>y. it a[)pearN 

■^I.anjrr. R F . lu- \ru M t! Ii. f i. • nt ' .tf iIm- t*ni\( r»it\ Wi-- 

con-in.** Thr Amrrit in St>iihimitud M -n:{L\, ApriL i'.;^. p :ir. 

p .MO 

•Mnu'li-, .Mrx.mai-r. rr.ru, r'..-. s\ . ..-/.r-, / ,1^. ■•. CIki;^ XI. H..'i-h»..n 
Miftlin . ^U'-t<.ii. \',\^ 
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that tlu» latent [phases of this rmo-old debate have nr»t reacherl those 
wlio ajniplacently aiul erroneiui^ly prefer tf) l)rlieve tliat 'Miiental 
(Iisei[)line is a myth/' Tliey have unl lieard of the di-provin^ re- 
search work of La>liley 'aivl Orata.-'- Tliex* continue lo maintain 
a Nvroni^ jinsitirni, to tlie detriment of our younu people. 

In the h'i^ht of the latest psycholouncal findini^s, secondary mathe- 
Tuatics may now reassert its ''cultunir claims with even <^Teater 
C(Hificlcncr. These claims have been jniblici/erl ever since the d:}ys 
of IVthaiioras and Plato. In fact, the potential training vallics 
of mathemaiics are a<^uminL( ever urtvitcr dimensions. Wlietlicr 
wc are tliiid^^iiTj- of arithm(»tic, or aluebra, rir geometry, or trii^onnim*- 
try. in every c;».se we are in the pre-ence of essential modes of 
thinkinu without wh'ch modern life couh! not endure. The number 
system is our ureat instrument of precision. It underlies all forms 
of rxart })n amrrfw'tit . The shr)rtliand of al^el)ra rejiresents a type 
u\ sy)ulu)l:r ihinkin^ that has invaded many otliiu* science>. .Auain. 
uennietry 'j:ive to tlie world the fir^t and mo>f uinversal form of 
po tuhitiiUi'd tldnkini:. as a nio{lel tliat will n*'ver-be outmoded. 
I.a<tl\'. Iri'.Minoiuetry led to an evrr-expanrlue^ \iew of our 
baru't-r I h>r,ie. opcninii wj^ by inili^t rt )}h'ii<urr})}f )il the va^t expanse 
</l* infmile spat e. 

II. (i. W'rIK ha- rennndc; u- tin! ^'tln' new mathemaiics is a 
-'•rt of '-u[»;>!(Mnfnt \n lanL^uam*. affordiu'^i a nu-an- of. thought about 
fnrin and (|n:mMiy. :nid a nu'an< of expie-^^jon. mere exact, compact. 
■A\v\ ready, tlian ordinary bm^a'^e." 

\b-ti !i'-m-tMc^ <ometime> doiinod a- tho -cience of l'iitio}i>hif^ . 
b M^ay a! M be laliid the xirod* i)i ^ ,in''inf r, Ilcnct' it< all em- 
!''Mi ill- I ai icr. * I*or. a- I'rofc-M>r Kry-e: ha-^ ^aid -o braufi- 
):'!!y. ••/.* A/ / /,) A, ;/^.7'//." The -ame writer lia- al-o id\e!i \\< 
pr'bip-. ib»' brirfc^t .ii:d nn-t loniprllinu -taN-meni of the tultutiil 
J I! n{* M'ai ht iiKii i< a! ihinl inv. 1 o (|iinii- ;• 

l.w r\ i-in- I.n'A\- iImI MiM* of tilt' faiTsf:jtidiii'^ f.u '*. m|* mir u«»iM i-^ 
Uir L n ii i^i' t '^r r!:.inL't*. I hr unrld n|" t'\ rnU. u !i«-i!ii'r It i.r ^rjudl. 
a)«-i/ il .-r >Ji\ a ll-uini: ^tn-.un. 1 r.ui-f"{:n.ui''n. -l..w or 
\i iM.- ..r ii:\;«,Mf. i-. [.fTpft'i d nn f\t'ry h I'm r\rnt- aif 

oir; i:-;M::)i ..i \\\ \\ < lim-jr in (in<- tliin-/ ..r pi r r "P tiiiif prM^|^c^■•^ 
• '^f :i: ..M^r t!:ii'/^ .\Vi\ pl.K :in(i ^ W'idi thr pr..(c-M-^ cf 

I Imp. r !;.|tM in in in.r rna-t dcil e-'rj-t.tui |y nr piii-li. *| he |»r«n. 

- ' J. .K - . /:/ r-.r • »r / / ' ,r ■ . T- :^ . r . ■ ! ^- « .| D; r ■ . 

I':- • I - • 1* •■ ' »^ I. I' T . '-'l I ! • iir',-- ! I f '- a V ' i\. 

' • ■ / ■/ »>; r. ; M . : : y ■ - , 
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. i>M»s nf ch.inuo ari» imj hapha/artl or chantic, th^y are lawful. ^ To 
i\v\\\ with them <U(vt>.M'ully. whii'h is :i major coiuern of man, it is 
luressary lo know tlu'ir laws, 'io discovvr tlh^Uiv^s of chaui^c is the 
aim of .V(vV;/rr. /// rutrrprist- oi m /V^/c r thr idt al prototype is 
nmthnuatiis, inr mallu-niatii*s tnnsisls mainly in the >uuly (if funi li(»ns. 
and the >tU(ly of imuiinns is the stiuly ()f th^» ways in which chanues 
in one or nune ihinu's [iroiluce changes in others. 

PART IT\T': 

MASS KDri^vriox. voc'ational traimnh;. and thh 

PKOHl.KM OF srANDARDS 

Preliuiin.iry statrnu-nt. In isSo ihero Wen* .^N.f;4i v^^'5 piMMUis i.; 
to 17 \i-a;-- »»f a-r in the Cnilrd Slale<. lU" whom no. ,^77. nr :..S 
per emt. wen* ein'olltMl in puMie sirjitn.lary • -luiols. In 10.^0 then* 
uiTt* o.ui.:.'i ptM'^un- 14 tn 17 years of a'ie, of whom 4.v>.i.>^i>. 
' or pfV et-nt. were enr"llrii in public ^ccuji(lar\- schnoN,-** At 
[MT-cnt. lU'^ri' tl'.an 5c prr uiU of our a(loli->ri-nt populatii^n arc 
at^iMnlin.: our hijh >chi>u|->; and lht» lio]n» \\\\< hccn cxpie^M'd by 
>i-rnc «if iht' hiuhc-i rdui at iunal aullioriti»-s of tlu» country that in 
the near fuMire may ha\-e too ptT ccnl enroUnu-nt of all our 
\inm'/ proplf. 

* ... 

Now. U'j l.if.'.i* liu-!!H'-- di'^win'-r an itH*rca-i^ j>i m'arl\- 4.c:o \^vv 

uTit within a frw drta-ir- diouh! bi* c\pi-<tff| to f-rapi' ^t'ri«»u< 
ur<A\in- p:'.i.i-. W lii-ii tlir i lcp.rc->-inn wa- addi-d !•» ihi- >iluatii'n. 
il liMiu-.:!'.! an \-\v\\ ■.■.:•( atci" intlnx into dur ><v.i!ular\- ^clif^.K. while 
:il ihr ^ riif lime .i\ .iil.il -Ic fund- Wrrc diarply rcdutcd. I'lU'iujiloy- 
m, !it I II. -cd \\\v iImi.t ti> cail\ \M. aiinnal n; )] mmi U!nl ii'-. MaM\" 
r'»r.u -nd- •»! p'lp'l- fo'iud lhr!n-ti\ a.'j.tin-t ".iradi-niii lur- 
lit i!.. fi.i wlii-h !:;> \ wryv p.>t ir.i«ly. And .-•» ih.c u i- tor 

i.Ui* p' t'-« !il t il:i' il i! ]»rrjt!i \ll 

Two \i. Us i^f srcoiui.ny rdiu.uion. Thr I't iU'I al pill'Iii i.i'.nw- niily 
,,f tlu- i'lH >M ->-i\ f anni'lam c I'uum - '»t iMir -i CMn.l.ny -JnniU. 

1 h'M' -tali-lli.d r\idi!1''- i-f L!''\\tll h.i\r hrrn I'ivcl! ]«tMnM:irINr 

in tlu' dad\ ]>rf— . WV hi\f IniU up !■> \v thr Irjfl f.i 
-rrnudar\- -ihi'i»P ill l''.r \\' ;1'1. .\h'rr !h;!n .!n\ nthcr tMii:iti\. wr 
ha\c op.-ihd ihf d- "1- ■ -pp- 1 unil \- to i.iii y«'ini! \ \ i-l 

Imil'hrrj. jM i«.'|-.i!u. ir-;:-:iM • in hwiv a\v\ t \p';.-i\r .iddifi"*^- !«• Hie 

K. . • < ' j W ' /■■ ■ ' '■; . .»■ ' N /: • / I! I" I' I ' o - n .1': • 

t'i» .\. -A ^ ■ ' s ' 

.... A . - ■ ' ^ ' ■ ■ ^ ■• •.//■ :• ' 1- ■ • ? N >■ l^- 
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jjcli/)()l plant, has \xxn\ the source of alternate pride and despair to 
the taxpayer. 

Hut there is another side ty the picture. Only a moderate be- 
fjinnini^ has been made thus far in ascertaininj? the real educational 
and vocational possibilities of those admitted to the high school, 
and in provi(iinl^ them with appropriate opportunities for growth. 
-When tested by conventional scholastic standards, a very large 
•percentaj(e of the present hi.s^h school population must be rated as * 
••failures." It is 'impossible to deny or to ignore that fact. To 
make secondary education availahle- to all who wish to apply for 
it is one thing: to maintain a reasonable degree of efficiency under 
such circumstances is (}uite another thing. The conflict between 
the demand for mass education and the preservation of rea.sonable 
standards constitutes the dilemma which democratic education is 
now facing. 

Rk\i:i.atio\n ov thk Measukkmknt Movkmknt 

The effect of educational tests and measurements. When the meas- 
urement movement was launched on a large scale in the field of 
education, about two decades ago, the opinion was expressed very 
commonly that a new era had dawnecl on education. We are now 
able to appraise the significance of that movement mr)re sanely, 
(irievous mistakes were made by the pioneers. Influenced by the 
spirit of Thorndikes famous rlictum that '^whatever exists at all, 
exists in some amount." a veritable deiuge r)f testing devices began 
In iloorl the market. 

Ihv rt'vclijitiuns of the subjecl-niatter tesl^ tiKit were soon tried 
niit nn milli^)ns of children were certainly dis{|uieting. Soon there 
wa> added the alleutul proof that a clillds I.Q. is constant. School 
procrflvires f\i'rywliere were ofoundly alYected by these findings. 
\n fducaliooal determinism tjf unr)arall(ded intensity threatened 
tf) <\vrep a-i(le (Uir brave of)timi*-m of former \*ears. 

The fnllie- ami scientific iriacrurac ies of nian\- investiuations in 
the Ur\i\ of edni'atif)nal measurements are imw arlmitted by all who 
are inliTestt^l in facts rather tlian lanciful thenries. l*;ver since 
]'iou*--or Hault x'^ heroic baltle a-^aio^t the e!r<ine{uiN a^suiTiptions ' 
autl inip]iiatinn< of tlie le-tiii:^ rno\cnient. the li-^hi a clearer 
iirnjer -tand:n:i ha^ u>?uimie(l to >[)rea.l/** - We ihj longer expect to 

• >rr lii.-'.v. \\.:i-.m) C. Ii",r;.i ,:: n, /•/•..;•/.).' UirA. k .iful York, Halti- 

r!:«.r.-. I..-, k'l. H. \\;'.T Ihrrc |ir..i'i.-» o| s. M,!h,.,| in Kdiication,'* 

I'r.uhrr, (..V... A". , ■ n/. N ■ >\irii 1 ir r. 1 ..i: M-.- .il-.i (U.iti. I' V . "The InMunifi- 
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solve our major educational problems by the^naive expedient of 
^'counting noses/* 

■ In the follo\vii:(fj; pages we shall refer to certain educational tests 
not because we share the pessimistic interpretation commonly as- 
sociated with th^m, but because we shal^ derive from -them certain 
conclusions that are pertinent for the purposes of this discussion. 

Educational records in English and mathematics. Since language 
and mathematics are the most highly sequential Mibjects of the 
curriculum, they are bound to reveal, more than any other subject- 
matter fields, the difficulties which both the elementary and the 
vSecondary school encounter in their effort to solve the problem of 
mass education. There is fairly conclusive evidence that English 
and mathematics go hand in hand in showing up the numerous 
maladjustments which have been caused especially by the lower 
ability levels in every modern school system. 

With reference to reading, a VQvy large amount of statistical 
material is now available. Thus, Assistant Superintendent John L. 
Tildsley of New York City reports iis follows in the official 
monthly journal of the New York high schools : 

Tn June last we )Zft^•e the Terman test to 27,57.^ piii)ils who entered 
the 9A grade of our hi^h schools from public elementary and parochial 
schools. The range of I.Q. was from 55 to 174. Some 6.109 registered 
I.Q.'s of less than 90, 22. 4',^. \\*e then gave the Ha^gerty Reading 
Test t{) the pu[)ils who registered less than qo in the Terman Test 
and learned that 87. s''^ scfjrerl less than the norm for the 8th grade. 
These results bolstered the judgment I harl ex[)ressed before that we 
ha<i between 40.000 an<i 50.000 pupils in our high schotils who were 
not equif^ped to do high st hool work as hitherto conceivetl.^'^ 

An immense amount of work has likewise been done in ascertain- 
ing the decree of mastery achieved by pupils at ^Lhe various urade 
levels in the fii'ld of mathematics. Thus. Proft^>^sor Raleigh Schor- 
linir, of the Tnivt^rsity of Michigan, gave a test comprising 100 simple 
1a>ls in arithmetic to .^545 pupils in gradi'< 5 to i.^ inclusis 
.'S{»me of ilu* items in this test and th(^ correspondinu [)ercenla'j;e> of 
correct respcin^e^ on these items in grades 7, S. and 9 are rei)roduced 
(m the fullowin'i p.ii'js. 

i.UHO 01 \hv ^t.i! I-: Si^iulu ml." I'.Jin 'iti-'Uid Admn^i tr iiion tntd Suprrxi^ton, 

M.iv. I-.. J. ;.M : 10 

"* 'ri!fl-l(\ . J« fni I.. ■ rimnnl l'«l'n .iti.>n.** ///v'/i /''■/»•.'•. }'rn\ in', pp rt 14. 
Si JmrliriL*. K.ilriL'h. ■Thr .\. t <l for lU-inu Drlinitr with Ki'-prt t t'j A- hj<-\ rnu-nt 
.^taiHl.ira-," I hr .Ui. *Av wi.i'/. V I't-'Uhir, May, pp 
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QrKsriovs SF.iKn>:o KKn\r PKonssoK SfiroRi.ixc's List 

f ...... ■ ■ ...... , , 



S. .Vl.l: 
7. .Vld: 

M. AcM: 



5-^ 4 65.5 : ^ 4 



S 2 10 



S»s i 45 



19. Subtract : 



- ■ 'f 

24, Mulliply: * 

; X f .0 



29. Muhiply: 



30. .Vwliiily: 4.().-^ 
^i. Intiicitf tht' fir^im.il puint in tin - aii-Ai r 



.^5. InJii ah- tluMli I inial |M»iiitjM i '.i .1:; . 

or .^o or .o^jo «»r ^o/" 

p. I>i\itU ; ~" 

>^.S' .^H P*^ 



\ 5 



I - '• r 1 . 



57 



2- 4 51 4 50 I 



23. Multiply 760 

70^ . 54 5 5^ -"^ 



Multiply; 

.0-^ V I. o 4^ 2 -Us 4 



ji / .^'^ {) 40 

I 40 2 5J 4 



I 



,1; ii; V r n o 4'. ^ 

• . !?'.!;• Mtt t tit 1 iin.ii p» ii t Im 1 1 t .I'l .*.« r 
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QucHtiuni 



(iM'lif 7 (iratle H « . Oracle q 

6j?i PuplU 6^3 Pup(U Pupilfi 



55. Write the fracdim us a per ccmu: 




82 


2 , 


76 3 


" ' ' ' ■ • - ' — • - ■ — ■ 

64. Write thp following as a decimal frac- 
tion: 

■ """" 




74 


7 


V 
.79 0 


07* %i ruu Uic iDiiowiiig as a ticciinai ir»tC" 
tion;^^ 

40% » 


« 42.6 

1 


S3 


2 


SI. 6 


74, Wntu as a common fraciion: , 
to^'v . 


-7^^^^= . 


4S. 


/ 


62.4 


79. 35% of 80 » . 


42 7 




0 . 


• 57. S 


83. Vt of 4S « i^). 


Q.6 


12 


S 


22.0 


88. 7 « %of 14. 




IH 


2 




QX. Wliat is the aveniKC of 4, ^ ahd lo? 


I.S.6 


3Q 


s 


' 4f'.S 


97. Complete; the interest on Si 50 for 2 


4-6 


20 4 


34 ^) 



months at t>Vo is 



Xhe following table presents the norms foi' grades S to 12, inclu- 
sive, on the same loo tasks in arithmetic. 



No. of ptfins 



Grade 



to 



2\0 



n 15 



75 percentile .u 2 

Median score ..^ 17 a 

25 perciMUile 12.,^ 

Lowest sore t o 

Highest score 31 o 



2S S 

'.2.0 

17. ^) 

o 

7C o 



50 6 

30 4 
no 
80 o 



54.^^ 
43^8 

35 o 
0 o 
91 .0 



SO 8 ^2 3 
48 0 ^ 51 7 
42 0 



30 9 
S o 
<)4 o 



12 o 

g2 .0 



72 2 Si g 

5g o 0; .0 

lb o 2 2fc 

g() o g4 0 



'the same investigator tested 2,693 freshmen in the University of 
Michigan on the fundamentals of arithmetic and algebra.^** Some 
of the questions and the corresponding percentages of correct re- 
sponses are -xqwuluml -on page 90. 

^AVi algebra test 'prepared by Mr. Harold Lundhnlm of the Uni- 
versity High School, State University of Iowa, wastgiven in 1932 to 
n.572 pupils iri the Iowa hi.^h schools at the completion of a course 
in ninth-year algebra. It was a power test in the* sense that approxi- 

^Ibid., pp. 317*319. 
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SF.LECTED Test Itbvs from Pkopcssor ScttoRtiNo's Test 



, ' PerCrntot 

Ko. ' Selected Tea llemi Correct 

* ' RtttpoAsei 

~ i • 

Part I (Arithmetic) 

4. Multiply 86. J ty 0 67 

5, What is .the average of 4i III 66, 0, and g? 71 

IX. Reduce ^/20 to a decimal fraction f <. . 68 

15. Write as a decimal fraction 399 millionth^ 45 

16. What per cent of 35 is 75? aS 

20. What per cetU of a is ^4 ? • • • : ^ v '4 

Part II (AlRcbra) 

I. If d is the cost per dozen, what is the coHt of oi)e? *. 81 

5. What is the square of (jc + y)? ' 74 

7. Perform the multiplicajlon: '-3Jc(a + $y) 64 

io» Add: - + 7 • 27 

a b . • • • 

I2i If r)^ + « 0, and c is not equal to 0, what Is the value of y? la 

ijj^What are the factors of a« - t'? ; 74 

15. Add: i- + H » i ^9 

m 

t X I 

16. Add: i + i + 24 

X y z ^ 

17. For what value of x is the exprijssion - — - witlutut meaninR? 023 

x8. Simplify: S^{U4){^iWb^\ 14 

Part JII (Presumably a '* Power'* Test) ' 

1. Write as a power of 12 the number of cubic inches in a cubip foot 34 

2. Thi" perimeter of a square is 4y. What is the diaKonnl? 21 

6. What ii^'the difTerence between' the S(|uaresH)f two successive integers, 

the smaller of whieh is y? ^ 15 

7, The area (^f .1 trianRle is ah. What is the product of the base and altitude? 34 

8, Write a formula which Kives the c<ist c in dollars for m miles iTTwire at 

, d dollars a pounds if 01 e foot of wire weif^hs p pounds ao 

(Write equation only) ^ 

13. Plnd two number? whose sum is 100 and whose difTerence is 30 



niately one minute was allowed per question. Tfie test was of the 
**objectivr*' type and the' items selectc(i were of^a comparatively 
simple nature. The pupils were not ready for the prompt reac- 
tions ex{)ectc(l of them. In Part I, comprising twenty questions «n 
algebraic relations and representation, the percentages of correct 
r(*sponses fell below 50 cent on eleven items. In Part II, con-' 
tainin}^ twenty questions on the fundamental processes, . fourteen 
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questions scored below so per cent of correct responses. Part III 
contained work in problem analysis. Of the fifteen items included, ' 
tourti^en fell below 50 jier cent of'correct responses. 

;Jn his Psychology of Algebra, Professor Thorndike reported on 
a rest comprising twenty-eight simple algebraic tasks which he 
gave in ten^ schools that had a high educational rating. AW the 
pupils tested had studied algebra for at least one' year. The rt- 
•suits showed an appalling weakness all along the line. In the lan- 
guage of Professor Thorndlke: does not seem a/I exaggeration ' 
to say that» on the whole, thesc'studcnt? of algebra had mastery of 
nothing whatsoever. There was literally nothing in the test that 
they could do with anything like lou per cent efficiency /'"^ Find- 
ings such as these led Professor Thorndlke to express .the opinion . 
that, pupils having an intelligent quotient below no are, in fiJ^pk^. 
'Val, unable to understand the symbolism, generalizations, and^ 
proofs of the usual course Ir algebra. \U also stated that if this 
co0clusion be accepted, it would rule out more than 56 per cent 
of the present first-year algebra students. He recommended that 
pupils who are. thus excluded might be. given a course- In mathe- 
.matics within their capacity, or. In some cases, might study the cus- 
tomary first-year course i}> algebra during their second or third year. 

We have given some of these figures merely to explain why many ^ 
educators seem to feel, that the traditional vork in mathematics 
- as at present organized Is too difficult for the majority of elementary 
and secondary students and that for this reason alone mathematics 
should' be made an elective subject. /VTain, they are of the opinion 
*thal if mathematics is to be retained at all In the general course, 
it should be so *^^implified'' that pupih^. of average ability Van pur- 
^sue it with a higher degree of measurable sucres^. We shall exam- 
ine these arguments at a later point in this discussion. 

Adapting TitE High School to Indiviouai. Dikki-ukncks 

Attempts at acfjustment. In the light of facts* such as th(vse men- 
tioned above, the high schools have trior!, often very earnestly, to 
find a way out ot the present impasse. ^They have attempted many 
adjustments or modifications vof their traditional procedures. 

In U)S2 the' Committee on Secondary School Prcihlems of tlfe As- 
sociated Academic Principals of New York State, as a result of 

••Thorndike. E;'L., The Psycholniiy of Aluehn}, pp. 3^0 ff., Tho Macmillan Co., 
Kcw Vuik, igi4. 
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five years of study, adopted nine theses a& an expression of the phi- 
losophy of education to be followed in that state.^'*^ ^'The first 
of these. tht*sp.^ stated' that secondary schools should prvvide edu- 
cation i^daptcd to the needs of iiH pupils. This thesis recognizes 
that in the modern hi^h tHdiipol there are enrolled pupils of .every 
dejrree of ability and inierest, that the idea of selectivity is Riven 
up,j^hat the sioKle standard of achievement is abandoned, and that 
a hifih school education is the right of every normal bqy and girL"^^»* 
The association devoted its annual session, December 26-28, 1935, 
to a discussion of the question of ''how this philosophy can be put 
l!}to practice." 

We touch here on one of the most vulnerable spots in our entire 
educational program. It basing been regarded as a settled issud 
that *'every normal boy and girl is entitled to a high sthool educa- 
tion.'' Rut what about those who arc not "normal," \vhn have not 
.mastered even the mdimcnls of an elementary educatt)n? The 
jan^wer now commonly given is that for them, li^f^wise^we must 
provide some form of secondary education which meets their ^^spe- 
cial needs.'' We can hardly do otherwise. To jieglect these boys 
andlgirl.^ would be suiciilal Hut from that point on the roads 
diverge very sharply. To conljiuie to throw these backward and 
unprepared pupils into th>? ordinary high school cmirses is to invite 
the complete collapse, of both seccmdary andliighor education. 

At present the high school is merely a ''receiv'ng station.,'' As 
one principal .has expressed it, ''Everybody goci^ to hif^h se/woL 
The ^niius, the twrmal, the halt, the lame, and the blind come to 
us together and on equal terms,*' Shall we not at last apply the 
principle of individual differences, so o^ten invoked for senlinienlal 
purpose.^, in a realty seientijie xcay/ \Vhat is iho use of all our 
testing and measuring if we refuse \o do anything about the facts 
which thev cim.^t-antly bring to our attention? 

Admihistrative attempts at adaptation. On the surface, a plan 
involving mass education would seem to preclude the p\)ssil)dity i)f 
eniphaj>izing individual differences in the classroom. When the 
number of pupils assi^niuV lo a class exceeds thirty. (^and when the 
teacher carries a load of five or six such classes a <lay, it is impos- 
sible for the teaduM* lo keep in nu'nd the individual interests ami 

^'^ Stmffuiry Rrt>i)ft of thr Ccmmilt^'t' oh Sri OUihiry .S. /n'o/ /V(>^/rms p. i6, 
^•\^MUiati*(l ;\c:uifniir Triiu ii)aLs, iquv 

*"^VfU' York Slate luluoitn^ft, DiximhIht, \ .;s. p. 
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needs of the pupils enrolled irt her classes, NVhlMi, in addition, the 
teacher must follow a prescribed curriculum, and when her pupils 
are espected to face uniform city-wide or state-wide tests, it is 

. evident that the dice have been loaded heavily a^^;)inst the idea of 
adaptation to individual needs. In proof of this statement the 
table on pajje 94 is reproduced from Hulletin, 19,^2, No. 17, of the 
Xiitional Survey of Secondary ICducu'lon. • *" 

An inspection of the table reveals that not a ^single opic of the 
tmiPty ^liuts. reported as being tit use may be regarded as satisfac* 
lory in any teat sense of that term. It will be observed that only 
a moderate number of schools carried on **reme(iiar' work or de- 
pended on ''adjustment^' chsses, and that the schools reporting these 
plans as successful represent a comparatively small fraction of the 

• total number of schools ini^ded in this study. Evidently, then, we 
must look irk a different direction for a solution of the problem of 
mass education, ' 
, Subject-matter adaptations. The tlvsling movement, as alreac^y 

suggested, has clearly proved the^ existence of a vast amount of re- 
tardation in the entire school population. Frotu a. standpoitit nf 
mastery, we simply have not arrived ^at any fair degree of suc- 
cess. With a resignation amounting to fatalism we have^conie 
to feel either that **nofhinK can be douf about it'' on that all re- 
quirements must be reduced to such a level of simplicity 'that even 
the slowest pupil can cope with them. The latter plan appears so 
plausible that the administrator tends to favor it because it prom- 
ises to reduce the percentages of"" retardation and ^'failure." Its 
t/rmrndoAs ^iunger, 'hOiVcver, is in the direction of such a dilution 
of the curricmtm for all pi4/>iis that very little of value remains for* 
anybody. Thus^ speakini; 9I algebra, one experienced" administrator 
said to a group of teachers of niathematics: '"rnless you can hrinu 
this subject down to the level of morons, you need not expect to 
teach ut, very much longer.'' In other wonh^ the "moron*' is to- 
detertfhe the educational program of the school. 
, ' An examination of current textbooks shows coiirlusivcl)- the fc^l- 
lowing, unmistakable resufts of this rlemand for '*oasyism*':^( i ) the 
vocabulary has been K^oatly simplified, in acrordance with ProiVs^ 
sor Thorndikes efforts in that direction: (2) many "tcchnicar' 
details have been removed; (^0 the entire presentation has been 
made much more elementary. 

. In mathematics the simplifiealion movement has alreatly achievecj^ 
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considerable dimensions* This is true of arithmetic especially, but 
also of elementary algebra and plane seometry. The latest develor- 
ment is a Rroim one-year orientation texts that have given 'ap 
all attempts /« cdlierehce And thorounliness. In these bool^, a 
series of ^'snapshots" has replaced the sequential presentj^Uon of. 
more substantial treatises, 

Some cities have also begun to issue their courses of study in 
various editions, according as they are intended for good, average, 
or slow pupils. Grade-placement charts have been modified in a 
similar way. A three-track system is oftkially sanctioned in. many 
schools, and a different time-scfiedule is in fofce for each of the 
three differtnU levels of ability^ oftkially recognized. 

Educational guidance. For some years, also, the schools have been 
doing a gratifying amount of ''follo>y-up'' work, scrutinizing with 
greater cjure^.the progress of the individual pupil. Hut for the de- 
pression, which curtailed the clerical and executive staff of many 
an institution, much more progress iu that ^iirection would now be 
in' evidence. Again, witti increasing fretjuency, the . Hucational 
history of each pupil is being recorded, thus enabling the official 
advisers of tht pupil to deal with him more wisely. At be^st, these 
counsellors have a very difl'icult task to perform. Often Ihey fol- 
low the fine of least resistance by sendint; the pupil from the *'aca- 
demic" classroom to the shop or to the V()c;Uion;U^school, Such 
educational '^guidance'' may rescue ^the pupil from the Scylla of 
^•failure," but quite commonly substitutes for it ihe i'harybdis of 
a closed door at the end of. the line. Other attempts at adaptation 
to individual differences, such as the introduction .of differentiated 
courses and of special adjustment programs, will be discussed at a 
later point. 

THK ISSCK OK VOCAIIONAI.ISM 

Statement of the i.ssue. The problem of tlie unadjuste ' ; retarded 
hi«h school pupil has led many to advocate a soluticm which at 
t'lrst siuht looks very promising. It is to the effect that the major- 
ity of these j'ounu people are not ''book minded," that, instead, 
they are "hand minded." Hence ihey .should he sent to vocational 
schools offtTini^ courses m the practical arts, iu trade instruction, 
in pre-enunneerini: work, and the like. It is assertyd lliai t'he real 
trouble with the "academic" type of hit^h >ch(»nl is that it lacks the 
"life-career motive" and therefore (iocs not appeal to our most 
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active aUd vigorous boys and girls. Once more we meet here Ihe old 
^argument of narrow and early vocationalisni against general train- 
ing .and' liberal education. ^ 

Prevailing misconceptions and fallacies. \\ e have aheaily pointed 
out the'im|K)rtance of adetjuate hand training and of art apprecia- 
tion for every boy and girl. But we must carefully distinguish, 
such liberalizing contacts from a strictly vocational emphasis. 
What, then, are some of the pros and cons of vocationahsui at the 
secondaj:y level? ^ 

1. If ' it were possible to diagnose .correctly the latent ^practical 
' or professional abilities Gf each fourteen-year-old pupil, und then 

to pian and tor provide for each an appropriate course of study, 
many of. our troubles would probably vanish. We are /far from 
being able to car/y out such a scheme,^ Most children are not^ 
sufticiently mature , at, the age of fmrteen or fifteen to feel reason- 
ably sure about their permanent li *e interests. A prcnuUurc voca- 
tional choice ivouhi lead to wiscry upld social maladjustment. 

2. It is not true, as one proniljient administrotor asserts, that 
^'eighty per cent of the high school pupils -are hand hungry.'' The 
majority are not. Kven a suix^rtlcial acquamtance with shop 
schools serves to bring out the fact that they complain even more 
bitterly about their unadjusted and aimless pupils than do the 
"academic'* high schools. The lower grade of trade scl]iOols have 
become the "dumping ground" of "problem cases'' and often re- 
semble reformatories r;\ther th.'m "joyous laboratories of direcf 
experience.'' In other words, 'handwork" alone is not the glorious 

^miracle formula thougii theorists cling to it ardently. 

3. At best, trade schools of this type furnish an opportunity for 
apprenticeship traininix. They cannot turn out master craftsmen. It 
is true thaUJie gra(lu;ites of such schools are still in demand in large 
industrial cities. In pn^sperous times they can usually tnid imme'li- 
ate employment as junior craftsmen. Ihit if they do not continue 
their education, they often receive a rather unsatisfactory wage 
and also'^^ice the certainty of periodic or permanent unemployment 
before they reach niidille age. 

4. Our industrial system, as ?^jryl)0(ly knows, is in' such 'a state 
of turmoil at present that it takes more than coura.ire to recommend 
a narrow tyi\* of industrial training to any y(^unuster. Today, tech- 
noloi^ical ui, •mploynient predominates. Its problems demand a 
nuich broader educational etjuiprntnl. Hence those \ ho knoio a 
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good deal about modem industry are advising against early Indus- 
. trial education. , . 

$. It is hiKhly sij?nificant that industrial and aRricultural workers 

as a group are stronfily opposed to a pierely '^practicar' education 
' for their own children. They Icnow something of the limitations 

resulting from an ^exclusive emph&sis on . handworic. Aftain, the 

young people who crowd our evening high schools, after a day in 
^ the factory or in the office/ know ev|n more of the boredonj of 

this machine age and have experienced the emptiness of mere. 

manipulation. ^ 

6. So mechanical has become our way of livmg, so enslaved are 
we to the machine and to. the routine of business, that only a 
broadly trained mind can hope to find in the rich cultural pos- 
sessions of the race an antidote to the weariness resulting from the 
daily grind, and a satisfying refuge for leisure houfs. It seems 
almost criminal to rob young people of the few precious years 
which they have to get ready for the wear and tear of Ufe, by a 
premature injection of the mechanized performances which only too 
often are destined to become their steady diet. 

No royal road to learning. It is also a fatal Wror to suppose that 
early vocational ism somehow corrects or makes less serious the 
scholastic or attitudinal shortcomings of tl>e ipupil merely by sup- 
plying a more potent or more direct kind of mothaiion, A stenog- 

V rapher or typist who cannot, spell is discharged or relegated to a 
secondary place. A machinist w*ho is unable to measure accurately 
and to niake shop computations cann(;l evpect to hold a steady job. 

\ Everywhere the demand is for groatei efikiency, for good judgment, 
for almost instantaneous reactions. A dawdling, shiftless l)Oy is 
.simply ''out of luck'* in a modern indu^^trial plant or in almost any 
practical career. At best, he may look forward to the occasional 
; and uncertain employment accorded to the unskilled laborer, since 
Mn effect ho is a mere 'iiand/\ 

How, then, is the vocati' nal school attemptinir to supply that 
mastery of the fundamentals which even the humblest industrial or 
'commercial worker simply ufust possess? ' An inspection of many 
shop texts and ^^practical'' coyrses of study shows that only too 
often "ftie situation is met by ignoring it. Thus, in mathematics, no 
attempt is rnailo ''"volop insiyjit. -The fundamental processes 
are ''reviewetr' by a lot of mechanical, imitative work which Ts 
based not on principles l)Ut or unexplained rules. There is i.o 
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evidence ^acquaintance with modern .educational objectives, or 
/wiih tW newer psychology of learning. Obsolete processes and 
outmoded types of exercises are continued in abundance. Not in- 
frequently, the organization of the topics anitthe presentation of ^ 
new materials are almost archaic. 

/Teachers of sl^op classes have found that it is next to impossible 
to carry on group. instruction when no two pupils in a class have 
a common educational background. The disabilities of such pupils 
often date back five or more school years. As a result, shop teach- 
ers commonly depend on individual instruction, with the aid of 
lesson sheels, special shop manuals, or work books. With thirty- 
five pupils in a class, each individual pupil may teceive as much 
as five minutes a day of individual instruction. At that rate, back- 
ward pupils will sometimes take many days to complete & single les- 
son. Such Js the price we pay for the mistaken notion that **voca; 
tional" tfaining, instead of foundational teaching, is a quick rem-" 
edy or a cure for edjucational retardation. 

The old and the new conception of vocational education. Kduca* 
tlonal treatises written thirty or forty years ago assign to the sec- 
oncUiry school the task of direct life preparation. Professor Ilanus 
insisted that it is the function of such a school '*to stimulate every 
individual' to aim at intelligent self-support or some worthy form 
of life-work, whether he inherits an income or not; and to give him 
general preparation for such activity."**'^ In his opinion the sec- 
ondary school in the past prepared its pupils too exclusively for t ie 



What we do not yet fully recognize is the function of the secondary 
school as regards the vocational aims of those who subsequently devote 
themselves to industrial and commercial pursuits. This function de- 
serves recognition on the broadest grounds, both for the sake of • the 
vocational interests themselves, and for the sake of all the possible 
interests which the individual or society has. 

, This means that in addition to the p\irely intellectual courses of tSe 
school we should maintain in every secondary school, whether public 
or private, courses in manual training, and commercial courses, which/ 
together with their general educational aims, minister directly to voca- 
tional and social aims.^^^ ^ 

It is noteworthy, however, that even in the days of Profcssur 

^'"^ Ilrnu*;, Paul H., Edurational Aims and Kducalionul Valuer, p. Quoted by 
permi-^sion of The Macmillan Company, publUhers. New Vork, iQOi. 
^""Ihid, pp. 85-86. 
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Hanus there \va3 no inten{ion to identify *<manual training'' with 
the teaching of a trade,'* One of the wrif- of the same period 
expressly says that *'the working boy of today needs n6t so much 
any one trade as ^at combination of qualities* whiih will enable 
him to. turn with facility from one occupation; td anoth^ as ef&ch 
in turnMs supplanted.' in 4he course of the indistrial^Volution."^^^ 
And commercial educatioq^was conceived so vbro^ly that its ulti- 
mate aim, for the young man jjt least, -wa^^ described, as that of 
•making him **a public-spirited, intelligent, WelKeduca(ed and suc- 
cessful man of affairs ' \ . 

The ^^cosmopolitan" and the "nianual training'' high school car- . 
ried on for years in the; spirit of that tradition. For a while every- 
.thing looked very harmonious. But the ever^ncreasing momentum 
of the machine age, the effects.of technological unemployment and 
of economic irisecurity, and the re.5ulting influx qi pupils into the 
high school, caused a gradual, y» t inevitable.change of orientation 
with- reference to vocational education. \ We are now in the midst , 
of a. transformation that cannot be evaded or postponed. The 
Smitii-Hughes Act .of 19.17 proved as ineffective as did the numeroils 
*'expioratory" shop courses that we still find in so many junicjr 
and senior high, schools. 

The new outlook is governed by the thesis that, in the future, 
vocational education will b\ c:>septtially a post-secondary problem^ 
and, accordingly, the secondary school should iimit itself primarily 
to general types of-^. education. \ * , ' 

Who are the sponsors of this newVicw of vocationalism? Those « 
who have been in close touch with Its development afid who have 
made thorough studies of our preserit industrial system,^*'^ Among 
the leaders in this* investigation iA Professor David Shedden of 
Teachers College, Columbia UniversUy. Whatever one may think 
of his drastic views concerning the cultural work of the high school, 
the many years of careful attention which he has given to the' social 
and vocii^ional problems of American schools compel us to heed his\ 

*^From "The Working Roy>" by Florence Kelley, A'merknn J our mil oj Sociology, 
11., p. 158. Quoted approvingly by Profesi'or Hanus, op, cit., lioi], p. 87. 
ibid., p. qo. * / ' 

To Prt)fe^sor Paul R. Radosavljcvich of New York l'niver<^ity the writer is in- 
debted for an illuminatini; aaount oi c^orrespondinir recent developments in Russia. ' 
Of particular interest in this conrecticin are Pn)fe<?or Paul P. Rlonsky\s two 
volumes entitled 7V?<f/f)niyfi ShkoU (Srhool of Work), ^Io<cow, iq^q. Professor 
Hlon«^ky the head of the larue-t -school ip Moscow Cooo i^upils. from the kin^lerpar-^ 
ten Ihrouuh the seajnd year of the secondary school), as well as a professor of philos- 
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authoritative advice in, the field of vocational tfaining. He has 
outlined his position in' a series of recent publications. He rey 
jects in toto, as, futile and inefficient, our present provisi&n fbr 
vpcatipnal training at tfu secondary level, including the usual "shop 
work'' in junior high Schools, as'w^ll a$ technical, manual arts, and 
fndustrial high schools, commercial departments, home economics 
departments, agricultural high schools, and Smith-Hughes voca- 
tional courses. . He characterizes as ^'fantastic*' the notion that 
junior high schools can profitably offer genuinfe preparation»for anjT 
vocation. We are told that because of prevailing economic condi- 
tions, any one hundred boys, now entering any typical American 
high school at fourteen or fifteen years af age will be found, fif- 
teen years later, distributed among seventy to eighty unlike voca- 
tions. Professor Sneddefi predicts, somewhat prematurely, thzuby 
J 940 all commercial departments pill have disappeared fro% Amer^ 
ican high schools. * ' 

Professor Sneddon insists tJ^at in the future all pupils must attend 
full-time schools of general education until the end of their eight- 
eenth year. Training for a junior vocation may begin at eighteen \ 
for an operative vocation not under tiventy]"- ax\tX for mastership 
voct^^frkTiTy/o^ under ttvcpttv-fiv^. Hfe advocates "a New Deal sys- 
teni^of fi^l-competency vocational education at^iht post-secondary 
level'' consisting of one or- a few schools specialised for eacK voca- 
tion in each populous state, and adniinislered on a ^tate-wide basis; 

Under the Kxpected Xew Deal a fully developed, fairly democratic 
system of vocational schools designed to serve all of the million youn^ 

men and million young women who in these United States must each 

. _ _ _ ^ ' _ . ' # 

ophy in the Academy of Social Education, c;illi*(f *'Krupj^kavn.'*' The Lollowins 
p;i?s:me from Proff^?or Blonsky's work {p, 164) it^f jrrciit siKrtifuanrc: / 

*'\Vc fin nnt want tn produce an artisan : .tlK^ainv of the School of Work i? not 
the tcnchintj of a trndo. but the development of the worker and brother and ally 
to all toilintr humanity; a keen observer of t|lie life of mankind, a rijie individual, 
yet retaining the altruirim and poetic fceliiiLW of childhood, an individual livint: in 
dn^^i' touch with prc'itnUMlay techni(|ue anrj si ience, nature and art— such is the 
product of the School of \V(>k. brinuiru/ toircther active men and humani/:cd 
nalure; «uch is the little induNtriali-t iV^'/nt: cnntrmporary life by way of the his- 
tnrical evohitinn of mrpi ar.d in arrrvrdance with the evolution of iliihihoufi; such 
i< he. the able and inl(^rmc«[ buildVr of the future o a belter human life, miuhtiK- 
i^lcepc'l' in li-^hl anj| happinc---." 

' Si-e csprriiillv Snrddf-n. I) : Amt-rkiin Iff\h Sdnu^l^ inuf Vocuth^yhil Si'UooU in 
Ti^^n, Hunau of Publication-i. IVarhcr^ Vollei'e. Cnlumhia University. New York, 
rnu,- -ee also "An Kxpected Ni-w Deal lor Vocational Kdut ation,*' Teachers Col- ' 
Ir^e Record, October, I0.^4. PP- 5.i*Q-i. 
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ytar, somewliere, between ttieir eighteenth mul twenty-fifth years, en- 
ten uptin •lull-time, sustainmK vocational work, or, later, advance to' 
hislier vocations or siaj?eij of vcjcations; it is predicted: {a) will re- 
quire perhaps from one thousand to three thousand distinctive kinds 
'of vocational schools for the entire country; (/>) ivill require alto- 
jjbther not to exceed fifteen to twenty thousand distinctive schools for 
the entire country; (r). will entail an annual cost not to exteed two 

..hundred to four luittttred nitllio^lollars per year; (d) will prove ex- 
ceedingly simple of administration, once ba^ic ^uidinK " principles' are"' 
accepted; and iv) may be expected very soon, even in strialy pecuniary) 

*term.s, to expand the/produ'ctiVe and taxpayinf? jxnver^ of our .popula-. 
titm far beyond the' annual coSt of the system of vocational schools 
itself.^'^^ i . . 

• V. ' TiiK Prohlkm or Stv\ndards • * . 

• A.battlc of conflicting opinions. The writer has^had^'the •benefit of 
many\iJ[roup conferences with a larj?e number of elemehiary and 
secondary teachet^ representing a considerable number of com- 
munities. He has never met one subjcct-niatter teacher in the 
higher ^^rades who failed to insist that without li reasonable founda- 
tion and withoiU carefid setiuential tr<iining.a pujiil is almost 'cer- 
tain to become a '**problem case/* Thui^, a' pupil cannot learn to 
multiply until he ca*n add. He cannot solvt percentage pt-oblems 
.-unless he'can handle ^lecimals. ' He is lieJpless in algebra without 
•some proficiency in arithmetic. Teachers everywhere regand it as 
axitmiatic that progress is impossible without a moderate amount 
of effort Tind self^activity on the part'pf the pupil. 

When such abilities and attitudes are lacking, they cnanot be 
creale<l ovt?rnight by a sort of magic. The correction of deep-seated 
disabilities i.^ never a master of a few ^^remedial*' le:^ons; .very 
often these shortcomings cull for heroic measures extending over 
weeks and nmnlhs. 

Now, the-i'ducatinnnl theorist seems to' think that all these teach^ 
ers are sadly mistaken. * They have no rit^ht, we are tohf, to call 
any pupil a **failure/* It is too discouraging to children to ho 
brandtMl in tlii^^ way.' Children should always have a buoyant sense 
of vsucci'^s.** * I'A't*n th(nmh they misspell many common wr)rds, can- 
Mint read t'lfmentary texts, and cannot solve yhe most ordinary 
[>r()hlfms in arithmetic, the^e deficiencies shouhlbe no hindrance to 
a ghrridus. unimpeded development onward anrl upward. 

''■T',!,hrf, C"l!,'yr Rrct^Ytl, OtlobiT, lo.v^ P- 5^- •^t'C also ///i:/* Poini\, June, 



102 VhE ELEVENlk yearbook , . 

, At any cost, children mast^ be promote'!. Itl^'llte teacher's busi- 
^ej^s to find out what can be done about it. Teachere have^ come 
to feel that etiquette forbids the nientioninj? of such ai^ 'Unpleasant 
fact as retardation. A conspiracy of silence iy expected to eliminate 
-all problems of maladjustment. Unfortunately, mathematics re- 
fuses to be built on anything but an ^honest foundation. It is 
incorruptible. Two and two will never mak& five. Nor can mathe- 
matical skills be ac((Uired witlj<)ut careful, continuous effort over a 
period of years. Because of this refractory nature of the mathe- 
matical curriculum, it is now to be punished by being destroyed. 
The grand discovery has boon made that we (jo not need anything 
— -HiUV'tlVe'tKirest"Tiidi4wcnLs./l in "everyday life.^^" Every- 

thing else, including fractions amf decimals^ may safely be assigned 
to ^Hechnical*' course at the higher levels. Such details, it is claimed, 
can reiKlily be "picked up incidentally" whenever they are needed. 
This assertion^ that mathematics and t/he .other fundamentals are 
superfluous or outmoded for the average pupil ha s been received 
with such warm approval by a group of ^progressive" educators 
that one wondors how far this aberration will extend. 
From the standpoint of the teacher, the dist-url3tng^and amazing / 
^ thing about this development is that no suggcstiopi is ever offered as 
to hoic it is to he wade possible to do any kind of edneational work 
ivith a large group of pupils xvhcn no txco of them have a common 
foundation. 

Let us now hasten to i\ssert that the real question which refuses 
to vanish from vicxo is xvhvther society has a right to expect from ev- 
ery child a reasonable mastery of the fundamentals in the trunk line 
subjects. If that question is answered affirmatively, as it should be, 
it xvill then be necessary to invostigate the reasons for the educational 
disabilities of so many children and to' find out what can be done 
to correct thrm, ' » 

The rejection of standards. How fa»* some educators are ready to 
go in their policy of infliscriniinato adaptation to individual differ- 
encos>niay be inforrod from the following statement, much? by Pro- 
fessor (iuy M. \Vilson: 

Provisit^n for individual difforoncos. which is rcallv fiinf tioninj?, 
means that thtrr ere no failures, no money spont cniVopoators. A 
child is entitled to. six years in the grades, three years in the junior ^ 

Wilson, (iuy M., What Arilfimclic ShdU We Tauhl Himtrhlnn Mifllin Co., 
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high school, three years in the senior Hifih school. Admission require- 
ments for grade 1 is age 6, to the junior high school age 13, to the 
senior high school .age 15. l*hese are. the general admission retjuire- 
ments: by agreement with pupil and parents slight moditkations may 
be made in either directiim, * The teacher's prgblem Oeromes^ opte of 
atUptation. hi alt of the grades, the woy/^i^ adapted to Jhe mterests 
ana^ability of the child. Under this sciheme college entrance as such, is 
ignored by the public schools. The service viewpoint is developed. 

The best single adaptation is "that of granting to the teacher full 
freedom to disregard or adapt administrative machinery to the necds^ 
of her particular children. The teacher^s major instruction should 
'•Keep the child in mind; .meet his real needs with*sizable tasks, self- 
chosen, self-planned, and- adapted to ability, 

At a recent educational meeting in the New York area. Dean 
Milton E. Loomis of New York University is quoted in the metro- 
politan press as having made a vigorous attack on '^regimentation." 
He is reported to have sa*d, in part: ^ 

If democracy is to survive, American practice must conform to 
American theor,>*'-"W<rnust free our institutions from the caste spirit, 
and indi' * tualizcd emlcation must lead the way, . , Adequate in 
their own day, tho three R*s are no lonuer suftjcient or of paramount 
importance in modern educational technic. . , , The social studies and 
'the line arts are now the proper foundation of the curriculum. 

This sudden and meteoric soh'citude on l)chalf of the social studies 
and the fine arts fits in beautifully with the prevailing dislike of 
'^high-mortality ' subject.'; and the rejection of standards. One 
more (lut)tation of this type must suffice. In the Chicago Schools 
Journal of September^ 1934-February, 1935, there appears this 
passage : - 

Fortunately, the policy of reorganization is simple. The lujsis for 
all Educational rrori^anizotion should be the needs of society and of 
the individual for the present ajje, the present year,' the present hour, 
the present minute. Nearly all other aires have recoRni/ed this truth 
but we have preferred^ to follow a pattern cut i^or and by men of a 
day lonu since passed. The earliest civilizations insisted upon this 
principle of educatinu for the present. . . , 

For the ninety-five per cent. ho,wever, who will not co to college, 
who lack the ability to succeerl in college, and who should not -go 
there in any case, (liffer-e*nt tvpes nf erliicatinn should he offered. , . . 
If you will stufly witliout prejudice the curriculums of elementary and 
high schools tlirouu'l' uit the cnuntrv vou will discover an amazinu 

' ^ \ 
^■'"WiNnn.'fJiiv M . **Tho Child a« the Ccntrr." Sm^nd Yearbook of ihr Dvparl^ 
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number of subjects that have little or no practical or cultural value 
for ninety per cent of the stucleiics. 

Tha substitution of a new proRtam for the old In the secondary 
schools will not be easy, but it must be made. Beyond art, music, 
stinie of the social subjects, and a limited amount of science the foun- 
dation is Nveak. . . . To circumvent future depressions the st\4dy of 
economics at various levels uhH be demanded. It can be made inter- 
t*:Uine[ even to ytuins children, but at present It is ineffective. .The, 
sti.^nia which tiie schools have so often placed up^m labor will be 
removed and vocationol eduaition, or education for versatility will 
hrcofuc n\spectahU\ The primary function of free public education in 
a democracy, the development of citizenship, will be recopni^'ed as the 
task of the public schools, from kinderparten liKColleRe. (iuidance, 
direct ^md indirect, will lighten the pathway 0/ adofescence and 
youth; 

Appraisals of the present trend. Fortunately, nuc all of our tdu- 
cationjil thinkers have failed to recognize the ominous implications 
of these tendencies. Professor Boyd H. Benle is of the opinion that 
the net result of current educational policies is that ' our conception 
of Kcneral education has beconii a collection of* odds and ^nds for 
which it- is impossible to have any profound respect. He says 
that 'Sve teach a little of everything," expecting the pupils to 
achieve a synthesis^ in some unexplained way. Instead, *'the various 
elementi^n their cducation 'tend to neutralize one another, and so 
the final result is apathy or intellectual and emotional paralysis.'' 

The most searching critique of the principle of 'adaptation/' 
however, is that of Professor T. L. Kandel In his Tnglis lectuVe, 
entitled **The Dilemma of Democracy.'' he exposes with relentless 
logic both the fnllacies and the fateful consefjucnces of the educa- 
tional theories we have been considering. This* essay should he 
lioacl !)y every teacher who is interested in the present situation. 
Professor Kandel points o.ut the error of supposing tHat all subjects 
arc of efjual educational value. He traces this error ^ to the con- 
venient but totally false belief that the doctrine of generalized train- 
hwL incorrectly called formal discipline, has Ii^en disproved. Recent 
iuvestiuations, as wns stated previously, point in exrfctly the oppo- 
site (liicction. In brief. Professor Kar VI finds tire root of the 
trouble to be the ronstant cnnfu^ion of f. .^eturn of opportunity with 

^'"H«»'/an. William J.. **RfOT'iani/atitm in thr Public SchonlXSxstrm," Chioifio 
S' h'u*!^ Journal, ^cpi^mhw, loU^Frbriiarv, iQs.v 

Hnyd H . "Thr ConfuMon in Prcscnt-Day Education/' in The Fduca- 
-tintuil l-roniirr, Chap. I. Kilpatrick, William H. (Kditor), [20I. 
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equality. We submit ^the followiW significant passages fronf his 
monogifaph: ' 'n. * , 'j 

To insist that courses should be so ditjerentiatcd as to be. adapted 
to the heeds and abilities of the pupils is one thipts; to, adapt standards^ 
to the abilities oj the pupils is another and means the complete aban- 
donmeht oj any standards at dlL The significance of this principle 
is that high school graduation is again reduced to the time element and 
scrambling through the required n'jmber of units at a pupils own 
level. .... 

In ihe desire to do justice to airit is ' highly probable that the «cu' 
dispensation will result in doing justice to n!i)ne:.''Jn the confusion of 
equality ivith identity there is, a very serfous danger that the real prob- 
lem is evaded of devoting that care, u^hich is essentially to the discovery 0} 
xvays and means of treatment most appropriate to individual differences 
of capacity. In the widespread concern that pupils'tit the lower end of 
the scale of intelligence now admitted to the high school shall profit 
from their stay in school and that the word ''failure" shauld be eradi- 
cated from school pracftice, questionable justice may be done to, this 
group by the warpincj'of standards to meet their capacities: hut at the 
other intellectual level there is no doubt that injustice has been and 
is being done not only to the brighter pupils but to society us a 
whole. ... . 

The ptension of .the period of educati(m for all adolescents is in- 
evitable: it is not beyond the scope of wise educational statesmanship 
to devise the most appropriate methods of promoting equality of oppor- 
tunity, equipping all wilh a ctunmon language of intercourse, giving 
to eaf:h according to his ability, and leaving an open road to talent,^ 

Some common misconceptions. In the current educational litera- 
ture one constantlv finds- statements which are sources of mi.^un- 
deistanding. While it is certainly true that not all cliiltlren can 
reach exactly the same goals, in a given periful of time, is it not 
absurd to ar^ue that because of this fact there .-should be no stand- 
ard< whatsoever? Again, those who advocate n mult.iplicity of 
standards never indicate how a school system can operate on such 
a basis. Finally, it is fori^ot^en that "in man. th(^ thinu^s which are 
noi niea>ural)le are tnf)re important than thfise which are measur- 
able. ''^^'^ In other words, many important tyi^e< (^f training are 
not of the verbal type and cannot be tested by written examin.n- 
j[ions. There are physical, mental, and s[Mritual adjustments which 
demand constant attention in (he school and wiiich can never be 
Recorded in -terms a standard scale. 

^'^Kamifl. T. I.. 7'hr J^iWmnui of Prmnrrdry, Iivjli- I.«Mturc. lo^j. pp 50 70. 
Harvard I'nivrrMty Pri'^<, (?aTnl)rifliro. io%4. 
'••'Carrd, Alexia, op. cit., [2y], p. 27S. 



io6 . THE ELEVENTH YEARBOOK 

01)viously, however, there are other aspects of the pupil's life in 
school which do require the application of definite and eVen uniform 
stanilardfi. The moral ideals of lifeure not determined by personal 
likes .or dislikes, Honesty^t truth, justice, integrity, loyalty, and the 
like cannot be juggled lo suit the convenience of %he crowd. Nor 
can intellectual and aejithefic standards be ''adjured/' There are 
ntany situationiK\vhich/r^quire the unflinching application of such' 
standards. * ^ . * 

We can sum up these apparent or real contracjjctions by saying 
that a pupil should certainly^ not be rated a failure'' so long as he 
is rejilly trying, to the best ot his ability, to improve in every 
possibly* way, within the limits of his capacity. On the other hand, 
standards of exccllctur are never to be given up. 

In the light of these comments it would' seem superfluous to point- 
'out in detail the mixture of truth ancf error in the solution recently 
proposed by- Dean M. Mc^nn of Lehigh University: 

It is easy to see now -that the gospel of standardization was based 
in part on a tacit, uncriticized, and unwarranted assumption:* the as- 
sumption, pamely. that all men and particularly all -children are equal 
and alike, or nearly equal \and nearly alike, not only, in their right 
to Life. Liberty, and the I'ursuit of Happiness, as the democratic doc- 
trine declares, but also in kincYand decree of intelligence and capacity. 
In short, we quite overlonkedNj^he little matter of Individual Differ- 
ences-~<)f which, in fact, little or nothing was heard thirty or forty 
years aufi. . ^ ' 

We Pniiri^v missed the fact that the great m.ajority of the children 
in schnois, and even a substantial minority of the undergraduates in 
colleges, were not at all like us, but were endowed with quite other 
kinds of capacity and often with lesser degrees of capacity x)f any J^ind, 

For those others the majority! —our generalized imiform Stand- 
ards were all wrong, in that they jjave exclusive sanction and exclu- 
sive presliue to tasks which were unsuited to their kinds of capacity 
or imposi^ihle fur- their dourees of capacity or both. As a conseii^uence, 
the Stanrlards have caused, and are m)w causing?, untold dama^^e and 
unlellahle rrjsery U) vast numbers of children in tlie elementary scho{)ls 
anri hjuh schnnls and even in cu]]eges, thwarting and warping and beat- 
ing riown younir lives, ' ... 

W'e vaK'uely ima<:ine(l that in j^rovidinp: ancf-enff)rcinK substantially 
the same kind oi insrructidn fnr all children we were -serving the 
fit^miKTatic ivrincii)le already cited: Life. Liberty, and the Pursuit of 
Hai^l^iness for everyboriy.. Hut in fact our uniform im\ exclusively 
intelltH tuid Standards have deprivt^i a majority of our pupils of the 
last two of those riirhts. 

Plainly, then, ichai ivr nerd is more standards; many highly differ" 
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Mtiated and carejully graded standards, adapted to as many kinds 
of capacity and to as tPtany levels oj^attainment as w can identify 
in thK children actually in our school^ liach of the new dilJerenliated 
standards would naturally — like our present Standards —carry its ap- 
propriate prescription or indication of subject matter cr kind and 
mef/wd of inslructfon and its ou^n norms of excellence. All should 
be given equal sanction, and to each should be accorded its ahpropriatc 
)prestige. Thus, and Xl^m pn\y, shall we succeed iti brinKinf? to all 
children those benefits— lirst-rate facilities and feasible ^oals and sue- 
cessful and happy attainment —which our old Uniform Standards 
sought to bring to all but have actually brought* onlyx to one limited 
group, namely, those who are in some degree bookishly superior,*^-* 

In defense of standards. In concluding this part of our discussion, 
we submit 'a few signiiicant comments relating to thelnecessity of 
maintaining standards and to the danger of ignoring \\\em. Pro- 
fessor Kagley has repeatedly summarized the consecjueikes of plan- 
less and effortless education. Vrom a paper entitled f*How Shall , 
We* View Klementary Kducation?'' we quote the following passage: 

We turn now to subject-matter. . . , There is noiorni -not even dis- 
cipline—that is in greater disrepute in educational theory and practice 
today. The severest epithet that one can hurl at a teacher or an ad- 
ministrator is to say that he is ^''subjVct-matter conscious/' I have 
not dis<:overed what th^ antithesis/»r correspo'tnling virtue .^really is. If 
'•subject-matter consciousness'* is the vice, is unconsciousness of sub- 
ject-matter the virtue — or perhaps inn<ieence o{ subject-ntattcr - since 
innocence and virtue are dost^ly associated?, 1 am \vh myself in the 
predicament of the student of the new jjhysivs; I carimn comprekend 
education without subject-matter; -but perhaps 1 could if I had-com-. 
niand of the proper symbolism, . . ; sli^/itrst rrftcction is suffi- 
cient to prove that an enli^htnted system of eduiiition must in large 
part reflect authority. It should not rejhrt an authoritarian control 
by yestaf 'tPitrrests, but it should reflect^ thr authority of tested human 
experivpice. . . . It is the background of expvrirm r that determines 
the pneanint^s ivhich ur read into the ipnpres^ions that tpnpinge upon 
consciousness * 

The systemaDe and sequential mastery of past experiepue as or- 
ganized in the vorious fields of human inquiry I rei^ard as the pnost 
depepidable source, p/ helpful baeki^roupuls. It is easy to deride such 
mastery as the aeeumulation of >nere information; it is easy to dis- 
credit learninfr processes that deppuvui e^ort apul sustained attention 
in the face of desires and distractions. One ntay be sure that anv 
proposal 7vhich saputions apui rationalizes the lipies of least resistance . 

*'*NK{\)nn. M, ••Kxaminalions^C^rl and \rw: ThiMr I's*-^ ami AhuMw.'* 7V/r 
I'.diuatioiuil Rvcotd, Ortolu-r. p(i. 7 ff. R(nri<il> n\ay hu t»hlaiiu-(i Uum Tho 

AnuTican C'uuiuil on triuiation, \Va>hinKlon, \), C. 
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will r(C€ivc^the applause both of the gallery and of a goodly section 
^oj tik pit}^^ : . * X / • • 

Writing on ^^the tallacy of the passing grade'; and our customary" 
**get-by attitude/' Professor Henry C, Morrison of the University 
\)f Chicago states the situation as follows; 

Study of probl^^m cases, in the laboratory schools especially but 
elsewhere as well, seems to show in many pupils a characteristic well- 
defmed volitional' perversion which we have come to call the "get-by 
attitude." The pupil thus afflicted— and the victims are many— comes 
to see any task which he hWto do, ndt as a thing to be accomplished 
in a fmished manner as a matter of course, but rather as an under- 
taking upon which he will economize effort to the degbe which ex- 
perience has taught him will be accepted. If we raise/tne standard 
• by requiring a higha passing grade for certain purposes, we simply 
require greater exertion without changing the attitude. ^As the pupil 
goes on into high school and college, he often becomes very^ skilful in 
his ability to just scrape through. What college teacher has not met 
these people? ,They occasionally^become solicitous about grades and 
upon being, assured that their work is acceptable, receiving B perhaps 
when the passing grade is*C, they at once relax. 

Xow, the teucher, and perhaps the parent, passes this all off with 
a good-natured smile and the comfortable verdict **Just a boy— he will 
come out all right.^\ Yes, it is just a boy— a nine-or-ten^year-old boy. 
The truth of the mhter is thut the attitude when found in high school 
or college is a serious perversion ami, unless corrected, results in per- 
manent volitional retardation. The attitude carried over in1o <iduH 
life means irresponsibility,' hnc standards, and, ivhencvcr the social 
controls become relaxed,' lau^lcssness in a variety oj social relations. 
Such an adult is incapable oj becoming a citizen, in the social sense 
of that term, albeit he may legally be capable of voting and holding 
office.^ i« • * • 

.Assistiuit Superintendent John L. Tildsley of Xcw York City is 
^ substantially of the sanie opinion. He says: 

In view of the experience to which our Ix^tT^nd ^irls have been 
subjectml an our schools of the generation past, the ever lowered 
standards, the ever lessening demands made upon them, the failure 
It) hnld-them to even the lowered standards, with this effect heightened 
by thti example set everywhere in our parks and on the streets by 
nien on relief or in the regular. (1ty siTvice. / am convinced that the 
most* important change ice nerd to produce in these boys and girls in 
our high schools is to build up in them as a lasting possi Ssion, the urge 
Hn'^lry, WiUiam C. 'ifow' Shall \Vc Wvw IvonuMitary J^lucation The 
Mathrmatics Teacher, Marr)i. pp. 170-180. 

Mnrrison, Henry C, The Pradice of Tea htm^ in the SecorMry Sc hool, pp. 
4: it. University o£ Chicago Press, Chicago, 
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to do opids best, I M'ouhl be Xi^illhig, ij it xvcrc ficccssary, to exchange 
for posst'hiopt oj this quality, hptouMgc of many subjects ami many 
skills. To the boy possvs.\cd of this asset ^ kufwlidf^es ami skills in- 
cvitably^arc added. In fact, in the very act of developins^hi?* quality, 
kno\vle(l};es and skills accrue as by-proiUicis. This (luality has been 
tltro^^gh 'thc ages the (iominant quality of the great artist, of the gild 
craftsman, even to our oxvn day. It was rather common in the schools 
ol my boyhood. It was common amonp the New England house- 
wiv.es, Kach S(\uRht to make the last pie the best eAcr. Today in the. 
, high schools of Sev) York it is most uncommon. -It reigns chiefly 
in athletics, especially in sports requiring team play. Not to do one's 
best when on a teaqi is taboo. . , . Somi thing more than interest -^s 
required. Many educator:? :o the contrary. 1 am tirndy convinced that 
in A school all of whose teachers are permeated by this urge, it can 
be in" lar,ge measure universalized among the students to the extent 
that in whatever a student undertakes that he thinks worth the effort, 
this urge which has become a vital element in his make-up will drive 
him. OH towards thc/for hipn, perfect perforpnapue.^^'^ 

We have not yet spoken of the taxpayer and the parent who are 
affected at least indirectly by the- battle that is going on in the fielci 
of education. While ^parents, very naturally, prefer ;i ''passing 
•grade'' for their chilc^ren, they are by no means oblivious to the 
^danger of purely complimentary marks. It is safer to tell them the 
truth. In the long run, they are bound to hear it anyway, often 
when it is too late. For some time, the dangers of '^pftinU'ss edu- 
cation'' have received attention in the daily press and in the peri- 
odical lilerature. We (juote merely the following pas.sage from a 
recent paper by Professor E. A. Cross in The Atlantic Monthly: 

Among the patrons of the public schools there has grown up a ci)u- 
viction that something is I'itully wrong tclth onr^systi m of education. 
This fqeiing at times breaks into verbal exj^ression as a vague dissatis- 
faction, and again as a mrire localixed faultlinding with j^ome particular 
phase of Cvlucation,^ such as sj^elling, arithmetic, or handwriting. Set- 
dom does it i^o deep enough to touch the vitid core of the midady. 

The American system of education ought to be the best in the world. 
It is universal. ICvery child not only may attend school, but is r. quired 
to do so. 'i'he slate dcK^s not discontinue free ecfucation at the end of 
the elementary period, hut poj-mits attendance in tax-supported schools, 
colleges, and universities U[> to any age. In buildings and material 
equipment our schools are not equaled by any in the worltj. We have 
the most elaborate and expensive system of public training: schoojs 
for teachers. We pay- our teachtrs, not enough, but certainly more 
than teachers are paid in* other countries. 

lli.^h J\'i>:h, June, 1935, pp. 16 ff. " * 
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But, with physical conditions as nearly ideal as we hav(j them, the 
^^arents ami the taxpaying puhlic are not satkjird with the results xve . 
get. This dissatisfaction is not limited to critics who stand outside the 
organization and look on. // is shaded by many of the mosh thoughtful" 
teachers workiptg wkhin the system. They^often see the faults more 
clearly, than the parents, the taxpayers, and the newspaper critics can 
see them. And thotisands of teachers are willing' and anxious to do 
something about these shortcomings, . . . 

The products by which we must judge the schools are the children 
who C(^me out of them at the age of fourteen, or eighleen^or twenty- 
twti, labeled by the system as educated young people. Opie of the 
fundamental considerations offered to justify universal free education 
in a republic is that it creates thinking, law-abiding, and morally clear- 
seeing citizepis. A self-KOvernin^ state cannot continue without such 
a body of citizens. Do our schools succeed in turning out men and 
women of this kindf By the thousands, \es. But hv the millions, 
no.''^ ^ • . , 

If these ortSpoken alul honest appraisals be deemed inconclusive, 
attentiij^ may be^'called u^ain to the most .colossal educational ex- 
periment' of all time. So'f^reat has been the rcvolt^^^ against plan- 
less curricula nftid "progressive" experimentation that there is to 
be a return to \*xtreme and deplorable regimentation. Thus, here- 
after, afl boys and girls are to wear uniforms Identical throughout 
the Soviet Union for each type of pupil. Examinations abolished in 
19x7 have been revived. The authority 'of the teacher is to be re- 
stored/ Kxperimentation is to be strictly limited. Will this debacle 
at last 'cause our on'n visionary theorists to see the Itandwriting on 
) he wall? 

The Suprf.mk Nuckssitv: .-Xn Intkoratkd Pkogram^of 

roUNUATIONAL I NSTRt'CTIO.N 

Summary of the underlying problems. What, .then! it is now neces- 
sary to ask, can we do about our staggering prcJbleni of mass edur 
cation? Before we proceed to outline plans that Jook nKjre prom- 
ising than those discussed al)ove. let us state ona^ more, in briefest 
form, the f-ficts which must be faced and the conflicting ways in 
. ' which ediicators have reacted to them. . 

I, the evidence* ts ovetw helming that millions of children arc 
retarded in titeir se/ionl work. Ewvy scholastic tt'st reveals far- 
reaching disabilities in the fundamental studies. Kvery public 

^''^Cro^s, K. A , '*Painlr>s Kduiution." The AlLiniir Monthly, DivrmluT, io.^«;, 
'"Sir rolmnco [4^;]. 
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school teacher, especially in the upper grades and in the secondary 
schools of large' cities, is aware of an alarming amount of malad- 
justment. The educational edifice shows signs of such strain that 
indifference to the situation seems perilous and o;it of the question. 

2. The prevailing doctrine is that of meeting these undefiiable 
disabilities and mayadjustments by the philosophy of pragmatic in"? 
itrunientalisni, by a policy of complete ' adaptation'' to the alleged 
**individual interests and needs of children/' by the abandonment 
^ of continuity and of standards, by planless and effilk-tless curricula. / 
and- by a general disregard of racial experience, / 

3*The implications and* consetjuences of this policy have been 
pointed out. At many points this philosophy has been shou^n to 
^ be erroneous. It does not cure the disabilities of children. It 
merely ipiores them. The high school curriculum has become a 
collection of odds and ends distributed over more than three hun- 
dred subjects. Such a system is not only very expensive, but it is 
essentially futile. It is cruel to the child because it plunges him 
defenseless intS the merciless competition of modern life. It is 
unjust to society because it leads eventually to* incurable -problem 
cases. Above all, it destroys the cpntmon educational background 
which is indispensable for a democratic society. At the most critical 
period in the world s history, when we need social solidarity more 
than anything 'else» we have proceeded to establish an educational 
atomism that is destructive of our finest ideals. 

4. The theorists ivho advocate unlimited '^adaptation** to the 
child, as 7:tII as a multiplicity of standards, have not shown how 
such a plan can be made to operate in a system of pnass education. 
Logically, it ivould lead to a special curriculum and to a private 
tutor for every child. A few private schools may be able to afford 
such a luxury. Our tax-supported public schools are unable to carry 
out such a scheme. Until the money is forthcoming for individual 
'■^ instruction, until classes can be reduced to a maximum of fifteen 
or twenty, we must* continue to depend on the best available group 
instruction plans. If that is admitted, children must tfe trained^ 
sequentially and must reach certain reasonable pnastcry standards 
in the trunk line subjects. Otherwise the whole structure is f)ound 
to collapse in ruins and utter chaos is inevitable: And that is ex- 
actly whiT.e we find ourselves at this time. 

A planned type of mass education. Shall we say, then, that the 
onlv alternative is a return to a rigid system of regimentation such 
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as Russia has again ^ut into operation? Not quite. We shall 
want to retain all the good features of the *'ne\v" education which 
can consistenily be defended and which are not in conflict with 
common sense and with a reasonable demand for e/0ciency. In 
fact, ^owgh experience is already- available to show that we may 
have both mastery of the fundamental^ and spontaneous, creative 
interest on the part of the child. The supreme demand of the 
school, now and ali^'ays, is good teaching and authoritative ^id- 
ance. 

It is more than a mere theory that in practically every type of 
school, and i:^ith imsclcctcd children, it is possible to prevent the 
shocking disabilities that arc causing so much trouble. Only, this 
will never happen by chance. From the moment the child enters 
the sch6ol, his progress must be under close scrutiny. His work 
must be planned md^^ carefully, from the brtginnin}?, with reference 
to his maturity. At no time must he be allowed to get beyond his 
depth. And at all times he must be expected to measure up fully 
and inexorably to the legitimate ta^ks he is really capable of doin^. 
There Aiust be no arbitrary grade goals. A ''continuous" progress 
plan must be substituted. At every level the ideas of '*time spent," 
•*units earned," and "{?round covered" must be replaced by the ideal 
of real understanding and mastery, by excellence of performance. 
Tndur such a plan, disabilities do not arise, or they can be cor- 
rected, in the great majority of cases. Thej^ are not allowed to 
become the cumulative menace that is now in evidence everywhere. 
Is such a plan Utopian? Xot at c^ll. It is already in operation, 
as we shall now proceed to show. 

Conclusive experiments. In large city schools it is always po.^sible 
to find cases of retardation dating back several years. A New York 
City report refers to a certain pupil who remained in the same grade 
seven term^. Is such a procedure justifiable? ''The tuition cost 
of the terms repeated by the pupils who were enrolled in [New York 
(*ily| elementary schools in Septe\iber, 1932, had amounted during 
time these' pupils had been in school to ?2 1,750,000."^^ For 
many years that city has been debating plans for eliminating this 
territk waste. Twenty-five years ago Dr. Straubenmuller recom- 
nieiided the idea of separating the pupils at the outset into two 
••>ire:ims " an .\ streani composed of the brighter pupils who are 
aI)U» to meet the usual specifications grade by grade, and a B stream 

^• ///s'/' t'oin!^, June, I9.^5> P- ^2, 
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.consisting of those who must advance more slowly and who should 
not be^ allwved to develop "a sense of beifig failures."^''^ 

The essential features of a "continuous progress'^ plan, adjusted 
and perfected in accordance with tested pedagogical and psycho- 
logical principles, have been in successful operation for some time 
in a number of educational centers. It has been the writer's good 
fortune to observe the way^ this program works, at least in the 
teaching of arithmetic, in several large public schools exper:...entirig 
with it. One such school is Public School No. 17 in Rochester, New 
York, where the plan was introduced and improved by Principal 
Frank Jenner: Another school of this type is Public School No. 
173 in Brooklyn, which until recently had the grtod fortune of being 
directed by an :.ulstanding scholar, Dr. S. Hadanes. The results 
were most gratifying in every case. The failure complex was elimi- 
nated entirely and the pupils evidently enjoiycd their number work. 
Written reports to that effect were furnished by the teachers con- 
cerned. Srfme of those testimonials read almost like the "before 
and after taking" advertisements of medicinal firni.=;. It can no 
longer t>e doubted that when the primary number work for young 
chihii;pn is carried on^th a scrupulous regard for their maturity, 
and when the teaching process stresses understanding and genuine 
applieaUon rather than mechanical drill, there is gratifying reten- 
tion, and continuoiTs progress becomes a certainty instead of a du- 
bious possibility. This conception of maturation has nothing to do 
with the mistaken notion that children cannot master the cumu- 
lative processes of arithmetic, ^ch as those involving long division, 
fractions, decimals, and perceimge, until they are three or four 
years older than the customary ag^ The proposed postponement of 
arithmetic because of the retardiiHon of so many pupil.s is^not 
wai ranted. It would only make a boH situation worse. W/irJi^cor- 
rat mctlwds 0} instruciUm arc used j^HiUhr bcgiuniiit^. the mas- 
tery of arithmtleal processes is a continuouT^ioth p/ienoineuou, 
each year adding its necessary increment. \ 

Hven in retarded classes that have almost beenVecki'd by drill 
dcv6id of insidit. a great transformation is reuularly\)l)Served when 
the causes of the difJiculty are attacked honestly. ()fi<\i it is neces- 
.sary to jro back to the very beginning. .As a rule. , this is the only 
kind of "remedial" work that really succeeds at any level of in- 
struction. 

""Ibid., p. li. 
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The following illustrative account is based on th^ written report 
of an expert remedial teacher whose function it has been for years 
to adjust the problem cases of a large public school located in a 
foreign-population district of a typical industrial city. She had 
soon discovered that no progress whatever was possible without 
going Wk to first principles and laying a firm foundation. After 
that, the work ceased to be hopeless. Such has been her experience 
from year to year. Tp quote: 

The case of one class was particularly 'illuminating. We followed 
and recorded the work of this group from the fourth grade through 
the ninth year of the high school. The original analysis showed tech- 
nical rote memory training. The number facts in addition, subtrac- 
tion, and multiplication seemed to have been assimilated,. But the 
processes of subtraction, multiplication, and division -Were not under- 
stood. There was na^evidence^f conceptual mastery. The childreji 
admitted that they were^ry.poor in arithmetic" and had a great 
dislike for it. Problem solving turned out to/bF>^n almost impossible 
hurdle. ( 

It became necessary to rebuild tl^i^entire sN;^cture of primary arith- 
metfc for these pupils and to give them the thought training which 
they lacked. For many months, progress was very slow, necessarily 
sok No child was any longer permitted to go beyond his depth or to 
proceed without a conscious feeling of mastery. At last, the class 
began to move forward at a rmre rapid rate. This was not a sponta- 
neous maturation effect, but was due primarily to painstaking dailv 

.instruction. In the sixth grade, these children forged ahead so rap- 
idly that they went beyond the usual prescribed program of work. 
Most of them are now in ninth grades of the city high schools^- A 
recent follow-up Mudy showed thajt out of more than thirty pupils 
of the original group who entered high school only two were gJven a 
'^failure'' mark in mathematics by their high school teachers. These 
two pupils had a very |)eculiar educational history which fully ac- 

'countwi for their difficulties in high sch(H)l. 

* 

In the li^ht of such careful ^nd long-continued experiments we 
may now assert v^ith confidence (i) that elementary mathejnatics is 
not ''too hard'' for the average pupil ; {2) that mental maturity is 
not attained automatically with advancing years, but is the result of 
carefully directed mental growth. 

DiKFKRKNTlATKD (\lURSKS AND SPKCIAL Ad.TUST.MENT Proc.RAMS 

The three-track system. When ihc disabiliti<»s of entering pupils 
are not too marked, it has hren found possible in lar^e hi.uh schools 
to apply the principle of selectivity after the pupils have been ad- 
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milted. The well-knowrt X-Y-Z .iystem is one illustration of this 
idea/ II is not an ideal plan. Because of conflicting schedules, it 
is rarely possible ^ orj^anize classes on that basis without a consid- 
erable overlap of ^ the various ability levels. That is, a Y group 
will often .have mahy Z pupils. Again,/ pupils will-usually cover 
tar less ground, and even that in a less thoro'ugh manner. At the 
end of a semester or a year, they are usually separated from the 
achievement level of an A" or a Y group by several months, Nat- 
urally, Z groups should be given separate^sets of achievement tests. 
Obviously, this involves a specialiiind of bookkeeping on the offi- 
cial school records. Now, it often happens at the end of a year that 
a Z group cannot be continued intact. Irx that case, the school 
usually has no other solution than that of having the subject 
dropped or putting the remaining Z pupils into a normal sectign.'* 
That is, administrati^'dy, the X-Y-Z system usually breaks down, 
in continuous subjects, after one year, Pedagogically, however, it 
has considerable merit. While it does not correct the disabilities of 
retarded pupils, it is less likely to discourage them than is an un- 
differentiated program. Finally, a three-track system expects nor- 
mal and accelerated pupils-to rise to a higher level of performance 
and thus prevents the cult of mediocrity. 

The problem of the superior pupil. In our large cities there is 
a considerable number of brilliant adolescent pupils who are neg- 
lected at present. It is from their ranks primarily that we must 
obtain our future leaders. When their education is held at a level 
of mediocrity they »will either* never arrive at the goal they might 
have reached, or they must make up lost time by an almost crush- 
ing burden of work in laieV years. Physical break'downs in college 
may often be traced to an insufficient scholastic foundation. Realiz- 
ing this situation, many parents have begun to .«^end their children 
to private scllools,- often at a great sacrifice. Js it ''democratic,'* 
then, to neglect the most promising of our pupils in the .secondary 
schools ? 

The idea of cstahli.shing specialized high schools for ihe.^^e out 
standing pupils is l)y no means a new one. ' In some cities it has 
been in operation for many years, since certain schools, l)y common 
at^rcemcnt, have been pcrmittefi to maintain a very hi^jh standard 
of admission. Such a .school h ihe Brooklyn Technical High School. 
Another is the ^ime-honored Boston Latin School. The plan has 
recently been eiu!orstul not only by administrators but also by lead-* 
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ing scientists. Assistant Superintendent John L. Tildsley supports 
it in the following plausible way: 

Of the pupils who took the Terman Test last June, some '8.6^ 
refiistered I.Q.s of i;tO or over. In our high schools we must have 
between 20,000 and 25,000 pupils who belong to the class of bright 
pupils and who are capable of truly intellectual, even creative work. . 
There are, therefore, enoUgh such pupils for two specialized high 
schot)ls in each of the larger borougbs and ofte even for Staten Island. • 
For these and for the 175,000 between 90 and 120 I.Q, we^ should plan 
an education designed to cause them to realize the full measure of 
their possibilities in their own interest and that of the State.^^^ 

Dr. Alexis Carrel recommends this type of selectivity and makes 
it clear that the selection has nothing to do with class distinctions 
'and similar considerations. He says: 

We must single out the children who are endowed with high poten- 
tialities, and develop them as completely as possible. And in this 
manner give to the nation a non-hereditary aristocracy. SucTi children 
may be found in all classes of society, although distinguished men 
appet^r more freqiiently in distingifished famiMes thm in others. . . . 
It is chiefly tftrouf^k intellccttial and moral discipline^ and the rejec- 
tion of the habits of the hcrd^ that ivc can reconstruct ourselves. . . . 
A choice must be made among the multitude of civilized human beings. 
. . . The ohly way to obviate the disastrous predominance of tHie 
weak i^ to develop the strong. ... By making the strong still stronger, 
we could effectively help the weak.^-^ 

To prevent wrong impressions, these statements should be read 
in their context. It will then be seen that- they were framed by one 
of the most cnliLditencd aiKl liberal of our modt/Tn thinkers, one 
who has ill mitul only an emancipated and truly noble human life. 

The problem of the retarded pupib Until we decide to adopt an 
intrirrated mode of foundational instruction such as the one de- 
scribed previously, we may expect to have in our secondary schools, 
under existim: policies, many thousands of very poorly prepared 
and .^irls. Realizini^ the seriousness of thai situation, the offi- 
cers of the National Council of the T^eachers of Mathematics or- 
•lani/efl two natif)na] committees which have been making a special 
<\\u]y oi the administrative anrl perlairocical aspects of the under- 
lyin;^ problems. Professor Schorlinu. of the Tniv-ersity of Michigan, 
ha< acterl as chairman of the committee interested in ttie technitjues 
nf instruetinn upjjropri'Ue for retarcled pupils. Dr. C. X. Stokes, of 

\- ff'in , p T 1 

^^(arrrl. Alrxis np. fit., f:;!, pp. 295**07. 
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Temple University, has investigated the types of classroom brg^niza- 
j tion found feasible by administrators. Both comnwttees have repeat- ' 
edly submitted preliminary reports of their findings, which were 
. puObliShed in various issues of The Mathematics Teachcr}^^ 
} ' Particular attention should be called to a supplementary mono- 
f^raph prepared by Professor Schorling, entitled The Technique 0} 
Instruction for Dull Normal Pupits' issued b>^ the Bureau of Edu- 
cational Reference and Research, Ann Arbor, Michigan. It contains 
valuable suggestions and findings, important excerpts and summa- 
ries from recent studies,* as well as an extensive bibliography. Of 
144 Rupils classified as dull and enrolled in the seventh grades of 
.a Michigan school system, only 3,5 per cent had a reading ability 
corresponding to the seventh-grade level, and only 6.9 per cent had 
reacned the seventh-grade norm in arithmetic! As many as 29.9 
per tent were only at a fourth-year level in reading, and 20.8 per 
centf had not gone beyond the norm ot that grade in arithmetic. 
On^ of the most significant contributions of this* study is the state- 
ment that ''the curve of groxvth toward a specific maturation under 
constant environmental influences appears to be the same for the 
^dull as for the ^rightr f 

The best available plan for retarded pupils entering the seventh 
grade isUhat of givinf^ these pupils a special two-year training 
course intended to remedy their weaknesses, thus building up the 
necessary maturity for fri^ school courses at the minimum IcveL 
Such a course has been trieu in a number of school system?. It 
'should include work in English; basic mathematics, social studies, 
and modern arts and cmfts, much attention being given to health 
factors and to adequate recreatiovi. The best results are obtained 
when the teachers of these pupils have had grammar school expe- 
rience, since high school teachers rarely know the program of the 
elementary grades. At the end of such a two-year course the re- 
tarded pupil is ready for a reduced eighth-grade program, after 
which he may irontinue in school with a more reasonable expecta- 
tion, of success. 

^*The \ftithemtitit'i Tenther, N'ovember, 1932, pp. 420-4:6; Octohrr, lot.uVP- 

'^*Sre Feinenlfl. (). A. ''Intflliconce and Persistency in Hich Sthnnl Attrn«lanre.'* 
Srh'^ol and Socicly. ()itcjt)er i.^. 1923. See al*^o the «^am{» author^ artlc V on "Thi* 
i^asi'c Function of Seconrlary Kducation,'* op. cit,, and Ilich Poiftt'i. June. 

10'-, {()()], p. 14. 
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PART SIX 

THE TEACHING PROCESS AND THE TRAINING 
OF TEACHERS 

Tn^ Impending RrvisiON of Educational Psychology 

Conflicting theories of learning and teaching. We have seen how 
profoundly our schoolroom procedures have been affected not only 
by the dominant philosophic ideas of our period, but also liy cur- 
rent educational doctrines. It is now necessary to show how the 
i teaching process itself is being affected by cha?nges in psychological 
theory. Gradually, it 's being realized that a whole generation of 
teachers have been misled by mechanistic laws of learning.^ When 
this fact is finally understood, we may expect a greaC transfofma- 
f tion in classiroom methods, in the construction of textbObks, and 
in our ordinary testing machinery. At present, three conflicting 
theories of learning are competing with eath other. They have 
been described with scholarly clearness by Dr. William H. Brownell 
of Duke University in the Tenth Yearbook of the Natiojnal Council 
of Teachers of Mat hematics We submit a brief exposilion of 
these instructional theories. 

"Bond'* theory of learning. Under the stimulus-response hypothe- 
sis of learning, it is claimed that ^'learning is connecting.'' When- 
ever there is a response of the learner to a stimulus, a *'bond" is 
formed. This "bond", ic conceived a? involving changes in the 
nervous tissue. It is believed by advocates of the **bond theo^'y'* 
that the strength and the permanence of a *'bond*' are largely a 
matter of repetition, of *'exercise." That is, the **trace'' left in the 
nervous organism by each response is strengthened by repetition, 
by drill. Moreover, it is claimed that the learner is more likely 
to make progress if the ''bonds'' are established in a pleasant way, 
if the ^'effect'' on the learner is agreeable rathet- than painful. The* 
more attractive or pleasurable the learning process is made, the 
more lastint? its results are going to be. The '*Law of Exercise" 
and the "Law of Kffecl*' may be regarded as the backbone of the 
*'bon<l theory'" of learning. 

^^nrt>\vnHI. W. H. ••P^vcholo^Ii^al Considerations in the Lc.irninc and the 
Tcarhinu' ot Arilhmrtir." in The Tenth Yearhonk of the Salinnnl Cnunril of 
Toithrrs nf Sfuthematii'i, pp. i-.u, Bureau of rublications, Teachers College, 
Columbia l'nivcr>ity, Nrw York, 1935. 
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If this tHeot-y is held to be correct, it becomes necessary to ascer- 
tain by a careful analysis *of each subject-matter field precisely 
what are the ''bonds'' to be established, and how much repetition 
or drill is necessary to make them permanent. 

Drill theory in arithmetic. The appalling consequences of such 
a mechanistic conception of the learning process have been dem- 
onstrated with dranVatic force in the field of arithmetic. The drill 
conception of arithmetic has been outliAd as follows by Dr. 
*rownell: * 

Arithmetic consists of a vast host of unrelated facts and relatively 
independent skills. The pupil acquires the facts- by repeating them 
over and over again until he is able to recall thenr immediately and 
correctly. He develops the skills by going through the processes in 
question until he can perform the required operations automatically 
and accurately. The teaphcr need give little time to instructing the 
pupil in the meaning of what he is learning: the ideas and skills in- 
volved are either so simple as to be obvious even to the beginner, or 
else they are so abstruse as to suggest the postponement of explana- 
tions until the child is older and is better able to gtasp their meaning,;/ 
The main points in tii^ theory vare: (i) arithmetic, for the purposes 
of learning and teaching, ma/ be 'analyzed into a great many units 
or elements of knowledge and skill which are* comparatively separate 
and unconnected; (2) the pupil is to master these almost innumerable 
elements whether he 'understands them or not; (3) the pupil is to 
learn these elements in the form in which he will subsequently use 
tfiem; and (4) the pupil will attain these ends most economically and 
most completely through formal repetition.^ 

Under the impact of the drill theory, courses of study and text- 
books have been forced to allot an ever-increasing amount of time 
and space to mechanical repetition. And it can hardly be denieri 
that the drill iheory at present is by far the most popular method 
of instruction. 

In the classrof)m its poinilarity is manifest in the common extreme 
reliance upon Hash cards and other types of rapid drill exercises, in 
the wtdesj^read use of workbooks zvnd other forms of unsupervised 
pract.ee, and in the greater concern of the teacher with the pupils 
sj)ee(Iy coni[>utation and correct answer than with the processes which 
leafl tr) that computation and that answer. 

lUit the popularity of the drill theory is by no means revealed only 
by the prevalence of certain i)ractices in classroom instructir)n. On 
the Contrary, its popularity is evident, as well, in the organizatitm of 
arithmetic textbooks, in much of research in arithmetic, in current 

'"'Ibid, p. J. 
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practices in measuringWhievement in arithmetic, and in treatises on 
the teaching of arithmetic.'* 

Perhaps this overwhelming prevalence of mech'&nical drill is due 
not merely to its supposed scientific soundness. In even larger 
measure it may be caused by our preference for mechanical ways 
of solving all the major problems of our day. That is, the machine 
age views the mind as a mental machine capable only of mechanical 
reactions. i . ' 

Absurdities of the drill theory. It is not possible, because of a . 
limitation of space, to discuss in detail the flaws of the "bond" theory. 
There is increasing agreement, however, that^ is essentially false. 
In particular, the Law of.Exercise has been restate^ by Thorndike 
himself and has been entirely discarded by other psychologists. A 
similar statement holds with reference to the Law of Effect.*'"' 
There is little doubt that the drill titeory has almost ruined the 
' teaching oj arithmetic. When a teacher is a mere drill seirgeant 
who pays no attention to number concepts, to underlying meanings 
and principles, we may expect exactly what we find today-whole- 
saleMailurft in arithmetic. Here is the deepest cause of the present 
breakdowh^of mathematics in the elementary^ and the secondary 
"•^(^hool. 

'The fatal weakness of the drill theory is that it ignores the all- 
in^ortant factor of meaning' and that it confuses mechanical reac- 
tion with, thinking. Above all, "the drill theory sets for the child 

Ihid., p. » . . , U <! • 
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Thormtike. K. I.., lluman l.rurninn. The Century Co., New Y.-fk. mw; Wheeler, 
R H, Thr /../:. s />/ liitnuin \,ilurr. I). .Npplflon Co.. New York, t()A2; Wheeler, 
R H . riir S,ir,„r ,<l /'>vr/i<./ct'v. Thomas Y Cr.me'l Co., New York, 1920; and 
Whi-.-l.T. R. H and Perkin.-, F. T., Prinapln u! Menial IXvhpmcnt, Thomas Y. 
Crowell Co., New York, njj;. 
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a leuf^ying task the magnitude of which predetermines him to fiitl- 
Thns, in the field of combinations involving merely wl>61e. 
numbeb, riiore than 1,600 number facts are to be learned, which 
the child should know at the end of his fourth year in school. 

Similar analyses of other phases of arithmetic have resulted in item- 
totals equally staRRerinp. Thus, Knight demonstrates the presenge 
of 55 "unit skills'' in the one process of division of common fractions, 
and Briieckner finds 53 "types'* of examples (exclusive of **freak 
types*'). in the subtraction of common fractions alone. In problem- 
solving Judd' reports, on the basis of tn examination of only three sets 
of textbooks, approximately 1,900 different ways of cjcpressinR the 
fundamental operations in o;ic-step verbal problems, ana M.onroe and 
Clark are able to differentiate 333 kinds of verbal problems (52 kinds 
of "operative problems*' and 281 kinds Df ^'activity proble/ns'*) with 
which children must eventually be able to deal. Ihese fiRures, large 
as they are, can he regarded only as typical of what would be found 
if the many other aspects of arithmetic were dissected as have been 
th? relatively few reviewed above. 

The siatrmnit that the drill theory in its vxtrvme form sets an 
impossible Itaming^ task for the chihf would seem to be justified by 
the results of the analyses mmtioned above 

The story be.comes.even more complicated when we add the doc- 
. trine that the Various number ''facts'' must be arranged and learned 
in the order of their relative difficulty. Thus, it is claimed that 
certain combinations have been shown statistically to be many 
times as hard as others. Hence we have ''easy'* and "hard" number 
facts. 

7- 

Just what value these figures |of statistical decrees of difficnltyl 
have is problematical. Have they, for examj^le, been collected from 
a fair sample? Why should the order of frctjuency of error be a sij^n 
of the (leuree of difficulty? And what, exactly, does ^'difficult" mean 
in relation to a mass of unrelated facts? Is difticulty of understandinj? 
or difficulty of reniemberinu the source of error? And, to [xo at once 
to the nM)t <if the matter, is the occurrence of error and in particular 
of such bizarre combinations of eriors a si^n of the incapacity of the 
vhilcl or of the inadcniuacy of/ the teaching? 

That a statistician trainefj in the interpretation of his results and 
con^cicjiis of (he limitations of his nietht)d would reach the second of 
these conclusions. I am {)ersnnally convinced. .\nd my conviction is 
all the niort* strengthened hy a stufiy of the voliime^^ dn the teaching 
(It early number, of which the hooks already cited are hut the better 

p 6 • 

p. 7. 
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examples. Injill their pages, there is no word, not one, injregard io' 
the meaning (of mathematical processes. Consequently the\re is no 
way whatever within anjntelligent child's reach for correcting his own 
errors in the Jight of a well understood process. In these books, there 
are wo processes; ther^ are only statistical facti, ... 

In short, the statistical method as applied to elementary mathe^ 
matics has had the sublime result of elimin(UiH^ mathematicsjrom the 
curriculum. As matters now stand, arithmetic is merely a aevjce for 
* training errand boys to -jcome back from the grocer's with thKright 
change}^' 

It is now Known that the hierarchy of difficulty imposed upon 
the elementary number facts is likewise in need of reconsideration. 
Mr. L. C. Thiele carried oir^experimcnts in the Detroit Public 
Schools in order to fmd'0<ft the relative merits of the drill theory 
and of generalized meth<xis based on concepts and on insist. Mr. 
Thiele writes : ^ 

.The pupils who employed the generalized method learned thp com- 
binations of 'larger numbers almost as well as tho:>e of the smaller 
numbers. For example, 7+9 and 9+7, which are listed as the most 
difficult^.of all the addition combinations on Clapp s list, were not any 
more difficult than 5 + 2, 4-}- 5, and 9 -{-3 for the pupils who were 
studying according to the generalized niethod,**^^ 

Incidental learning theory. In their justified abhorrence of purely 
mechanical drill methods, ^'progressive" teachers looked for a sub- 
. stitute. They began to feel that children will perhaps ''learn as 
much arithmetic as they need, and will learn it better, if they are 
not systematically taught arithmetic," but ^establish their contact 
with that subject through suchjiatural quantitative situations as 
arise in the. various activities of the classroom, That is, the num- 
ber facts were to be acquired through incidental cxperifKCC. 

This ''incidental learning theory" has now been testecj thoroughly 
by groups of teachers who believe in the activity i'dca. ^'erhaps the 
most authoritative study of this sort ever undertake^ in the field 
of arithmetic was that sponsored by Dr. Paul R. Hamia. formerly of 
Lincoln School of Teachers College, (^)lunlbia University. Four- 
teen experienced teachers from private and public schools partici- 
pated in the study. Its purpose was that of investigating '*oppor- 

Defir.mirc. M.. ''Statistician?;. Dull '"hil(ircn. and IVwluiluiiisl^** EdHcalii'tud ' 
Administration and Superxi\ion, November, ig.u, p. 565. 

'•"•'Thielr. T... "The M;itht»niat4^;il N iewp.-int Applied tn the Teaching' of. E'e- 
mentnrv Sihofd Arithmctir,'* The Tenth Yearbook of the Mational Council of 
Teachers Mathemalics^ 1 1:6), p. 221. 
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tunities for the use of arithmetic iil an« activity program. The 
summary of findings* given at .the end of the published' report de- 

• scribing this* investigation leaves no room for doubt that "incidental 
learning" will not produce results in aritli^tic. may regard 
it as an established ^act that while activities and pr^cts may prove 
extremely valuable and indispensable as a means of mdtivating 
arithmetic, they will not automatically lead to an uniierstanding 
of its concepts, principles, and Processes. 

Theory of conceptual and meaningful teaching. According to this 

^ theory it is of decisive importance whether or not children under- 
stand wiiat they learn. If they see no sense'Jfn what they are ex- 

. pected to do, no amount of repetition or„ mechanical drill is likely 
•to secure retention or correct application. A parrot fiiay repeat a 
. plirase countless times without arriving at a rational comprehen- 
sion of it. . . i* 

R§cent psychological thought is virtually committed to the idea 
that mere repciition docs not guarantee learning, and that the learn- 
ing response rather, than the learned response is of primary im- 

^ portance}^'^ Professor Wheeler has stated the futility of mere repe- 
tition very strikingly in this manner: 

Drop a ball a million times and it will not fall more easily the last 
time than the first, ... An electric current will travel just as well 
through a switch the first time as it will travel the thousandth. Reoe- 
tition makes no difference to the switch, nor to the current, ... To 
assert that we learn by doing, or learn through exercise, is as meaning- 
less as to claim that we grow "by living in time.'^" 

According to Professor Hcrrick. "some stupendous feats of Icaru- 
ing can apparently he done in the twinkling of an eye-, as when 
one 'see;5 through' a difficult situation in a flash of understanding;''^" 
This is by no means a new idea. The central thought was stressed 
as early as 1910 by Professor Dewey, when he said, "Practical skill, 
modes of effective technique, can be intelligently, non-mechanicallv 
used, only when intelligence has played a part in their acquis]- 



■"Hanna, P. R., "Opportunities for the of Arithmetic in an .Activity Pro- 
pram," The Tenth Yearbook oj the .\atiotuit Counal aj Teachers of Mathematics 
(ij6), pp. Ss-fiio. ' 

"'Diinlap, Knit-ht, dfi. cit., fuql, pp. ff. 

""Whecitr, R. H., Th>- Srienre of P:iycholoRy, fi:-)]. p. 

•^'Herrick, C. J., The Thhikint; Machine, p. 241, The University of Chicago 
Pre<;s, Chirau-o, iqiq. 
""Dewey, John, Ilo-i- We Think, p. 5.', D. C. Heath and Co., New York, igio. 
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' . . / 
As to mathematics, we are realizing at last that it is "a chsely 
knit system of understandable ideas, principles, and processes'' 
Mathematics is based on concepts. The mastery of these basic con- 
cepts on the part of the learner is the most essential problem. of 
the teacher. When we take this view of the teaching of mathemat- 
ics, we cease to have any use for the ideii of confronting the pupil 
with '^heterogeneous mass of unrelated elements" to be mastered 
by repetition. Instead, the emphasis must be on a real comprchen- . 
sion of mathematical principles and relationships. 

Now, the development and mastery of clear concepts takes time. 
It should never be hurried. The generalizations of any subject can- 
not hr acquired in a few lessons. The fundamental discpverie^ in 
any field cannot be made at one stroke ; the learner must be con- 
fronted with ever new situations demanding a rep(?tition of these 
successive discoveries, and not a premature memorization of facts. 

"It follows that the in-tial stages of each learning process must be 
gauged carefully with reference to the maturity of the leftiitier. Im- 
portant ideas anrl processes must be "sfiread" over a iR'ider space 
of time than is usually the case. "Spaced" learning is more* effec- 
tive than "bunched" leariiing.***" ^ 

**'Thi:i fai't alone should r;uM* Rravc douht'^ as to the soundness of the Man- 
chi'Sti-r, Nl'W HamjT'^hirc, L*\pi'rinu«nt, aH'i»nlly reported so confidently in three 
vuru-sMve is>ues of the Jourml of the Sutiomil Education Assodation (November, 
to January, 11^6). Under plan, forni;il work in arithmetic is virtuaHy 
abandoned in the first livi* trradr-i. and ini* nMVe work is then beKun in the sixth 
^jrade. The new program, a^ announced hy Superintendent L. F. Benczet, lays 

* eon.mendahle strc^'; i\u rea-ionine and on the avoidance of purely nU^chanieal drill. 
It is ureed that ehildn-ii hi* "made to under^^tand the reason for the processes which 
they UM*." That \< as it >hould he. Nevertheless, such are the Krave defects of the 
new curriculum as a whole that the ultimate consequences ape bouncf to be dis- 
appointWYir. it not di>a-troUv Onlv a few ot the-e ran be mentioned at this point. 
(I) Mr. Henezet reports that si)lendid re:*iilt> accompanied even this moderate 
eN}>osure tt) arithmetic, a^ soon a^ it was tau-hl on a rational basis. How can any 
one doubt, therefore, that even better result- would-'be obtained if mi/ thinkinii and 
\:rnuhte niotivtitiun tharai teri/ed the MUfly ot arithmetic from the hfj^inninfi, and 
in a rurriculum of normal lenuth > (j) .-X period of only 20 or 2^ minutes a day 
i^ set a-ide for arithmetic in urade \ I. ot j5 niinate^ in trrarle VlMi, and of 30 
minute^ in urade N'll-A in i^rade \*lll. The attempt tt) cover >uch a large 

* numlu-r of conu'pt-. iiriniiph'^. an<i proie-M*> \C^ithin Mich a totally inadetjuate time 
st heduie niu^t inevilabU lead to imitative rejutition. or to the abandonment of real 
ma-tery. thu^ vitiatinu' the whnle plan. Mr Hene/et slates that abundant work in 
ment,il arithmrtit . involvin- tlu- solution of problem^, "i^ ^iar more important than 
aicuraiy in the bmr lund.imental pro(e-e«^ One wondei'A whether such solutions, 
(»ral or written, ari- ol any value if the answers ate tiot accurate. The Man- 
iheMer plan would irrlainlv make impo-Mble the enlariied mathematical program 
whiih v^hoola ol the junior hivrh >vhool t>pe have adujUed so lar^^ely in recent 
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Some of the muiri prmciples of the new psychology of learning 
have la'en outlined, by Professor Wheeler, One ofx.fts lea^Hng ex- 
ponents, as follow^: 

I. Learning is a function^ of maturation and insight. It is a growth; 
process that follows laws of dynamics, that is, laws of structured, uni- ' 
tary, energy systems or fields 

tion^ 

First movements are . mass actions, likewiw undifferentiatedv | In spite 



First impressions are of total situation^'^hut are uVdifferentiated 



of appearances to the contrary, these iriipressions and movements are 
completely integrdtedi ... • * 

3. Learning is not, exclusively an inductive process, Vxf^i impres- 
sions are not chaotici and, unoj;gjlfized. They a re m erely unstable in_ 
the sense of not beinfif- under environmental control . . . 

A^arningy then, is riot a matter of forming bonds, a process of putting 
pieces of experience together, ft is piqt based on drill and on repetition 
of response. Bond} psychology is irrational and has never been re- 
quired by the facts hf observation. /It is a mechanistic philosophy im- 
posed upon the facts. On the contrary, learning is a logical process 
and from the beginning characterized by a grasp of relations, no matter 
how vague. Progress is systematic ; it *is a logical expansion and dif- 
ferentiation of unitary grasps of total "^situations of wholes, ft is or- 
ganized and insightful, creative respopi^e lo stimulus-patterns, 

4. Learning does not proceed by irial and error. This concept is 
based upon an illusion, the fallacy of the double standard, arising out 
of the difference between the adult and the animal or child. There 
is no such thing as a trial-and-error process anyxehcrr in nature, , . . 

5. More important, by far^ than formal, prescribed methods of in- 
Struction are the personality of the learner and of the teacher^ and the 
relationship betu^een these personalities; Learning is subordinate to 
th^ growth am] the demantls of the personality •as-a-whoie. The at- 
mosphere of the classroom is more important than textbooks. The 
latter are necessary, but are stTondary. 

6. Learning depends upon the will to learn, which cannot be forced 

yfar"^, aftrr <\uh >frrnuuUN and iDnir-ionlinimi rff(»rt< un brhall i)f m:ithi*niatic;il 
rrlorm in this country. In iithrr \\t»r(l^'» thi* ^<ptrntliti proLTi'--. aihu-M*«l at lii^t.. 
ilurinv: ihi* paM urnrratinn is ti) \)v swipt away bs- this tatr-^t pan.ma. K il p()^.Mhlc 
to (jur^tinn thi* iinnnou-> fffi*it*> of 'Mr. Henr/rt's ( iirlailt'fl rurrii iilinn on iht* mathr- 
nialiial pri'paration of at Ira^t Ihrrc niilli(»n pupiU? Why -hii;ilii Anu-riian ihil- 
<irrn a^rain hi* p^arnl al ^ut h a liisiih anlam', a< lonipiiriil \\i\h the a<I<»li-^ii-nt pupIl^. 
of all'olhrr Icatlmu natioti^? 

By way of a turlhiT refutation of \hv M.in< hitter pfan. >vv Hui kin wham. H. U . 
"W hi^n to Hruin thi* Tiai hinu oi A^thnu*tu /* CUildho'ui /•</•/' ///. 'i. M.i\. lo;;; 
.MarLatihry. Jo-rphim*. "Niiniln-r Ahihlir^ of VaA (*ira»ii* Chiithi fi/* ChihUii '•li 
F.dufiilioK, u/N>: ai^o Huikuvhanu H K ari'i M t< I.iti hi-v. J . ■ Thr Niunh<r 

.Xhililic^ of ('hiUiri*n W hi-n Thf*\ Kntrr (Ir.nh* Oni-.*' /*///• Vu*'n' \- ^unth Vr irhntik t^f 
the \ati(>>j>il Soiirt\' inr ihr Stuilv of lulut utiint, pp. 47; l'iil»iu Si hnijl |*ut)- 

li>hinj: (*o , Hlininunutofi. PI, i'.mo 
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by requirements or authority, but must be ehallvnged by dynamic 
trackers and dynamic teaching ' .1.1 

7. Learning depends on clearness of goals, and the fitness with which 
tasks are adjusted to the pupil's level of maturation and insight. Prog- 
ress is made by pacing. 

8. Goals are' their own rewards, under natural law. .Grades, grade* 
points, many forms of motivation by social competition, and other 
hypocrisies are detrimental to learning. The subject must be worth 
learning in its own right. It can be made so, easily .^'^^ 

Transfer of training. We have repeatedly referred to the current 
misunderslandins of the problem of generalized training, incorrectly 
identified with 'Miienlal di:?c1pline." The history of the controversy 
~rel":ni|ig to formal discipline has been made available in a number 
of sources.^^^ In its modern setting, under the name of the ''trans- 
fer of training," the'doctrine is anything but "obsolete." Particular 
attention is again directed to the recent foundational work of Pro- 
fessor Lashley and of Dr. Grata. Their studies should be made 
available to every teacher. / 

The key. sentence of the modern doctrine may be staled as fol- 
lows: ''Front the standpoint oj the teacher and the school ^ the sohh. 
tion oj the problem oj transfer oj training is to train jor trans fer/'^^^ - 
In other words, transfer is not an automatic phenomenon. ' It is, as 
Orata happily phrases Tjt. **a technological problem." 

The new theory of transfer and of conceptual learning throws a 
clear light on the all-too-prevalent disabilities of school children 
and high school pupils. Not having been taught foundationally, 
being without a real understanding of concepts and principles, they 
are 'unable either to remember or to apply the skills they seemed 
to know so well. We have thus made it virtually impossible for 
the pupil to succeed. • 

Nt'ccssary changes in teaching procedures. Knough has been said 
about the new psychology of learning to make it obvious that we 
must turn ai.uiy jrom mechanical teaching and must emphasize , 
meaning, insight, intelligence. In no other field is this change so 

'**\VhoeU'r, R, H., "The Nt'W IVycho'niiy of LcarninK." The Tenth Yeurhook of 
thr Wiriouiil Council of Teachers of Muthemntics, [126],. pp. 2^7-2.^9. Sec also 
pj) tm- u f^l arlirk' by \V, A. nrosvnt ii in iht* sanu- volunu*. I u^L 

Sti\ fur example. iJetz. \V, **The Transfer of Train ne." The Fifth Yenrbook 
of the Xtitional Counril of Tfuher^ of ,\ftithemntir^,'*\^\y i.i')MoS. liureau of Puh- 
liiarinn^. Teachers Colletto, (.'ouinibia I'nlver-^ity. New York. i*).\o. 

'*'C)rala, P. •T., op. m7., [92I, p. 269; I.ashUy, K , ofi. cit , especially pp. 

172-173- 
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imperative, and yet so easily made, as iii mathematics. From the 
first lesson in arithmetic to the last lessons in higher mathematics 
the fundamental isj^ue is the same. Hence we shall close , these 
remarks on the new psycholo}i;y with the foUbwinf? illuminating pas-, 
sa^es which, while relating to arithmetic, stress the continuous im- 
portance of meaningful instruction and may 'be applied generally. 
.Thus Dr. IJrownell summarizes the importance of the '"meaning" 
theory in this manner: . 

Most of the illustrations of, and arguments for, the "meaning*' theory 
have- been drawn from the field of primary number, This fact should 
not, however, bo interpreted to mean that the theory holds only for 
the first three grade^. On the contrary, meaning affords the soundest 
j-oundation for aritfihirtical learning throughout the elementary school 
. Primary number has been most often cited for another reason. Almost 
everyone agrees that children in Gr<ides s» 6, 7, and^ have to be able 
to "think*' in arithfhetic. That ability to "think'' in these grades is 
conditioned by "thinking" in the primary gj^ades.is a fact which is 
much less commonly recognized. No one has shown ho^^p it is possihk 
for children suddenly to become intelligent in upper-grade arithmetic 
V'hen they have-'bevn allowed no exercise of intellignce in (ower-grade 
arithmetic: In spite of the unreasonableness of siith an expectation, 
primary number is taught as if skills acquired mechanically would 
later surely take on meaning, and verbalizations memorized unintelli- 
gently would later inevitably becofne well-rounded concepts, // is the 
thesis of the ''mecininf^' theory that children must from the start see 
arithmetic as an intelligible system if they arc ever to be intelligent 
in arithmetics^ 

In hi> Psychological Analysis of the Fundamentals of Arithmetic, 
Professor J add wrote: ^ 

The issue between two fundamentally different views with regard to 
the curriculum which are now before the school people of this country 
is nowhere clearer than in the sphere of number training. // is the 
issue between the view that the duty of the school is tht^ cultivation 
of comprehensive general ideas and the view that the sole duty of the 
school is to train pupils in relatively trivial particular skills. There 
' can be no doubt that powerful influences are at work in the pedagogical 
world to reduce all training to the cultivation of practical and partic- 
ular skills, I'ortunately, the mind of man is so oruani/ed that it ^'en- 
rralizes. I\ven if all the curricidum-makera r^'solve to train nothint; 
but particular abilities, pupils 7rill generalize and' will continue to do 
what the race has done throughout its history, that is, abstract from 
particular situations those aspects which are most univt rsal. Snnie 

\^^The Tt-nlh Vr-trhiuyk' of ihr S'Uinft.d Couudl of 7V.iW/fr.? of MiUhefyiiil'us^ 
h:6l, p. 31. 
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children will acquire. the general idea of mathematical exactness no 
matter how far curriculum-makers go in running counter to human 
history, ' . • ' 

All thc^ experiments and analyses reported in this monograph lead 
to the conclusion tlyit general ideas are the mosC important .products 
of instruction in arithmetic, ^The. fundamentals of arithmetic are 
general ideas and general formulas, not a multitude of speaal skills}^^ 

Let us look forwarii to the day when the convincing and tested r 
principles outlined above will be tollowcd generally in every class- 
room and at each level of instpuclicjn. Toward the arrival of that 
(lay we must bend all our energies. \^ 

The Teachkr in thk School of Tomorrow 

Present status of the teacher.- TF^e miijonty of teachers have al- 
ways been anxious, as have been the meni^)ers of otTfer leading pro- 
fessions, to render the best service of which they ai^ capable. That 
they often fall short of the ideal (jualiftcations which modern edu- 
cation has suggested for those to be entrusted with the great re- 
sponsibility of preparing the youth of the land for effective citizen- 
ship and for a worthwhile life, is only too apparent. It is hardly 
necessary to elaborate this point' in detaiL Few secondary teachers*' 
at present bring to their teaching career either a comprehensive 
scholarship or an ade([iiate pedagogic ecjuipment. A very large 
number have ''taken*' the prescribed college course, and have been 
duly credited with the recjuisite number of ''points" and ''hours.'' 
Their cultural background, however, is either too narrowly special- 
ized or too superficial to command general respect. Whose fault is 
it that we are struggling with such serious professional handicaps? 

Troiessor David ICugene Smith, writing on these problems from 
the s(rene pinnacle of a lifetime rich in service and in scholafly 
pursuits, ponders some of the reforms that seem to be imperative. 

// culture courses for all teachers nrre established, who would ad- 
minister thcmf Therr is the dilTicult] and it is a very great one. The 
m:ui nuist be an inspiring teacher, filled with the enthusiasm whicli 
the subject engenders, and one of l>r()ad knowledge of those things 
which concern the tiner instincts of mankijul. He must be able to 
•ai^peal to alf whose tastes are not hcJinMessly distortefi by the ladio 
proj^ranis the motion pictures, the c(icktail party, or the bridge table. 
//(• should be the best teacher in the school of edueatkm —best in his 

***Jii(|(i. C. U . The P\yfholoi:in'i! Afiii!\\i\ thr^Fundufnentals of Arithmetic, 
pp 116-117. I'hc L*nivcr>ily of Chicago i'rc.-s, Chicai;t)» 1927. 
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raw/jr of knoulcd^r, hrsl in his balapicc'd mind, best, in his sympathy 
wfh those thihi^s of life which xvvi^gh heavier than uralth, and u>ith 
which one may spend his time happily in the, home as ivcll as in the 
palaces of art or in the great libraries of the uunjd\^^'' 

That there has been a decline from the hij^h rei^ard which teach- 
ers enjoyed not so many years ajjjo is brought out by the sanie 
writer in the followinj^ passage: 

In approaching this phase of the matter I confess to a fcelinp o( 
helplessness when I compare the position in society held by the cdd- 
time schoolmaster sC-ith that of teachers in hiph schools and colleges 
of today. In my youth the teacher in the "academy'' was looked up 
to with respect as a learned man. /.He dressed the part, acted the 
part, and in pencrai honored it. Today a teacher in an equivalent 
position in a hi^h school hulds, in^he opinion of his fellow citizens, a 
much lower rank. He plays bridge better, but he is rarely appealed 
•to in a matter of public importance; and any topic relating to litera- 
ture, art, or religion seems much more foreign to his interests than it 
was to his professional Ancestors. In short, the schoolmaster of a half- 
century-ago was looked upon as a man of su|)erior intelli - .nee, whereas 
tcxlay the average schonl-teacher has lost that rank. One of two causes 
.may explain this situation, eithfff'the teacher knows relatively less or 
the' community knows relalivtly more. We are led therefore to ask 
if the mass of citizens know relatively more than ihey did fifty years 
ago, and whether their tastes are better than was formerly the case. 
For the same reason u-e vre led to ask if' the teachers are really as ivell 
qualified, not in the science of education but in Ihrir general culture. 
.Are parents more often sending their children to private ^chdols because 
of the poorer teaching in the public one:*?'^**' 

And why do teachers not succeed more fre(|uently in overcoming 
the defects of their original [)reparation ? Or why do they not 
strive to raise to a much higher level the excellence of their profes- 
sional work? Professor Smith prefers not to, aiwwer th^^se (jues- 
tions with finality, but submits searching c|Ueries that suggest his 
own p<')sition. He says: 

All this lead^ us to a very serious ({Uf>ti'>n is the in-triirtinn less 
efficient l)ecaiise the teachers in our city systems have iid lormer the 
time for a nnrtiial ami cullural way of living? lUirdened as they are 
at present by seemiiml\' endless ^ports. by u>e!ess and "wearisome 
committee nu'eliims. and [)y other activities whiih -a[> th(*ir energies, 
how can they do their bfst work in making the liojirc par-sed in sibtiol 

Sruith. I) K. **<\'rt,un hnnufiiatt' PfMuiu Cftinrniiiint: Anirrit .in S(h(Mi!s 
of KjuuitiMii.* Tf.uhtr^ Ci'Hro- Rt'^'rd Manh. im;-. p 4:.*. :iU«^I"lme>, 
Ht-nrv \V. "ri^l.tiinuu .tl Ka» kt in'rinu'.** Si/il*mr\ .\IiU'i:i>i*\ Miirdi. i^vv 
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a period of pleasure as \\vell as profit 'for tfee pupils? Is not tfie 
drudgery of reading' masses of papers outside the schoolroom one of 
the reasons why youni? people of promise are coming to look upon 
teaehin]^ as too. much like the task of a da laborer? Is not this Jthe 
reason why they are seeking other means of livinR than what should 
be one of the noblest and most interesting professions they could 
chotise? 

The bearirig of this phase of our discussion lies right here: Where, 
after all, lies the blame for this overburdening of teachers with nerve- 
racking work outside of school hours? Is there no. way of closing 
these educational sweatshops? Where, I repeat, lie the blame and 
the remedy? Where were these teachers taught to examine with wearied 
eyes the results of endless '^tests' or to compi te correlatio.i coefficients? 
If these activities are necessary for the school, why are they not 
ptTformed by paid assistants with calculating machines to help when 
needed? Where lies , the blame ij not in schools of education in which 
all this UH)rk is recommended to principals and superintendents? Ai»d, 
furthermore, is it recommended by*- professors who themselves spend 
their extramural hours in doing this kind of work in connection with 
their own classes? And," still further, do the principals and superin- 
tenrlents likewise spend their evenings in the same way? 

I do not know the answers to those questions, but I feel that we 
are all interested in helping to solve such probl^cms,^*^ ' ' 

A challcngL- to teachers. .Two further demands, in addition to 
those of i^rnrral culture and of adequate- prajessional training, are 
now admitted to take precedence over all others. The fn^t is to the 
effect that all tecichers nuist have absolute mastery of the subject- 
matter :vhirh thry desire to teach. The second has to do with the 
subtle but vastly important factor of the personality of the teacher. 

It is doubtful whether any (me has stated the issue of the master 
toarher with greater force than have the noted authors of the 
psychological treatise entitl^i Principles of Mental Development : 

It i^ the personality of the teacher by means of which the evil 
cfffi ts of HKLSS education must be reduced. We have seen that learning 
is directed ^nrwth, the exi)ansion of a personality -that controls the 
{)nKess of learning from within. Jiut it is growth of a human being 
ih'pmdcMit upon mntivation tliroujih personality contact and the culture 
which the p(TS{)nality in the teacher (ferives from the culture of the 
race. Tlier-. are teachers who brighten the scho()lroom with their i)er- 
SfUiality and enthusia.^ni, and who inspirt^ the pupil with the romantic 
and excitinc:V(^]f)r of the information which they divulue. They k.iow 
life, and live it. They see and understand (lisccnery and creation. 
77/rv arc the dooneays into a veoudrous t.'OrhL It /\ froyn these that 
thr pupil learns. There are teachers whose rooms are as ^locjuiy as a 

pp. 47^^-477. 
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tomb; .eachers who rock the atmosphere with the cyclones of an 
erratic temperament. There are others whose indifference chills anil 
slibdues spontaneity; those whose superciliousness makes the pupils 
stiffen with bridled protest and contempt; those against whose fawning 
majfner even a child revolts; and^hose whose sheer emptiness cast* 
a pall upon the schoolroom. • • . No student pasfses through the edu- 
^cational system without the stamp -of some teacher upon him. Thou- 
sands are inspired to careers of particular achieve^njent by their teach- 
ers, alone; thousands lose the benefits oi school because of treatment 
from their teachers. Unfiumbered'mentul lives sufjen septic operations 
and endure the- ravages of permanent infection, through sheer ineffi- 
ciency and stupidity of teaching. The teacher is the physician oj 
mat urative processes, and there is no redress fronts wounds that are 
sewed up wrong. 

Grades, hours of credit, these are mo5t meticulously inspected, but 
the Sterilized insight, the unfulfilled dema.n(ls and the disillusionment, 
who knows about them? Not the system. It is not organized to care. 
Personalities retard mental growith; they raise intelligence as measured 
by test score:? from the lower portions of a^given range to the h' rhest. 
It is being done every day. It is the most piressing need of present 
Education, a more adecjuate training and selection of teachers. \And 
why are not more of the cream of college youth, with the personalities 
to undertake this vital work, taught of its importance, and shown the 
opportunity? .V«ik almost any better student of tmiay if he is planning 
to enter Education and his reply is, *'! should say not!'' The educa- 
tional dryness, dullness,, mechanical deadness of the mill, so fresh in 
his mind from just having passed through it, is too much. The intel- 
ligence ratings of a Teachers College population are not encouraging! 
The financial outlook ^or the teacher is anything but tempting to the 
individual with ambition and personality. . . . When a system puts 
through hundreds of thousands of individuals/ most. of them shouting 
with gladness to have left it, something is wrong. It is not living. 
Achievement leaves a memory mixed with pride a:' 1 joy; the feeling 
of something unfinished that demands a further completion. Learning 
is, by nature, achievement; hut where is the feeling of something un- 
finished? . . . Why the many thousands who go on ftom high school 
with no demand to reach a real intellectual goal or to prepare them- 
selves, seriou^l\], for the task of solving the major problems of the 
race?^*"^ j 

The tcacherjas the engineer of human nature. Intelliicent critics 
of our aue have told us that thus far our civilization has rested too 
exclusively (Hijthe study and the concjuest of extvM nal nature. We 
have codified and glorified the laws of matter and have assigned a 
place of supreme importance to the mcchr.nical enuineer. We are 
ready for a chan.ize. ''The day has come to begin the work of our 

*** VVhccler, R. II. an«l IVrkin-. W T., op, cil^ [129], pp. 509-511. 
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renovation. . . . \Vc must liberate ourselves from blind technology 
and must grasp the complexity and the wealth of our own nature." 
We are beginning to understand ''that man is not a machine, that * 
the laws of his behavior are laws of intelligence, will and person- 
ality, not the +aws of association/'^^^ 

The teacher of tomorrow will be a A«;«a>r engineer. He will real- 
ize that '^teaching is not a mechanical process of telling facts. It is 
a contact made between a personality and a group of personalitief?, 
in which the imparting of knowledge is subordinate to the vitality 
of meaning which the teacher gives the facts by his attitudes, in- 
terest in the subject, breadth of grasp of the subject,, and/ by the 
atmor^phere of the classroom which he engenders/'*''' / 

In the school of tomorrow the teacher will regain the^csteem he 
once enjoyed, because he will be an artist/ a scholar, ^and a 'fritrid:- 
He will direct the activities ,of the classroom witk consummate 
skill, stimulating and effecting desirabK* menial^, n^oral; and spir- 
itual growth. .And the community of tomorrow wjll reward him by 
granting him the freedom of his great profession, •economic security, 
and a position of confidence and trusted leadership. 

(X)\(;Lrsi()NS 

General summary. The salient characteristics of educational 
theories and practices, which have been reviewed in this discussion, 
may bo Ijrietly generalized as indicated in the following statements. 

I. W'o have seen that education is facing a world in turmoil, 
that the machine age and technology have led to a profound trans- 
formation of society and its institutions, and that mechanistic sci- 
ence has made us uncertain of values ami goals. We have lost our 
pers()ective and the unity of our souls. 

'I*he presiMit crisis in erhication wa< shown to be essentially an 
outurowth t)f this crisis in human affairs. Above* all, we must re- 
capture V sense of the wholeness of culture, and a regard for the 
utiity of knowhuli^f' nnd the integrity of the social order. To the 
mechani/atinn of mtKlern life must be opposed the unicjue contri- 
buticms of the intlivithial. \\*e mu^t strive for a unified grasp of 
total ^ituaiion^ and ahaodim <nir atomistic orientation. 

J. It i> characteristic of this period that our jjist educational 
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efforts are beinij neutralized by a lack of vision that is symptomatic 
of our c(|)ntlicting educational philosophies. The dominant philos- 
ophy of this itineration is that, of pragmatic instrumentalism. Its 
grave flaws were pointed out. Educational sanity demands a re- 
jection of these erroneous positions. The philosophy of change and 
of social reconstruction was 'contrasted with the concept of invari- 
ance and the doctrine of permanent values. There can be no edu- 
cational recovery until the idea of '^change at any cost** is replaced 
by a comprehensive and consistent philosophy resting on a solid 
foundation of ultimate objectives. 

3'. The pre.sent status of ^'progressive'' education was, examined 
in detail. The characteristics of the activity program were out- 
lined and the serious weaknesses of activism were pointed out. Our 
analysis, of '^progressive*' education revealed some fatal ^'danger 
zones'' that must be eliminated if i\ie influence of this movement 
is to be considered either beneficial or lasting. ^ 

4. It was shown that for many years tl_ curriculum has been a 
source of confusion. The various stages of curriculum i:evision dur- 
ing the past four decades were revien^ed, Kpur new ways of dealing 
with the curriculum were summarized and criticized. The contin- 
ual *'adju.sinient" of the curriculum has made it a collection of 
odds and ends, for Avhich no one can have respect. It was urged 
that, insteafl, the curriculum be built on enduring backgrounds and 
on basic, frames of j-eference. Six trunk-line domains were sug- 
gested as its permanent categories. The importance of continuity 
and of an adecjuate time allowance was stressed. The current **unit'' 
.system stands in the way of a desirable integration and must be 
given up. iMiialiy, the uni(iue imnortance of mathematics\was 
discussed, over against tlie constant attacks that are being made 
on matluMuaticai teaching. 

5. Consideration was given to the crucial problem of mass edu- 
cation. The ineasurenu'iit movement reveale<i a disturbing amount, 
of retardation and nialadjustnient at all ^tau:es of the educational 
process. Krroneous assumptions and inferences have led to a wide- 
spread indorsement of the priiicy of uidimited ''adaptation" to chil- 
dren's infiividuai 'Mieeris and aptitude^/' The various attempts at 
adaptation were descrihefi. They have failed to produce satisfac- 
tory results, thus [^roving that the fundamental causes of the diffi- 
culties to be rorrected have not Ijeen met. In particular, the notion 
that vucalinnali>in is a cure-all for tducational retardation was 
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attacked as utterly fallacious, and clue attention was given to au- 
thoritative receiu views as tQ^the future of vocational tr{iining. 



' ^ The ominous/tffect of "adaptation'' on standards was considered 
at length. Evidence was subrnitted that we must return to a defense 
of legitimate and binding educational norms. It was iftaintained 
that the vexing problems of mass education will not be solved by 
ignoring them. Only a planned type of mass education will be of 
avail. This involves an integrated program of foundational in- 
struction ba5*ecton the idea of continuous progress made possible 
by genuine undei-standing and real mastery. ' Within this general 
setting, attention \Vas also given to the feasibility of specialized 
high schools for superior pupils and of adjustment courses for re- 
tarded pupils. 

6. In the light of the new psychology of learning the teaching 
process was shown to be in need of revision. The drill theory of 
teaching was held to be one of the most obvious causes of wholesale 
educational failure. It must be replaced by a type of instruction 
that is based on conceptual and meaningful learning, real motiva- 
tion and the genuine co-operation of the learner. The idea of **train- 
ing for transfer" was seen to be the modern and truly scientific 
successor to the doctrine of formal discipline. 

The present status of the teacher was described as unsatisfactory. 
The teacher of t »morrow vMl not be a mere technician, but will 
be trained more effectivel; along broadly cultural lines. In the 
community of .tomorrow this master teacher will regain a com- 
manding position, commensurate with his potential qualities of real 
leadership. 

The outlook. During the decades that lie ahead, secondary edu- 
cation will assume an even greater importance than in the past. 
The secondarv school will become the people's university. But it 
can {lischar.u[e that lofty mission only if its basic philosophy is 
sound. It must a\-()id fantastic e(!ucational theories and must be 
built on the l)e(l-rock of permanent values, and on the ideal of social 
solidarity. The curricula of the emerging high school must be inte- 
grated around the enduring trunk-line cateuorios that date back 
to the dawn of history. There must be no op[)nrtunist tinkering 
with values and standards, (lood teaclun.u; and efllcient guidance 
!r»M-t he in evidence in every chissroom. 

Americas cultural mission will (fepend in lar.ne^ measure? on what 
ha}){)ens in the .American high school. If we are satisfied with me- 
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dipcrc attainments, our national life will be characteri/iH by medi- 
ocrity. If. on the other hand, our young .people are at all tinies 
imbued with ideals of excellence, the lofty visions of the founding 
fathers will be increasingly realized.^"^ Conceived in this way. the 
secondary school will become, as Dr. Abraham Flexner suggested 
in a recent address, the keystone of the educaticyaal arch. We agree 
with him in regarding the improvement of our secondary schools 
as "the most important work for American education from top to 
bottom."*''- 

^•■^ Meiklejohn, Alexander. W*hat Does America Mean? \V. \V. Norton and Co.. 
New York, iq.^.s.' 
"^'■•See Teachers College Record, April. i()}S> P- S^iS. 
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"l COME TO BURY CAESAR, NOT TO PRAISE HIM." 

By E. T. bell ^ 

« 

Pasadena, Califomfa 

A master learns. There is a true story of one of the foremost liv- 
ing mathematicians—call him Y--^which illustrates the point of 
much that is to follow. Professor Y is not only a great research 
mathematician but also a superb teacher, as shown by the number 
of first-rate mathematicians he has trained. 

Some years ago two yomg women. were working for their doc- 
torates with Professor Y. Their long struggle had reached the last 
stage: they were to present their joint dissertation before the 
mathematical seminar. The presentation had been rehearsed fully 
forty times, and it was agreed that the more confident of the two 
candidates should present the argument. During the presentation 
Professor Y sat motionless in the baqk of the crowded, stuffy room. 
One theory hold^ that he slept through the ordeal as the perspiring 
aspirant covered eight blackboards with masses of horrific equa- 
tions. Finally the candidate ran out of chalk and sat down. Pro- 
fessor Y sat up with a jerk. 

"Have you an eraser?*' he asked, 

*'0h, ye?," the eager candidate admitted. "Is there a mistake 
somewhere?'' 
' "I don't know. Rub all that stuff out:' 

Ahiio^t in tears both candidates cleaned all eight boards. 

'*Xo\V, young ladies," Professor Y resumed, "tell us what you 
think you have done. What does it signify? Are yuur very beauti- 
ful ecjuations only equations, or do they perhaps mean something?" 

They did their host, but it was a sorry mess. Ruefully they had 
to ai,'rce with Professor Y that they had wasted two priceless years 
of their lives in entan*^ling a triviality in a profoundly learned-look- 
ing mesh of unnecessary mathematical symbols. They crawled 
home to a cheerless supper. After the meal they brightened up. 

136 
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"After all/' said one, **he has been most decent to us all theie two 
ghastly years, ind he has given us\iiore of his time than we de- 
served, ^anl we do something to show that we are at least not 
^ungrateful, even if we will never ht mathema,ticians?" 

"We should," the other agreed/ "But what? A gift would look 
too much like insincerity. IVe got ill You know how fond he 
is of that fat mutt of a dog of his? Let's' buy the biggest bologna 
sausage in town and take it round as a present for the dog. Our 
dissertation was just about good enough for Y's mutt anyway." 

The offering worked wonders. "Ah," the professor exclaimed, "I 
see there are possibilities. I never dreamed of in those young women, 
I must look into this/' He did, and under his .expert guidance they 
finally produced a very creditable dissertation ^which was nine- 
tenths his. • * 

Prof{>ssor Y in his enrly days had fallen foul of the trap which 
symbols lay for all mathematicians. Lecturing on a subject which 
he had not fully mastered, he covered blackboards with eciuations 
for twelve weeks, having lost his class hopelessly in the second week. 
One morning he suddenly stepped back from the blackboard and 
staring at the cabalistic mysteries in astonishment, he shouted, 
"Mein Gott! There it is!" The simple demonstration which had 
eluded him for months had fallen out of itself. That cured V of 
relying on symbols. Thercaftei he used ^i> head more and his 
hands less. Let us try to do the same. 

What IS in it? A fair competence in manipulations is admitterl 
by all to be a necessary prerequisite to understanding a mathe- 
matical argument. But no amount of technical facility will of it- ^ 
self teach anyone what mathematics is or what proof means; nor 
will it sugue.n what is probably the most important reason why 
mathematics is today an even more vital human and social necessity 
than it was in the past. Too" much emphasis has been forcejl upon 
the practical utility of mathematics ''afv a tool,'' to the neglect of 
the characteristic benefit which an elementary mathematical educa- 
tion can cf)nfer on ini nature minds of normal intelliizence. Manipu- 
lative skill may sufl'ice for the average technician in the trades or 
the hack in the .owest ranks of the enirineerin^ profession. Hut 
it is woefully^'inadcquate as all aid to self-respectiii^z citizenship in 
even a moderately intelligent society. What sliail it profit a me- 
chanic f)r a surveyor if he can apj^h* the rule of tliunib formulas in 
his handbook as automatically as ho breathes if he votes s^meplausi- 
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hie quack into office merely becausr he himself, in his practical, 
efticlent blindness, is unable to distinguish between a sound argu- 
ment and a tissue of rubbish? And what is the social value of a 
gulliNc booby who believes every transient fashionable theory in 
science or economics as if it were the revealed word of God? 

These (juestions are not rhetoricaU Unless the student^ who gets 
no farther than a first course in algebra or geometry acquires as 
part of his mentality for life a clear, cold perception of what ' **proof'' 
means in apty deductive argument or system of deductive reason- 
ing, his time and effort will have been wa.^ted. Deductive "rea- 
soning" is the subtle' device by which the spellbinders dupe their 
millions. To how many of those who are convinced or converted 
by some brilliant argument does it occur that the argument, if for- 
mally correct, **proves'* nothing more than what is implied by the 
assumptions on which it is baseo? * 

the teaching of elementary mathematics, particularly of geome- 
try, can be either a vicious fraud or an unsurpassable object lesson 
in intellectual honesty. The simple, intuitive ideas of "number'' 
and **space'' which most of us have arc so "natural,*' so "necessary,'* 
that unless we have once clearly realized that some^of them are not 
natural and possibly none are necessary, we are likely to be easy 
converts to any quackery based on other **naturar' or ''necessary** 
assumptions that may be neither convenient nor sensible. Many of 
the so-called natui/J and necessary "concepts** are probably mere 
conventions which human beings have adopted for their own con- 
venience in understanding the world in which they live. 

Kven the most elementary mathematics can be so presented that 
two cardinal facts shall become lifelong acquisitions; (i) without 
assumpliom there is no proof ; (2) no demonstration proves more 
than is contained in the assumptions. Elementary mathematics, 
unencuml)ered as it is by extraneous scientific or social theories or 
hypotheses, is the one place in secondary education where these 
cardinal facts can he acquired. The material to he presented is 
simple and wholly iinobscureri by emotion*^; its lifelong lesson is 
within the ai[)acity of normal intelligence. 

Tradition, or a shovel? Ij is related of Kinstein that he said he 
WIS Icfl to the invention of the (special) theory of relativity hy 
•'challenijinu^ an axitmi/* The axiom which he challenged was the 
"<elf-evi(lent truth * that two events can happen at different places 
at the >anie time. Tntil Kinstein upscL the axiom by showing that 
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it is neither self-evident nor necessarily true indeed it is nonsensi- 
cal -"-the human race had believed it to be both. 

Let us see what the dictionary hcus to say about axioms. In the 
unabridj?ed Websters New International **axlom" is defined in 
"Logic & Math." as follows; 

A self-evident truth, or a proposition whose truth is so evident that 
no reasoning or demonstration can make it plainer; a proposition which 
it is necessary to take for granted; as, ''The whole is greater than a 
part''; *'A thing cannot, at the same time, be and not be."^ 

This gives a fairly cumprehcnsivCi summary of the major miscon- 
ceptions which have been held in the past regarding the mathe- 
matical status of axioms. Detailed comment seems unnecessary. 
The first example, about the whole and part, is particularly un- 
fortunate"; for it is neither necessary nor true in a vast region of 
mathematics. 

The definition contradicts the whole history of modern mathe- 
matics. It might have satisfied Plato or Euclid, but it should sat- 
isfy no one who was born later than t8:!6. The phrasQ ''which it 
is necessary to take for granted'' is inexcusably misleading. It has 
not been proved that it is necessary to take for granted any partic- 
ular assumption in mathematics. Any assumption that is made can 
be challenged. The whole spirit of the definition is out of date 
by at least a century, and it is long past time that the word 
"axiom,'' with all of its disreputable historical associations, be 
thrown out of elementary textbooks and replaced by "postulate"— 
as in modern mathematics. 

Before proceeding to a cloi^e* consideration of postulates, let us 
•pause here and ask ourselves why mathematics, of all sciences the 
most progressive and the most prolific in its research activities, is 
the most backward pedagogically. Who hut a demented reactionary 
would teach physics to hoys of fifteen out of .Aristotle's 'Thysics"? 
Yet the e([uivalent of that unthinkable stupidity is precisely what 
we do in geometry. Is it necessary always to plod after poor old 
dead and gone Euclid, slavishly imitating his primitive attiMupts to 
think straight, as if the golden age of the nineteenth century liad 
never been? Shall we never shake off Greek tradition in elementary 

*The Second Kflilinn t^f Webster's New Inlernatiimal tion:irv. rnahridired, 
almost setb the matter riiiht» us follows: "A >e{! -L'on<i^tent -tatenienl ;ih()ul 
undefmable objeets which form the basi- tor fii<eoijr''e. Thu> the >tatenient that 
there is one anci only one *»traivrhl line pa>>inK through two j:iven puints i> an axhmj' 
[For 'undeiinable' read * undefined.*! 
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teachiuK and realize that geometry, wherever it is used outside of 
trivial ''applications" for which no formal schooling is necessary, 
has known the supple freedom of algebra since Descartes, in the 
seventeenth century, ripped . off the strait jacket of Euclidean 
"demonstrati()n*]? \ 

Whoever maintj^ins that we do not continue ploddi^ig after Euclid 
may be asked p produce any textbook on elementary geometry 
which is fairly widely used in the schools of America' and which is 
less objectionable frdm a modern standpoint as "a training in rea- 
soning" than Euclid's Elements. 

This brings us again to the question of ^vhat elementary mathe- 
matics is all about and what any normal boy or girl can hope to 
get out of it. Beyond the feW trivial applications, what is there 
in elementary geometry but a training in deductive reasoning? 
Nothing. And unless the training is modernized, the habits of 
''reasoning" which are drilled into the pupils are about as bad as 
they could be. The pity of it is that a decent job would be no 
harder to do than the awkwird muddle consecrated by tradition 
and sanctioned by mental in-ntia. Endless generations of com- 
^mittees on the teaching of geometry have proposed timid patches 
. here and there on a corpse that has lain in state for generations. 
What they need is a shovel and the courage to use it. We can at 
least bury that rottch word "axiom." 

The nature of a mathematical system. Having buried axioms, let 
us do likewise with another old stand-by which we have inherited 
from an outmoded ''ay of thinking?. There are no '*1%iws" in mathe- 
matics. Laws are for lawyers, and popularixers of science who 
cannot think straight. In mathematics there are undefined ele- 
ments, postulates, pr()positi(iiis, and theorems. 

We start with certain undefined elenients. In geometry, for ex- 
ample, two such are "point*' and 'iine.*' These are probably the 
simplest two which it is expedient to take in elementary geometry. 
If we define a '^straight line" as "the shortest distance between two 
points" we are sinning against clarity. What is "distance''? And 
how are we to know whether one "flistance" is "shorter" thun an- 
other ? Or that there is a "shortest"? The "shortest distance" defi- 
nition is at the root of the inabih'ty of some of the older physicists 
to understand the theory of relativity. In their yf)uth they were so 
thoroughly miseducated in definitions that do not define that they 
are incapable for life of understanding anything new and sensible. 
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It is not necessary yet to ask where the undefineil elements cuine 
(roni, or why we are moved to select a particular set. Similarly for 
the r-^sttilates. Let us concentrate for the present ou the mathe- 
matical game itself; after we have seen how it is played there will 
bie time enough to inqujre into its origins and our motives in playing 
it. at* all. 

The undefined elements having been agreed upon, the next step 
in constructing a mathematical system is the laying down of postu- 
lares concerning the undefined elements. Once and for all it 'should 
be realized that a^ postulate is a pure out-and-out assumption: It 
may have been suggested by "experience"— a more or less philo- 
sophical term about which it is difficult to f)e precise— or it may 
have been chosen on the mere whim of some mathematician inter- 
ested in seeing -what he could make. In no sense are the postulates 
^'eternal truths'^ or ^'necessary" ; nor are they guaranteed by any 
extrahumah necessity or superruitural "existence." The laying 
down of postulates is a free act of human beings and is not neces- 
sitated by any mystical harnvyhy supposed to" reside in the eternn! 
essences or superhuman truths of the metaphysicians. 

Let us suppose that we have agreed upon some set of postulates 
for the undefined elements. One postulate for our "points" and 
"lines" might be "two poilits determine a line"; another, "two 

. lines determine a point." The latter, by the way, would not usually 
be admitted in school geometry, for in that subject there arc the 

'"exceptions introduced by parallels which, by definition, are lines 
having "no poinf" in common. Hut if we introduce an "ideal" 
point at "infinity*'— all a matter of words without any clutter of 

' mysticism— the postulate becomes, "intelligible" without any ex- 
ceptions. 

Thus far we have the undefined, elements and pbf-tulates about 
them. To the postulates we now apply common ky^\i% or * the laws 
of thought," and see what t^e postulates imply. Vav^ this we may 
assume that the postulates are "true"— they are true only for the 
pur{X)i^es of the deductions we hope to make, and not in any sujier- 
natural or mj'stical sense of eternal verity. The' three so-callod 
"laws of thought" of Aristotle are: is /I" (the "law of idrn- 
. //7 v) ; "nothing is both A and not-A'' (the *iaw'* of cxrlurlnl mid- 
dle) ; "everything is either A or not- A'' (the **law'* of cont)adiction). 
Notice tlie quotation marks on *iaw'' in each instance. This is to 
emphasize the fact, which will be mentioned later, that these classi- 
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cal hostulatvs of reasoning were once thought to be superhuhuin 
iM»e(?^sities and not, as they are regarded today, mere assumption.^ 
whfch human beings have nmde-and agreed to accept. So let us 
refer to Aristotle's classical **laws'' as the postulates of deductive 
reasoning. Deduction proceeds by an application of these' postu- 
lates -to those of the system— geometry or algebra, say— under in^ 
vestigation. 

It is possible to make different kinds of assertions about the un- 
defined elements. The most important of these are the "proposi- 
tions." A proposition is a statement which is either true or false. 
A little consideration will show that it is not always easy to recog- 
,mze whether a particular statement is or is not a proposition. For 
exarnple, we have an intuitive feeling that 'Hhree, lines do not 
always determine precisely one point'' is a proposition; it is defi- 
nitely either trae or falser and which it may be is determinable, by 
an application of the postulates of deductive reasoning to the postu- 
lates of geonjetry. But suppo.^e someone were to assert that *Uruth 
is more identical than bcaJty/' Is this a proposition? .As a matter* 
of fact it is not: it is nonsense. How are we to decide when con- 
fronted with a statement in the language of mathematics whethef' 
it is or is not a proposition? ^ince there is no ascertained way of 
(leefcling which applies to all ^uch statements, we. shall pass on to 
something easier. Hut it is worth noticing -that even the begin- 
nings serious difficulties arise when we stop to question what it 
may hp that we think we are doing. 

Propositions are either true or false. A true proposition is some- 
times caflvd a ''theorerii.'* If true, we try to ' prove" propositions 
by deductive reasoning. If false, an attempted deductiv^ proof will 
sometimes reveal the fAlsity by the ''indirect method," which will 
be noticed in a moment. Proof consists in seeing what, the postu- 
lates of the system imply. Thus if l\ {) are propositions^ and if Q 
follows from P by the postulates of deductive reasoning, and if fur- 
ther it is known (or temporarily a.^sume(l) that P is true, then (> i.s 
true. In particular, if P is one of our [postulates which we have 
assumed at the beginning to l)e a true proposition. () is true. . Hut 
if it is not known whether () is true, we may tentatively assume 
that it is false. If from this as>umption we can deduce that () is 
also true, we have a conflict with the postulate of excluded niid.dle 
(in which V.-l" is now ''tru'*"). " Hut we aureed to abide by the 
postulates uf deductive reasoning. To avoid the conflict we say 
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lhal ()»is not false,^ which wc UMitativery assiimvd; namely, () is 
true, which we wished to* prove or to discover. * 

The whole «ame iiS exceedingly simple. There are but two rules: 
state all the postulates; see that no other postulate (assumption) 
slips into a ehain ofrdcduetive reasoning. In geometry, for example, 
it *i()oks as if" a straight line, which cuts one side of a triangle at 
a point other than a vertex *'must" also cut another side. This h\ 
the sort of tacit assumption vyhich Euclid or some of his modern 
imitators mi«ht easily make. If it cannot be deduced from the 
remaining postulates it should be put in plain view with them as 
another postulate. 

Let us dispose here of the tacitly assumed ^sanctity and "neces- 
sity" of Aristotle's "laws of thought*' —the three postulates of de- 
ductive reasoning. Since 1912 it has been suspected, and since ig^(J? 
it has Jjecn known, that the !%econd law' (excluded middle) is^not- 
necessary for consistent reasoning. 

Now, it may be objected that this pilch of precision is beyond 
the capacity of adolescents. If that is indeed so. is the alternative 
to drill them in ^^reasonin^" whiclr^is loose, if not entirely nonsensi- 
cal, from start to finish? As a matter of fact, young people c^n 
easily be encoura^^ed to turn their natural tendency to criticize 
everything and everybody into a most invi^oratinj^ destVuctive- 
C(mstructive criticism of alleged demonstrations in elementary 
geometry. Encourajre them to do everytWn^ in their power to 
catch the author or the teacher slipping into an assumption which 
has not been stated .explicitly as a postulate, and they will soon 
enter into the fascinating ^ame of close deductive reasoninj^. Many 
of the tacit assumptions detected l)y be.udnners will be legitimate 
ones, but they must l)e disix)sed of by direct deduction from the 
postulates or l)y reference to a previously proved theorem, and not 
by duKmatic appeal to any book. ' On the other hand, some of the 
most vicious assumptions may escape the notice of all except the 
rarely gifted reasoners. 

The ^ame need not be^in in all its severity at once -that is a 
matter for the practical teacher to decide. Hut unless a student 
catches a ulimpse of the reaK^ame he is perhaps blindly attempting 
to play, bt'fore ihv t-nd of his first year in uenoirtry. it were better 
for him that he had never be^un. and better for his teacher that 
a mill-tone had been hunu about his ne(*k ami he IkuI been cast 
into the middle (jf the sea. For what miuht have been developed 
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into a clear thinker in all probability will haw been debased for 
life into a tipplei* of patent medicines and a believer in all the 
quack creeds and popular sciences that keep fakirs fat and pros- 
perous. 

From the foregoing sketch of the nature of a mathematical sys- 
tem emerges the distinguishing feature of any such system, which 
is paradoxically stated in Bertrand Russell'^s epigram, **Mathemat- 
ics is the science in .which we never know' what we are talking 
about nor whether what wie say is. true." The postulates from which 
everything starts are assumed to be true; to ask whether they are 
**really'' true is to ask a question w.hich is wholly irrelevant to the 
mathematics of the situation. The deductions from the postulates 
have the same **truth value'' as the postulates themselves. 

Although Russeirs remark may tend to overemphasize the view 
of the older British school that mathematics is identical with logic 

a view which, outside of Great Britain, is now generally regarded 
as untenable— it does call attention to a distinction between mathe- 
niatics and what is sometimes called **applied mathematics." To 
see this, consider the statement often seen in elementary texts that 
the a, 6, r, . . • , x, y, z, of algebra represent ^'numbers." This 
statement is sheer nonsense. The letters are mere undefined marks 
or ^'elements" about whith certain postulates are made. -The non- 
sensical statement may, equally nonsensically, be tak-en as a defini-* 
tion of **numbers," To do so is to take unwarranted liberties with 
language. The very point of elementary algebra is simply that it h 
abstract, that is, devoid of any meaning beyond the formal conse- 
(juences of the po.stulates laid down fo; the marks. . Some of ele- 
mentary algebra is true when interpreted in terms of rational num- 
l)ers: some of it is false for these same numbers; for example, the 
statement (which might be taken as a postulate in a first- course) 
that every e([uation has a root. J-ut we' miss the whole point of 
algebra if we insist on any particular interpretation. Algebra stands 
upon its own feet as a 'iiypothetico-dcductive system." An inter- 
prrtation of the abstract system is an applhutiou. 

Objection may be rai.sed, of cour;?e. to any such clear conception 
of algebra for beginners. Hut until the studwt of algebra realizes 
this conception or its e(juivalent as he may easily do after eight 
months of a first course he has learned no algebra at all, and to 
say that he has is simply a gross mi>statement of fact. Either we 
should admit frankly that we are presenting nothing but the mathe- 
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maticall^' prehistoric and erroneoMs ideas of the eighteenth century 
on what^^ebra is, or we should stop pr^l ending to give the stu- 
dents anything, approaching a modern point of view when we are 
doing nothing of the kind. \Vouldahe electricity and magnetism 
of 1776, for example, be considered as sufficient as the patriotism 
of that date for boys and gjrls about to face the worlci^of the twen- 
tieth century? If not, why should the mathematics? Madcrjiidcas 
arc no harder to grasp or to present than are the discarded notions 
of a century or more ago. 

An example. Geometry is , considerably more complicated struc- 
turally than algebra. Hilbert's postulates for geometry, one of the 
best sets extant, number twenty, while some sets of postulates for 
algebra contain as few as five; one useful set contains twelve. .To 
illustrate what has been said about mathematical systems we shall 
glance at an elegant set of seven postulates for common algebra, 
•from E. V. Huntington {Transactions of the American Mathenwt- 
ical Society, vol. 4, 190.?' PP. 3i-37)- The system defined by these 
postulates is usually called a ;ir/r/, and is identical, alxstractly, with 
common, rational algebra. What follows is a paraphrase of parts 
of Huntington's paper. , 

' The fundamental concept involved is that of a class in which two 
ridrs of combination (or operations), denoted by ©, O are defined. 
Elements (memljers, not further defined) ofU)ie class wi.l be de- 
noted by small italic letters a, h, c The sense in which 

®, O are ''defined" is as follows: if a, b are elements of the class, 
not necessarily distinct, then a Q b cjnd c O 6 are unicjuely known 
elements of the class- This is sometimes expressed as ''the class is 
closed under the operation 0^ Neither a O b nor a Q b be- 
longs to the class unless so stated explicitly. These remark^ are 
merely by way of preliminary expkmation: the postuh/trs foUmv. 

Postulate A (. \i a, b and b O a belong to the class, then a Q b 
-ho (/. 

Postuldtr A3. If a, by r. a © bOc and a 0 ib O c) belong to 
the class, then ia O b) O c — a G (b Q c). 

Postuldtr A J, Tor every two elenu-nls a and h (a ■ - b or a - h), 
there is an eh^nient x such that a G .v b. 

Postulate Mi. Tf a, b and b O a belonu to the cla-s. then a O b 
= h O a. 

Postulate Mj, If a, /). c,a O b,b O r and a G ib C c) belong 
to the class, then {a O b) Q c — a Q {b Q c). 
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Postulate Mj. For every two elements a, b (a = b or a A), 
provided a a ^ a and b (B b ^ b, there is an element y such that 
O y = 6. 

Postulate D. U a, b, c, b O c, a O b, a O c and {a Q b) ® 
(a O c^) belong to the class, then a Q {b ® c) — {a Q b) (S> 
(a 0 c). 

The unusual @, O instead of the familiar +, X are used to 
prevent any possible misconception that we are talking about num- 
bers as in arithmetic. We are not; the '^marks'' or undefined ele- 
ments a, 6, r, . . . , are marks and nothing more, and the seven postu- 
lates state cvcrythmg that we are assuming about these marks and 
®, O. May it be emphasized once more, even at the risk of being 
tedious^ that the word 'Maw" occurs nowhere in the preceding set? 
There are no laws in algebra; there are postulates which nr lay 
down. Thus, if anyone wishes to name A /, he may call it the **com- 
mutative postulate" for © ; he should not .call it the ''commutative 
law'' unless he wishes to date himself in the hoop skirt and beaver 
hat era. 

Where did these mysterious postulates come from? ^Heaven, 
some will say, and more will think. Deferring any attempt at a 
more sensible answer, let us stick to the facts and tell the truth: 
they came out of Professor Huntington s paper. *-Ves/' sc^me in- 
corrigible mystic may agree, "but where did he get them?*^ .As he 
does not say, and as it is not ethical in mathema'tical research to 
take other men s ideas without acknowledgment, we are driven to 
the conclusion that he made them up. And that is precisely what 
he did. There are at least a dozcu ofjhier sets of postuIatH?s, qui^e 
different looking from this set of seven, which detlne exactly the 
same mathematical system, namely a field. If the reader cares to 
inspect another set. Tie will find one by L. K. Dickson containing 
nine postulates in the same volume as Huntington's set of seven 
(pp. 13-20). 

It is easy to see, as already suggested, that these postulates define 
common school algebra (including the ban auainst attempting to 
divide t)y zero) up to the point where radicals are introduced; Sets 
of postulates for radicals (or irrationaroperati(ms) are also easily 
manufactured, but there is no need to go int(j that here. IVrhap's 
the coni[dete freedom, the arbitrariness of what we are doing will 
be more obvious when we realize that the ::rvni postulates are inde- 
pendent of one another. That is, it is possible to exhibit a system 
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which does not satisfy any particular one of the seven postulates, 
but which'does satisfy the remaining six. The reader may easily 
verify that the set of all positive rational .numbers with a O 
a O'b now defined to mean (or to be) b and ab tespectively, that is, 
0 © 6 = 6 and a O 6 = satisfies all th^ postulates except 
At, In the same way, a system satisfying all except Mi is the 
system of all integral numbers with a © 6 = a -f 6 and a Q b 
c=i b, A system which satisfies all except D is the system of all in- 
tegral numbers with o b = a b and a O b ^ a +6. Instances 
of the remaining systems required to prove the independence are 
left to the ingenuity of the reader. 

There is sometimes a tendency to think of algebra as 'infinite"; 
we can always go on writing down letters or marks and combimng.. 
them with what we already have. Indeed if we start with arbitrary 
(undefined) a, 6, c, ... , we get a © o, a ® a © a, and so oil, no 
one of which is identical with any other mark. But a particular 
field, that is, a particular instance of a system satisfying the postu- 
lates of common algebra, does not have to l>e infinite. Any set of 
n objects can be made a field by proper choice of particular defini- 
tions for the general or abstract ©, O occurring in the postulate 
system. For example, taking « = 4, we adapt the following from 
Huntington s paper: 



© 

a 
b 



z a b c 

z a b c 

a z c b 

b c z d 



O 

a 
b 



a b c 

Z Z M 

a b c 

b c 



a 



b 



Here the first table states that a O b = c, b Q c — a. c Q c — z\ 
the second that b O b = c.cQh = a, etc. It is an interesting ex- 
ercise to verify the seven i)ostulates for this finite field of four 
elements. 

Attentive siiuiy of the set of seven postulates and experimi^nt^ 
with them will be incomparably more illuminating than pa.ues of 
explanatinn of the mraning of algei)ra, so we shyll pa<s on to some- 
thing else.' A geometrical masterpiece of the postulational method 
will be found in Hilbert s Foundations of Gromvtry (1H99, seventh 
edition, considerably augmented, 19.^)- 

\ 



THE ELEVEi\TH YEARBOOK ^ 



The Greek fradhion. The search for ultimate truths in mathe- 
matics is as futile as it is in science. Although mathematical 
theories or systems do not experience fundamental revolutions with 
anything approaching the frequency of the like in the physical sci- 
ences, nevertheless they do experience such revolutions. Perhaps 
'^revolution" is not the right word in either case. In mathematics 
broader points of .view are constantly being acquired, and what 
once seemed to be an isolated set of theorems is included as a mere 
detail in the more -inclusive outlook. In physics a hypothesis is 
'patched till there is more patch than hypothesis, when the whole 
is thrown away, except possibly the dead language in which the 
outworn hypothesis was described. Even today some physicip*:5 
find it convenient to speak of strains and stresses in the nonexistmt 
ether which many of them once believed in as anything from an, 
.elastic wax to a subtile gas. Mistakes in mathematics have been 
made and believed in for generations; so gibes at scientists by 
self-righteous mathematicians come with an ill grace. The fact 
that' mathematics does at least grow continuously and at a terrific 
rate is sufficient evidence that it evolves and is not the static, life- 
less idol of uninteresting perfection that many believe it to be. 

Anyone who teaches mathematics, who uses it, or who attempts 
to advance it either pedagogically or scientifically, will do well to 
keep in mind that the golden age of mathematics began in the nine- 
teenth century, and not in Greece or in the Europe of the post- 
Renaissance period. X'astly more was accomplished in that one 
century than in the whole of preceding history. The first steps were 
of a)urse slow and possibly more difficult than, the achievement of 
the L!:reat century, but it is a mistake to suppose that no pioneering 
as as any of Ihid of the old masters was done from 1800 to 
10;/). Does it not seem rather a pity and rather inexcusable stu- 
pi<lity that this golden age of the modcili maturity of mathematic;. 
as a science has left only inapprccial>lc traces on the teaching of 
elrnientary mathematics? 

The sciences boldly present to beuiinners. in the subject some of 
wliat they have discovered that is new", interestine, and useful. 
Mathematics miuht easily lead them all. Why, then, does mathe- 
matics ^tumble along in the rear, falling' over its ridiculous toga or 
whatever the alwurd garment was that the (Irecks favored to 
[)ri»v('nt t])(Mn u<ing their legs? Are we everla^tinuly to have ''our 
(lel)t tr) Cxreece" dinned into ou- v^ars and do nothing to discharge it 
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'Aonce for all and forget it? t^s long jis we continue to believe that 
the only way of mastering elementary mathematics is to follow 
the historical tradition we shall exhibit in our teaching and in our 
thinking the recapitulation theory and fail to get beyond the hairy 
ape stage of rational evolution. 

If these remarks seem too strong, we need but reflect on the 
months of wasted effort that go into the mastering of numerous 
trivial and utterly' useless theorems in elementary geometry, in 
the alleged cause of training in deductive reasoning. By the age 
of sixteen any intelligent boy should be well started toward a 
working knowledge of the calculus. That may be of some use 
to him; fallacious "proofs" that two planes determine a straight 
line will be of no use whatever to him or to anyone else. And what 
could be a sillier waste of time than mastering a Greek proof that 
the circumference of a circle is a constant times the diame'ter? 
Why not begin to learn directly how modern human beings do these 
thm.ns? As the author of Calculus Made Easy put it in his slogan, 
'•What one fool can do another can." And we might remember that 
few young people of sixteen are the fools some older people of 
thirty to sixty imagine them to be. They are young, their minds 
are fresh, their taste is too keen for stale tradition. They have 
the capacity to learn provided we have the knowledge and the 
capacity to teach. The new, the living thing is no more difficult 
than is the old and dead. It is certainly less repugi.ant to young 

minds. . 

Mathematical i.ivention. Picking up a remark dropped m the 
last section before our dislike of dead traditions ran away with 
our discretion, lei us try to see how mathematics continually sur- 
passes itself. Incidentally we shall see at least one origin of mathe^ 
matical systems. This in turn may suggest why mathematics is 
useful in some of the sciences. 

The evolution of the theoretical part of a physical science closely 
parallels that of a mathematical system. A very brief summary of 
certain features in the development of theoretical mechanics, elec- 
trodynamics, and the quantur.i tneory will suffice to bring out the 
relevant details. 

From the first crude attempts of the pior-crs to analyze the 
motions of material bodies evolved the mystically anthropomorphic 
notion of "force." Galileo and Newton brought this phase to fair 
■ Action in the statement of the, three "laws" of motion. .Xs 
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these laws provide an exrellent example of loose definition, let us 
recall them. F.-rst it is necessary to "define" time and matter. 
Time, according to Xewton, is 'Uhat which flows evenly^^-a strictly 
meanin.t?less phrase, because it involves ap infinite repress in thej 
notion of "tlow" which is itself much later defined in terms of time. 
^ .Malter is that which ''occupies space/' Thus space for Xewton had 
an. existence independent of any matter which might or might not 
'^occupy*' it. Hoth definitions are 'intuitively correct" abstractions 
of human experience which we jrr! to be sensible and correct ideal- 
izatio/>. of what we. observ-e. But neither definition defines any- 
thing; nor will either bear even a superficial analysis. Both belong 
to an outmoded way of thinking. 

The three 'Maws" of motion presuppose a clear perception of the 
space, time, and matter involved in these definitions which do not 
define. They also presuppose a knowledge of what motion is. 
Motion, in Newtonian mechanics, is '*rate of change of position," 
and is measured, if uniform, by the. number of units of "space" 
passed over in a unit of *'time.'* Is it any wonder that some physi- 
cists have an ineradicable dislike for ^'definitions"? 

The three **laws" can now be stated, (i) V.vvry body will con- 
tinue in its state r)f rest or of uniform motion in a straight line ex- 
cept in so far as it is compelled to change that state by impressed 
fr)rce. (2) Rate of change r)f momentum is proportional to the im- 
pressed force and takes place in the direction in which the force 
acts. (.0 Action and reaction are etiual and opjxisite. 

In (2), momentum is defined as the number of units of ''mass" 
in a body multiplied by the number of units of velocity in its veloc- 
ity. ^-Mass" is the "amount of matter" in a body. Although it 
may seem incredible to some that human bt^ngs could ever have 
imagined that the above statements of these laws mean anything, 
everyone will recognize that they th) give an intelligible picture of 
human expe..enres. 'fhe enr)rmous amount of dear! literature on 
the interpretatiijn of these laws is one lo'.'^^ controvtTsy over the 
nonexistent ''meaning*' of the *Maws." 

In a modern tnvitment th(^ vahiable part of this aiithroi)omorphir 
leiM*s!ation r)f natural phetniniena is retained: th(^ laws are accepted 
a-^ a hiL'hly i(h\'ili/ed sumnwiry (^f ttTtain ^irn[)Ie facts of ohsers'atiotK 
*I*hi-> (•staljli'^ht*-^ the contact betvNTen the rleduetions from i\w laws 
anrl (vxiuTience. Hut the stat(^ni(^nts of the "laws" theniselv(»s are 
shorn of I heir meaningless mysticism and are put in the form of 
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definite, precise postulates to which deductive reasoning can be 
applied. " Masses'' arc replaced by numerical constants which are 
connected by clear-eut postulates with the undefined elements of 
the system, namely "particles/' A particle has both mass and 
*'space-time position/' The latter is no mystical concept but is 
merely a set of four numbers, v, t arranged in a definite order, 
say (.V, V, s, /), which ^ive the co-ordinates .v, v, z of the particle, 
with reference to some fixed set of axes, at the time / measured on 
some standard clock. Instead (jf a circular or meaningless definition 
of velocity, we now dcfipir velocity in a ^iven dire.ctitm, say that of 
the A'-axis, at a u[iven instant as the derivative of .v with' respect 
,to / evaluated for value of This is a perfectly definite 
mathematical idea. Similarly for all the other mystical notions 
occurrini^ in the expression of the "laws." linally, these *'laws" 
are restated In precise mathematical form as postulates. The last 
trace of anthrojximorphism ami supernaturalism has been sponged 
from the slatt\ and we can proceed to apply strict deductive rea- 
soning to this set of three nonmystical postulates of elementary 
mechanies. We have passed from the idealizatiim of experience 
to a mathematical system. Should we continue, we should pres- 
ently find it convenient to introduce further postulates (not 'Maws/* 
for the hundredth time) ; for example, the conservation of ener.izy, 
as an extremely idis'ilized abstraction and extrapolation of observa- 
tion and lalioratory experit^nce. ^ 

The history of the classical electron^mnetic theory has been 
similar but more condensed. The theor\M)f tlie electroma.iinetic field 
is sununarized in Maxwells etiuations. In textbooks which are 
still widely used, elaborate alienee} deduct itms of the'-e efiuations 
from hyi)()the<es which are assumed to be closer to exi)erience than 
the simple e(|uati()n< theniseh'es are uiven. with the avowt^d inten- 
tion of clarif\in'4 their j)hysical meaninir. These deductions are 
cluttt^red with hi<torK':d material ihat is no longer useful or even 
meaningful, [^reciMdy as j>arts of elementary ^eonletry are clol:^ed 
and stilled by useless traditions. A modern presentation of the 
electromauMU^ic theory acknouledi^es frotu the beuintiitm that sup- 
[)osed "tleduetions" (»f Maxwell's e(|uation< are (Mther circular or 
fallacious, ami bt)lflly -latt*- the ecjuatioiH a^ pnstuUUrK (nuain!) 
from uhieh the UKithi'matii al theory of ihe Iield i< to be deduce<l. 

In the motlern cjuaiuum theory the trai^sition fmm rnystical and 
unnecev^ary h\[)oiheNes to the mathematical system was even more 
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rapid and direct. The equations of Dirac,' say. instead of beinfj 
"justified" by a non^en.-^icd arj^ument which could justify nothing, 
are laid down as postulates of the theory at once. 

These three examples iUustrate the accelerated speed with which 
the moder^i point of view has penetrated scientific thought. To 
modernize our attitude toward mechanics took all of two centuries; 
electromagrietism about seventy years; the quantum theory about 
six years. If the penetration of the modern attack has done noth- 
ing else, it has at least rid science of the pernicious supernatu- 
ralism inherent in the word **law'' as applied to science. Reputable 
science no longer has ''laws"; it has instead postulates and hypothe- 
ses. The postulates are selected to suit the convenience of the 
moment, and any or all may be modified or rejected rr a moment's 
notice to accord with growing knowledge of physical facts. Simi- 
larly for hypotheses and the mathematical systems— "theories'' — 
constructed upon tliem. All this emphasises *again the purely hu- 
man 9rigin of postulates, hypotheses, and mathematical systems. 
'I'he laying down of postulat^^s in science is a purely human activity, 
and likewise for the rest. 

In one respect a scientific theory differs markedly from a mathe- 
matical system. From what preced: it is seen that the framework 
at least of a physical theory of the idnd discussed is a mathemat- 
ical system. The abstract mathematics when developed frequently 
leads to predictions of pnexpectecl phy.sical phenomena. When 
these are sought and found experimentally, the theory is said to 
have checked with observation. But if the theory predicts phe- 
nomena which conflict with experiment, it must be eithy; modi- 
fied (in its initial postulates, as a ylile), or discarded. Now, al- 
though the. physical theory has failed, the mathematical .system 
enil)f)(!ying the theory has not;. it is in fact precisely what it was 
beff)re, a set of deductions from postulates expressed in mathefnati-- 
cal form whose agreement or disagreement with physical fact is 
wholly irrelevant to the consistency of the system. 

IIow is it with mathematical postulates and the systems deduced 
from them? As for the physical theory, the postulates may have 
l)(»en suirwsted by induction and idealixation from, observation. 
This v'ww is hohl by smnc to explain EuclidV mysterious definitions 
of [u)int and strai.dit line. The supposed process is so'lSniiliar that 
it need not be described here. Hut, precisely a- with the 'Maws" 
of motion, no progress in deductive reasoning can be made about 
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"points" and *'lines" until postulates free of all appeal to physical 
"experience" are laid down. And who does this? We ourselves. 

Let us get it out of our heads once and for all that the postulates 
of geometry were inspire(l by some superhuman entity called Eter- 
nal Truth existing forever above and beyond our poor human efforts 
to create it. We do as we please about **triith/' making our own 
mathematical postulates and agreeing to use a particular set of 
rules, called the postulates of logic, to deduce conseciuences from 
our freely created postulates. If the scientists of the eighteenth 
and early nineteenth centuries had but realized that their poifulatrs 
were that anrl nothing more not imposed from withr)ut by some 
mysterious lawgiver, they might have written more sensibly than 
some of them dirl. The *'given laws'' of the universe which they 
imagined they were '^discovering" were their own creations in at- 
tempts to coh-elate their experiences in convenient, usable forms 
of abstract reference. With the conception of science a< a social 
activity of human beings iiKtearl of a supernatural necessity to 
guide them, they would not have been half so disturbed as they 
were when new experiences toppled one after another of their 
"eternal verities" and ^'supreme laws" into the ditrh, 

(ieometry ha*^ had the same experience. We shall glance at this 
immediately. Hut first let us try t(^ realize that the traditional aiUi- 
lurman theory of the superhuman*f|uality of the 'Mrutb" resident 
in mathematical systems is still widely held by mystics ami by 
some mathematicians who find the history of their subject incom- 
prehensible. What, if anything:, is wronu: with adhering to this 
particular s>iperstiti<»n ? Nothing nuicli, ptThajK, except that the 
irrational believer is likely to c<>mt» an awful ('ropi>er tomorrow 
or the day after when sonu» re-^earchini^ mathematician shows that 
a partitnilar \w\ '*necc>--ary truth*' i^ certainly imt neces.-ary and 
is only non-en-ically **true.** 

The cla^^ic instance is th.at of the invention in of non- 

I'aicliflean ^etunetry by I.cil lati hewsky. There is nr) need in 'jo 
into the fann'liar ^tory in detail. 1j\- den\*imr the truth of I-aieliil's 
parallel postulate. \\hi(h had been accepted a< an "axiom** of 
*spav*e** in tlu* mo-l vieiou< diilifjn.ary ^r^n-e of b(Wh mueh abu-ed 
\N(^ni<. I.obatrhewsky invented a pc^rfectly consistent ueoinetr\ 
which was adetiuale for any piir[)ose to which Muclicrs sv-Wmu had 
been put. 'f*hat wa-^ but the beuinnimr. Sinct* iS-^Tj imuim(^rabh' 
useful izeometrie- have been invented by mathematician-, either In 
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serve definile scienttfic or mathematical purposes, merely or for pure 
whim. 

The same story was repeated on an even more extensive scale 
4n algebra, analysis, and the theory of numbers. These matters are 
familiar to anyone who has had a college course^in mathematics; 
so we may pass on to the moral of it all. 

It will be noticed that the word "discover'' has been studiously 
avoided in favor of ^'invent.'* Did Lobatchewsky discover his non- 
Euclidean geometry, or *did he invent it? You can get either an-* 
swer. If ''discover ' is right or convincing to you, then you believe 
that there is some sort of fairyland, just as Plato did, where all the 
theorems of all the mathematics of the year 5000 a.d. are now (and 
forevermore) hanging like dolls, fire engines, scooters, and replicas 
of Mickey and Minnie on the unaging Christmas tree of Absolute 
and Eternal 'Truth. Step right up, little one, and get the nice 
shiny theorem which Papa Santa Claus has l)een reserving for you 
since ages and ages before the last of the dinosaurs curled up in 
the mud and smothered to death. Teacher will be delighted to 
see it, and you may get an A on your term examination paper. If 
you believe any of this, no one on earth can prove that you are 
believing in something that does not exist. .Ml that anyone can 
do is to point out that you arc making use of a postulate which 
will not help \:)ur mat he mat Ls a bit. ami possibly suggest that 
what you reall\' need is a close shave with Occam's razor. But if 
on the other hand yoii believe that Lobatchewsky invented his 
geonu^try, and ICiiclid invrntrd his, you are not likely to believe that 
Mr. Henry I'*ord*s ingenious mechanics pick their rtivvers off Chrir^t 
mas trees. *I*liey don't. Stilk the mystics maintain that they do. 
Who is right? Is anybody? Possibly the (|iiestion is meaningless. 
Hut it seeni^ moie economical to avoid useless postulates. 

J\ven heuinners get a sense of creative power out of simple ex- 
tTcises surli a< <onio nf those reprodiired in connection with the 
pxtiilates for a t'leM when encouraged to manufacture their own 
niatlu'iualital sy^tiMii^. The lesson to Ije h'arned from all such 
t»\t;rfi-ii's i^ that niatht-niatics is a social aciivily. a cTt>ation of hu- 
man lu'inus fnr tlirir own ii'(*fl> from the practical to tin* at*sthi»tic, 
a!iil lint a dull lyranri)' imp«». ''d ujinn thrni. \(»tliiim fortrs iis to 
ir*Mlr m.nlu'inatical sy-tem^; ut* do it brcau^r wv like to do it 
and bi'cau^r havr found it both u>rful and aniu>inu U\ matlie- 
nialii'i/t* our (aitlook on tin* univcr^r. 
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Mathematics applied. Many of those who are most vociferous in 
their mistaken dogma that the only social or educational value of 
mathematics is its use as 4 ''tool" never even saw mathematics 
used as a tool for anythin}^ more diftkull than what a moronic 
mechanic could do with his thumb. They overlook the fact tliat 
there are too many rule-of-thumb mechanics, plasterers, paper- 
han«ers, plumbers, surveyor's, and engineers (as well as many first- 
class men in all of these activities) all unemployed. In their blind 
enthusia5m for the idiotically impractical they continue to demand 
that the schools shall produce more of the same. The occupational 
absorption of the semicompetent probably passed its peak twelve 
years ago. If the 'Hool" enthusiasts would catch up with the times 
and acquaint themselves with some of the enterprises in which a 
mathematical training is k prerequisite to reasonable technical skill, 
we might hear less emphasis being hammered on poor old antiques 
—like the solution of triangles -that went out of date in practical 
technology a generation or more ago. Instead of* waiting weeks 
acquiring an old-fashioned skill in some trade or technique that 
was in vogue in the days of the stage coach or early railroading, 
the student might use his precious time in bvj^hwing to learn some 
mathematics that is likely to be of use to him in this decade and 
the next. The old technicjues are all reduced to rules of thumb - 
as they should be -to'make time for something more vital. Let 
some enthusiast for everlasting drill on solving triangles -useful 
enough perhaps to our gri^nd fathers by the textbook methocls try 
to hold down a job in a modern enginoeriniz office. The moment 
he reaches for his logarithmic tables perhaps even his anti(juated 
slide rule - the scandalized boss will fire him on the spot. Machines 
have, rightly, replaced brains where brains are unnecessary. 

The real uses of mathematics are not in any xof thi^ prehistoric 
stufi. If we must harp on the utility of mathematics in our rapidly 
chan^inu society, let us try tr) >h()w that inarhemalVs is useful 
indeed indi>pen>able in vast regions of human act i\*ity. which are 
of more vital interest to our race today than all the bf)nk-l<eepnit!. 
surveyiim. navigating, crude "practical*" en^ineeriim. ant! the. rest 
of t.'ie paraphernalia that were >(» dear ti) the pedaunmie> n\ 'the 
Muddled Au'es preceilin;^ the la>t scientific i\\\n indu>trial revnlutioft- 

the one we are eni<»yinu now. 

The praititdl iisr mathematics in its a|ij)licatit»ns tn science. 
In the ph\>ical sciences mathematics is as in<lispeiisal)le as Ian- 
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Kuu^e. In the life sciences, iiicfuding purls of psychology, it is also 
indispenj^ahle though of less fieciuent occurrence. It is part of a 
modern teachers duty (it seems to me) to make, himself ac(iuainted 
with some of the'defniite, living^ uses of the rpathcmatics he pro- 
fesses to impart. A boy or girl growing up today in Victorian 
ignorance of the part played by' science in modeVn civilization is 
about as competent to Yace life in a highly ^'scientific" civilization 
as a dirt-eating Indian. And ntl^jeal compreherjsion of thai rudi- 
ments of elementary science is -possible witho » a fair working 
knowledge of the calculus. If European boys and girls* caif get at 
the calculus by the age of sixteen, wljj- carfnot American? Surely' 
the answer is not that our own children are stupider than ..our 
neighbors'. 

Last, of the strictly ''practical applications" of very simi)le mathe- 
matjcs, we may mention what is called "The Mathematics of In- 
vestment." Three months of that will not convert any young lamb 
into a prechitory stock gambler, but it will go' a long way toward 
preventing him from surrendering his licence to the first stodk or 
bond salcMiian who tells him he has nice soTt n-on|. With a few 
of'tl/e elementary principles of sim[)le and compouml interest under 
his thatch he need fear no Hig Had Wolf. 

There is, however, another direction in which mathem;\tics can 
he applied and this, possibly, is of more importance than tlie]3jy>"re 
brt»ad*an(l-lnitter ap[)licatlons. Educators are among thiise who 
advocate most loudly a proper training to enable human teings to 
niake uood use of the mofe abundant leisure whichj, we Jare to)d, 
is to be the comnion lot when we escape from ^^fi^^iZiirent muddle 
and work fewer hours a day. 'i'o 'mjoy that Iris^re a /iiodicum of, 
trained rt-ason may ncjt too extravagantly, be proposes as an anti- 
dote ai;ain>^ the boredom of eternal slupiil games/ The e.xercise of 
what intfllii't^nce and reasoning power we may have i.\a more du- 
rablt» form of enttMiaiiiment than any of the tt»dious substitutes for 
iliinking which have been invenlt^l as iime-ki4]>fs! J 

()n\y tho<e who are theniselve-^ inloleraljly dull realh/believe that 
the averr.ue boy or girl must evt»rlasiinuly be doing^)niething with 
a ball or a deck of cards to fiiiht oft enmii. A hint of he unknown, 
i)\ ihe unacfoinpli^^lu'tl. will enuai^e any normal uroup in (^a.irer dis- 
(ib-^-ion and constructive eiTori. Only (KMts are devoid of intel- 
lectual curiosity. 

The natural thirst for nalurarknow U^dge lan be encouraged into 
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' a lifelong taste. This thirst is waiting to be capitalized into a 
social asset by a more vital training in elementary mathematics 
than that which i? now offered to boys and girls of twelve to seven- 
teen or eighteen. Without a working knowledge of the elements 
of the calculus the seals of the great books of physical science 
must forever be unbroken to those who would try to catch a glimpse 
of what modern thouj^ht imagines the universe to be, A good start 

' is all the formal instruction necessary. That and an awakened 
curiosity should suffice to master the competent expositions that a 
more interested generation will undoubtedly demand. .But even if 
this'rfiiuch should be too Utopian for the immediate present, there 
is no reason whatever for allowing generation after generation of 
school children to finish their education .ij^norant of w-hat mathe- 
matics is and almost wholly uncritical rf arguments presented in 
the form of deductive reasoning. 

To sum it all up: the future function of an elementary mathe- 
matical education should be to fit minds to the scientific twentieth 
century. 

Modest proposals. Although it may be outside the topic which 
was assigned to nie, I should like to make four concrete proposals 
in the form of suggestions for a definite program to revise elemen- 
tary instruction in mathematics. Dean Swift, it will be remem- 
bered, once made a "modest proposal" to relieve the Irish famine. 
Swift failed tq relieve anything but his own ^'savage indignation" 
because his thick-headed superit^rs thought he was T^nlj* joking. 
They laughed at his macabre joke and let the frish keep on starv- 
iwi^. To prevent a s^nilar misunderstanding, 1 emphasize that 
allhr)U»4h my own modest proposals may y^evm fantastically Utopian 
in the present slate of mathematical education in Wmerica. I mean' 
every word of them. I'urUier, I see no gre:M merit in always patting 
our-ehes on the t)ark foi the excellent job we. are already doing in 
secondary nialhemat'.cal education when a little extra effort anci a 
little. more ambition would make it a \ ery much better juh. Here 
are the prof)osals. 

1. Mtikc it ruinously unprofitable for *:utfiors to write antiquated 
tfxt hooks and for publishers to produee them. 

'Jn acc{)niplish this I suggest the next two measures, the first (jf 
wliicii is destructive, the sec^rnvd, construe:! ive. 

2, See that the projessionid journals of secondary edueation in 
ni'Jtht maties obtain and print thoroui^hly eooipelent and jtaile<\ly 



158 THE ELEVENTH YEARBOOK 

critical •5 0} all mathematical texts at present used in the 

sehooh and of all fieic texts as they appear, 

Kor exani[)k\ .if a new }^tM)nu*try ai)pcars, U-l the first twenty 
propositions (usuallj- the first fo)<r will suffice) be analyzed. If a 
sinfjle unstated assumption is usecfin any proof, the book should be 
forthwith banned or' revised. A modern treatment or none, of both 
al^^cbra anduMt*onietry, is what the student of today needs. 

3. Let a lar^e number of both the younger and the more rxperi- 
eneed tcaehers of elementary mathematics take it upon themselves 
to prodnee textbooks ivhich will meet the demands of strict deduc- 
tive reasonin}*' (in addition, of course, to the necessary formal tech- 
caique). 

This mi.uht be accomplished by nij^re teachers availing themselves 
durin;^ their summer vacations of the oppc^rtunities provicjed in thct^ 
departments of mathematics of the larger universities. for becoming 
thoroughly familiar with modern {Presentations 'oT elementary . 
mathematics. I have no doubt that most of the progressive depart- 
ments of mathematics in the country wnuld be <^lad 10 co-operate. 

4. Aim at a icorkini^ knoicledi^r of the calculus as the croxi^n of 
a secondary Si hool education in ma^t hematics. 
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THE CONTRIBUTION OF ^MATHEMATICS 
TO CIVILIZATION 

« * 

By DAVID KUGKNK SMITH, I>u.I)., D.Sc, LL.I). 
Teachers College, ColumbUi University 

The landscape. If "AC seek a point from which to view the broad 
landscape which we term civilization we yuiy proceed by divers 
paths. The one most readily found and with the easiest gradient 
leads us to the spot from which we see tlrst of all that rej^ion whicH 
concerns th*^ atffairs of daily life— matters of' trade, of finance, of 
profit, of losF, ami all that 'concerns this machine a.^e which is 
overwhelming us with social problems which we strive, often with 
discouraging results, to solve. Whether or not this region is part 
of the landscape we wish to see depends upon our definition of 
civilization. To it, however, Mathematics makes contributions so 
evident that we need hardly c(>nsider them. If we imagine, for a 
moment, what would happen tomorrow if every Mrace of mathe- 
matics were, banished tonight from the region of commerce, of* 
transportation, and of daily life in f^eneral, the picture w.ould be 
that of a desert of starving? humanity: no medium of exchange, no 
buying the needs of life, no measurinj; of time or of objects, no 
machinery for h>ht or heat, no tran.^portation, not even the sim- 
plest barter that re(iuired counting. The picture is too impossible 
for us to conceive, save in some such sli.uht decree. 

A second way of approach may be the om* leadin.u to a point 
from which we view the domain of the .sciences. This is the more 
interesting, for the picture is more- rapidly chanuinti. science bein^ 
forever new. With the included region of applications the chanj^es 
come not merely year by year, but day by day and hour by hf^ur. 
Compared with the pro^rtv^s of .scitMire. the ^iffairs of daily life 
• seem stagnant exct-pt as they lay under coniribution its applica- 
tions. Such applications, are seen in our meiuis of communication 

by travel, by the i)rintinLr pre^s. by electricity, and by radio 
waves and are also ^^een in the conveni(Wic^s of the modern hom^. 

It is an easy matter to show how far-reacliiivj; i> the intluence of 

i5^> 
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iiKitluMiiatics upon such subjects as physics, astronomy, map draw- 
inti, insXirance, bioloj^y, and most of the other branches of human 
. U!i()\vlo(l.t;e. A ^^Uince at a standard treatise upon any one of them 
above the schoolbook chiss "will show liow in?iebted each is to 
mathematics, advanced as well as elemenlary. The landscape seen 
from this point of view is one of j^randeur ; and to it we shall return, 
A third route leads to the point of view from which to see con- 
tributions of Mathematics to the forming of the minds of riien 
the accjuisition of habi*s of thinking such as geometry may culti- 
vate, and the consideration of what Professor C. J, Keyset has 
called 'nhe value of rigorous thinking.'' Vvom this point we see 
lirst of all the region of psychology in whicli we ccjnsider the cjlti- 
vaiioii of habits which transfer to related fields of menial activity. 
The view is enticing, the more so because the path is over a rocky 
road and a long one. It is one to be taken by that rather unusual 
being who makes of philosophy something besides mere words — * 
th^ rfian who has the genius of originality and the power of lucid 
expression. 

Th(ire is also a fourth ro,ule to the po'Mt we seek. .As we make 
ascent we may consider the meanings of the words "Mathematics" 
and 'XMvilixation.'' Failing to define them satisfactorily, we may 
attempt to exi)la1n them sufficiently fj)r our puri)0ses. We may 
even branch off to the points of view to which the other routes have 
led. finally reaching the one where we can see tlie landscape at its 
best and with the widest sweep of vision. 

The meaning of maiheniatics. In the first place we should natu- 
rally wish to define our leading terms. Mathematics ^uu] Civilfza- 
tion. for upon these definitions depends the spirit in which we 
view the land-cape. We shall not succeed in our attempt, how- 
ever, for the first of the terms changes from time to time, and 
the secoiul changes from place to place as welL 

To illustrate one of the dilViculties of definition -until about the 
year 1500 nui^ic had been, for two thousand years at least, classed 
as one of the branches of mathematics, i, id the inlliience of music 
upon civilization has been very irreat. With the coming of the 
I-'.ra of Leisure, if such an era rt^illy develoj^s, it will be even 
'^nater than ever before. When we con>idrr the inlere-t sliown 
in the mathematics of music^ by such scholars as Pyiliauora-, 
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rhiloUuis, AristoxeiuHis, and Ptolemy amonj; the Grtvks; Boftiu^-^ 
at the close of the ancient Roman period: mathematicians of» the 
Renaissance period and later, like Merseiuie, (irammaleiis, Stevin, 
nuygen>, Jacqu^y^evre (Taber wStapulensis):, Kuler, and Johann 
Heinrich Lambert^^n to speak of the interest in mathematics 
shtiwn by musicians, we can see the. probable /U^elopment, in the 
future, 01 a still closer union of the. two branche?; of knouied.^e. - 
*rhD contribution of mathematics to civilization will then have a 
new, or at least a more modern, mcaninL?. 

To say that mathematics is far-reachinn in this special field of 
the luie arts does not, however, help us in our defmition of the sub- 
j\rt; nor shall we bo assisted by the fact that what we in the 
Knulish-speakinL? world call *\\nlhmetic" was practically never con- 
sidered a part of mathematics until about the bei^innim^ of the 
seventeenth century. Before that time such branches as '-profit and 
loss," partnership, atid the coinputation of interest were not con- 
sidered as divisions of the subject ; nor were the ^*four fundamental 
operations" generally so classed. Arithmetic was then the theory 
of numbers- primes, roots, series, and the various properties of 
numbers. The name ''Arithmetic" be.uan to be applied to computa- 
tion simply to add a supposed dii^nity to what had been the train- 
inu of a. merchants apprentice. We have a similar and rather 
ridiculous'Mnovemcnt at the iircsent time in the et'fort to apply 
-Research'' to all kinds of merely mechanical study, even down in 
the primary school. In the seventeenth century the effort to 
adopt the scientific term by the elementary scho(»l succeeded, the 
.old ••Arithmetic'' bein.LC then changed to the '^Theory of Numbers/' 
Probably '-Research*' will have a similar fate, sume other term 
bein^ invented to tako its proper place. 

.\pparently, tlierefore, we shall have to adtnit th:it Mathematics'' 
is a kind of indefuiable term, like *\-pace," -^innlc." -plane." and 
-time.*' We may explain the lenn with a certain dfuri e nf suc- 
ce>s. but we have no pwid dcfinitinn for it. We iniulu >ay that 
it is a branch of lo^ic ba^-d upon ct-rtain a--umptiMti< which m:iy 
or n;ay not be true and which relate to certain ima-inetl tliinus 
which we call points. line<. plane-. M)lid<. and anult*-. wliith we 
also cannot satisfactorily define. What we tlu-n wi-h to know is 
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inL- S\.t.n;.* Nrr//».''2 M :! Ih m.it'C 1. .;ct. 
-Or noithiu-, I>c la titutione tnu^ica. 
% 

r 

( 
\ 



I62 



THE ELEVENTH VEARliOOK 

» 



,its inllucncc upon '^Civilization" a term which is c(|ually imi^ossi- 
ble of satisfactory (lefinilion. lov the mythical "ixuin in the street'* 
it maybe suftkient to say that Mathematics is the thinp; which 
contains such other things as arithmetic, algebra, geometry, 
trigon.ometry, anfl their offspring in college and university courses. 

The meaning of civilization, We see that the meaning of "Mathe- 
matics" is not easily stated, and it is evident that the word ''CiviU 
ization" is still more difticult. I have many limes talketi with 
scholars of undoubted ability who do not think that the Western* 
World represents as high a degree of civilization Jis parts of the 
Orient. They point to our crime, our merciless wars, ouj litera- 
ture, and our eternal seeking for wealth, comparing our lives w|th 
those they live— their absence of nerve-racking business customs, 
of salacious fiction, and of greed for money. The contrast is not 
always in our favor. If I should ask them about the influence of 
Mathematics upon Civilization, the answer would be quite different 
from any that we should be likely to get if we asked a Wall Street 
bff'ker. an automobile manufacturer, or a j:)rofessor of education in 
some of our colleges. Their [)sychol()gy is j)ossibly not ours; nor 
are their ideals, their scholastic attainments, their use of leisure, 
or their appreciation of the beautiful in architecture, in painting, 
in music, or in any of the oiher fine arts. No (Hie can live among 
those who look down u{K)n our civilization without realizing the 
soundness of some of their views. They agree that we excel them 
in certain comforts of living, in our science of sanitation, in our 
efforts to better *he conditions of ihv [)oi)r. and in such things as 
scientific agriculture, but they deny our su[)eriority in the finer use 
of the mind or in general liap[)iness. 

They would say that the intluence of math(»malics U[^)n the 
Weste.n World relates solely to science, finance, the ajiplications 
of [)hysics, astronomy, ami the like. This is not the case, but it 
is wliat ap[)ears to many thoughtful mi»n to be true. As to the 
Orient, the inlluence relates to al)strart values the cult ivjit ion of 
the habit of loi^ical tbinkiti;: and the explanation of the univers(» in 
which wo find ourst^lves and relates |(>v< ti> tin* appliiations of our 
scientific knowU^lue to industry. 

Ilavini^r now considered in a cursory fashitni the (*r)m[)le\ity of 
the problem, let us turn to -onie of the more ot>vinus h'ne^ of inllu- 
ence of an indefinable subject u[)on an iudrfinable (tiiuliti.)n of j^art 
of the human race. 
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The genesis, The contribution of Mathematics to Civilization be- 
Kan millions of years before Civilization was born. As soon as 
the earth be^an to- cool from its gaseous state and crystals began 
to form, mathematics began its contributions.' Moved by .sopie 
force similar to the habits of ben, similar to their inherited in- 
stincts, similar to the fashions of the human race, these crystals 
^assumed certain forms and seemingly passed them on to their 
descendants, a kind of perpetual inheritance. Let us break, for a 
moment, with the conventional treatment of our sulgect and look 
at it from a point of view different from the one with which every 
teacher is familiar. 

Sjill speaking figuratively. Quartz made up its mind to crystal- 
lize in the form of a regular hexagonal prism, capped by a pyramid. 
Calcite or Iceland spar decided on a rhomboidal solid with its 
interfacial angle about 75'': Alum, Gold, and Magnetite selected 
the octahedron ; Salt and Fluorspar preferred the cube, and in sim- 
ilar fashion other substances took on, in crystallizing, these or other 
definite ^geometric f(^rnis. Such substances lived their lives, again 
speaking figuratively, arid passed on their habits to their descend- 
ants: ^nd many millions of years later humanity came and fol- 
lowed the fashions which somp unknown Power -call it "Nature*' 
if you wish set in an age so far removed from the present that 
our minds are helpless when they attempt to grasp the length of 
time which has since elapsed. Throughout these long reaches of 
time all these crystals have obeyed the law that F -\~ V E 2, 
^where the letters stand respectively for the numlier of faces, ver- 
tices, and edges. The law may have been known to Archimedes 
more than two thou-and years ago; it was announced only three 
centuries ago aiid was made generally understood by Kuler about 
the middle of the eii^hteenth century; ljut it has existed fnr all time 
because it is one of the eternal truths of geometry in the space in 
which we speak of Thv fashions of these crystals, and these 

eternal laws, iixed l(»ng hrfore the world's genesis, are folU)we(i 
today in the arts of all ranks (if civilization. The world >eeks. as 
it has always sought, uecunetric forms I'or its dress, its habitations, 
and it^ decorations of room<. garden^, and of its festive Iniarfls. 

When Job (xxxviiii. :.?) a-krd. '^Ibt-t thiUi enlered into the treas- 
ure- of the snnw!^ or ha<t tlKUi <e< n the treasures of the hail''* he 
nui-t have felt the beauties of the rry-tals of the former. :in<l <»f 
those which the latter concealed. Kver since civilization dawned. 
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those who ?aw the snow fall have felt with wonder tht; beauty of 
its flakes, each built upon the same general plan but each varving 
sli'ihtly in the minor decorations. We have no means of knowing 
when the first snow fell upon the earth, or Who it was, millions of 
years later, who first noticed its symmetry or the fact that its foun- 
dation is an equilateral trianiile, or one such triangle superposed on 
another to form a re.t^ular hexagon. It was not until 1830. that 
Hessel proved that there are thirty-two types of symmetry possible 
in crystals, perhaps 56,000,000 years after primitive man came upx>n 
Karth. \Since 1SS5 the snow crystals have l)een systematically pho- 
to.i^raphed. and out of 4,800 photomicroi^raphs no two have been 
found with what may be called preci?;ely the same frills. There is 
a rivalpy in dress in the snowtlake as w^ll as in the dresses of our 
day. This much is known- lhat the decorations of the snow vary 
with the hei.irht of the clouds and the intensity of the cold. 

To the'artists of our civilization all this has an interest, and 
likewise to our natural scientists. To our- mathematicians it has 
the added interest that the lines from the center to each vertex of 
the trian^^le are the graphs of the three cube roots of unhy; that is, 
^ ] + 2 V " 3' ^'^^^d — I — I V^.^- If the hexagonal form 
is taken, the graphs are the six 6th roots of unity, 
- The child playing with the kaleidoscope unconsciously studies the 
snow crystal as he watches the beautiful fornu -for t-he name of 
his toy is made up of three Greek words meaning '^beautiful/' 
'•form/* and ''look.'' As he turns the cylinder he sees what Xature 
(iries. and he can make an almost endless series / pictures, all based 
upon the etiuilateral trianule, but all differing if slight details. To 
his eivili/ation geojnetric forms have made a 

The Race. too. has its childhood in its trivi: 
its inipriM)nnuMit behind the walls of traditioil 
ha^ the same, (Quartz seems to ..tart out with \ desire to nvike a 
I)rrfeet crystal: it ends with the recognition of a Jlight imperfection. 
It may cut otY some of the ambles, nr its axis of 4'nmietry may not 
l»e exact. There is nothinir perf rt in the I'niverse, When >h)'ham- 
nu-cinn^ builil a nvj-que they [)ur[)()sely leavt* sfinu* sliulu imperfee- 
tiMii. -{un\ alone/* they siy, "1- perfrct/' Thy fet-i that it- would 
In* saerilr-e for man to attempt to make anyihimz without a blem^ 
i-h. iiven their Koran*^. the nio>t beautifully anu rari-fully written 
in tht» world, seek to have a perfect t(»xt. hut in the letter^ 
or the geometric decorations there ^^ill necessarily be sj>me imi)er- 



:ontriI)ution. 
sui>orstilions. and 
Perhaps Nature* 
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fections which may be thought to <ihow their reverence for the Per- 
fect One, their Allah. 

It is not without value to speculate upon the reasons why the 
Crystals, in the eons of the early life of Earth, fi.^uratively speak- 



inj;, decided' upon building their edifices in such fashion as to give ' 
different rates, to heat and electricity as the waves pass through 
tliem, the rates varying according to the different directions which 
they take. It is ab^o interesting to consider why and how the 
optical properties of crystals vary according to the substance. We 
may say that all these idiosyncrasies are due to the way in which 
the electrons, protons, neutrons, ato^ns, and electric waves arrange 
themselves, but the original question simply gives place to an- 
other: Why did these electrons and their relatives decide upon 
these arrangements? This -we cannot answer as we should wish. 
We can simply say that Physics finds what is to be measured, for 
example with respect to crystals, and Mathematics devises fornuilas 
which state the law which is discovered. The two can coml)ine 
to give valuable results, and Commerce benefits by using these in 
the verification of precious stones and the determination of mineral 
species. Did Mathematics contribute this incident in' the structure 
of Civilization, or was it Nature? If the latter, what is Nature? 
Is she tlie twin sister of Mathematics? The two seem closely 
linked. Cut through the seed bulb of the rose, or take a cross 
section through the core of an apple, or study the web for which 
the spider, spins the threads, or under a powerful microscope view 
the geometric shapes of various bacilli. Which contributes the 
mnvo to Civili/:ati(ui (leometry or Nature? At any rate. Geometry 
(i()(»s not eiMitribute disi^ase uerms as Nature often doe^. 

Contributions in the early historic period. Leaving these specula- 
tions about what we call the prehistoric period, concerning the 
riviliz.atirin of which. our ideas are too cloudy to be called scientific, 
let us consider the earlies't written .records which have as yet been 
revealcfl. There are several regions which, if we were to proceed 
with a view to scientific accuracy, should f)e stuilied with sp<»cial 
care. Thesu are China, the earliest records of which are con- 
fe>Sfdly of dniihtful authenticity; India, of which tlie early cliro- 
noloiry i^ (|uite unknown; the lamls overrun by the Surnerians, the 
r(*cent di-coveries in which are o[)ening a new vista.' [uitting our 
knowledue of ali.a!)ra. for example, back more than a thousand 
(perhaps two thousand) years before Euclid s geometric treatment 
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of the subject; and K^ypt. in which new phases of the early history 
are. even now liein^ revealed. 

For our present purposes, however, it is immaterial whether our 
civilization had its beginning in Central America, in India, in China, 
in- Iraq, or in Kj?ypt. What is concerned with our present interests 
is the influence which mathematics had Opon the early stages of 
any of these civilizations/ When we attempt to weigh this influ- 
ence we are confronted by the fact that the earliest written records 
in every case show that the chief interests, aside from mere barter, 
of the countries mentioned were based upon a study of time and the 
heavens. This study involved extensive number systems, and the 
angle measures required in their astronomical records. 

Civilization has always sought for the meaning of the Universe, 
and to this search Mathematics has contributed throughout the 
historic period at least. The primitive savage went to the **rnedi- 
cine man,'' the fakir, the fortune teller, the priest^ the self-styled 
prophet, the astrologer, the numerologist, and later, as science 
slowly replaced superstition, to the astronomer, the physicist, the 
physician, the c^heniist, and the natural scientists in general. In 
the scientific period, each of these authorities has come to the 
mathematician for assistance, and it is .from him that there has 
come a new international written language of science— the algebraic 
formula. In physics for example, w-e have come to depend upon 
^.forniuhis and their graphs as our most potent aids in thinking: and 
through their manipulation by algebra, the discovery of new laws. 

Instead of considering the early theories of the universe in de- 
tail, we may turn for a moment to the fascinating subject of the 
Maya civilization on our own continent. * .\ Cernian astronomer, 
Professor Henseling, has asserted that a study of the inscriptions, 
especially at Cnivifi an<I Naranjo, shows tliat more than 5,000 years 
auo the knowledue of astronomy possessed by the Mayah scholars 
was much su|M»rior to that of any other people in the woVld. In- 
deed, he contends that the inscriptions reveal a system of chronol- 
oiry which goe^ back to «S4oS }\a\ This assertion is ba<t*(i upon 
data determined by Professor Ludendorff, directnr of the .\stro- 
physical Ill.^titute at Pot-clam, who Ik'.s himself, it is asserted in the 
pre>s. come to reco»i:ni/e the validity of Heust-linus coiulusion^. 
\\'lu»lher or i^ot th»-se dales are accepted, there i^ no doubt of the 
early intert^^t of the Mayan ptM)ple in the matht»maii's of calendar 
makinii and of \b,v ap»proxiniate accuracx' of their work. 
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The earliest evidence that we have of the contribution of Mathe- 
matics to CiviliEation, beyond such matters as the mere counting 
needed in barter, and taxes payable in kind, is seen .not only in 
the calendar of the Mayas or the records of celestial movements. 
It is everywhere, in every continent, connected with religion, being 
little more than elementary astrology. For example, in China such 
records as may fairly be called authentic relate to this subject, and 
the philosophic-religious cult of Taoism originally concerned the 
revolution of the heaVens. The Sumerian records, recently made 
known, tell the same story; the astronomy of these people was 
passed on to the Babylonians, and by them to the Chaldeans, It 
was probably from 'the latter that Thales learned how to forecast 
the eclipse which contribute^ to his fame. So it was that, for 
many centuries, such ancient races as the Assyrian, Aramaic, and 
Egyptian brought their mathenic-^tics to bear upon that phase of 
their civilization which is concerned with first causes, with our 
status in space, and with the movements of the stars which were 
thought to control our several' destinies. 

It was not alone in the making of calendars or in the^ measure- 
ments of angles, like those which locate the prominent stars, that 
mathematics contributed to the early civilizations. The sundial 
was scientifically made with a fair degree of accuracy in the second 
millennium before our era, and probably earlier— an important step 
in the measurement oi^^^ftne and in the consequent civilization of 
the race. Aristarchus,Th the third century b.c, measured the dis- 
tance to the moon, failing to approximate it closely simply because 
accurate instruments were not available'^ by the time of Ptolemy 
the astronomer, mathematics had opened up a vast field for the 
speculation of men. How this field has been cultivated by such 
mathematicians as Copernicus. Kepler. Xewton, Euler, and Laplace 
need not be considered. Eliminate the mathematical achievements 
of men of this type and the world would return to the mentality 
of those who placed faith in the astrologers and soothsayers of 
ancient times. 

Sf) it came about that Mathematics contributed to that phase 
<if ('i\'ilizati()tu which Icarls mankind to search out the nature of 
the universe [\< a whole and whieh Ird the Knirlish poet laureate thu^ 
to express, two centuries aw, tht^ ancient feeling of hiar|kind: 

f) (i(KK thank Thee for this jrreat universe our home; for its 
vastne-s and its riches and for the manifoldncss o ts life! 
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There .are those who would say that Rclision is not a part of 
(Mvilization^ ahliouKh their number seems silently decreasin{j. 
There is no doubt, however, that Mathematics has contributed to 
practically all the reliuions of the world. The earliest authentic 
records of Indja show how advanced was the geometry which the 
priests applied to the buildinj? of^altars. The Sidbas of the Vedic 
priests of Inclia were concerned chiefly with this work,^ The altars 
were of various shapes, such as those with s(juare, circular, and 
semicircular bases, it beinj? required that areas be the^same in all 
cases. This led to the approximate scjuariiiij of the circle and its 
related problem, the circling? of the scjuare. These problems refer 
to the construction of sacrificial altars and- may date back as far 
as the Rij^-vcda Sunihita, some .?ooo years \\x\ This raises the ques- 
tion of the influence of the f^eometry of Ind'^ upon the work of the 
(ireeks. as in the altar at Delns and the duplica.tion of the cube. 

The vision thus opened su^.uests other possibilities, chief anioni? 
them beinu the mathematics of temples' tombs, and other religious 
edifiCfs. The ct)nt ribulions of Mathematics to the. art and rij^idity 
of the buildim^s are too extensive to be mentioned iti this article. 
Such a study would lead to the (juestion of the orientation of tem- 
ples, of the real or ima^nned mysticism o^the mathematics of the 
(ireat Pyramid of (iizeh, of the use of tne Golden St^ction in the 
dimensions of a temple, of the desi.^ns of a (Jothic church.** all of 
which are contributions of (leometry to some of our noblest evi- 
dences 'of Civilization and its fine art^. The word Sulba or Sulva 
is a ueometric-one and refers to measures, includin.^ a rope for 
mea>urim^ leimlhs. It is also used in connection with a compound 
word meanintr **tho science of .ireometry." and in the texts mention 
is made of '*tlie rope holder" (-'the royal land surveyor"), and 
the ^'uniform rope-stretcher/' This seems show that the *'ioih*- 
stretchtTS** (/nirpr/Ioiiaptar) of the Mu'y[)tians concernim^ whdm 
nemt)critus wrote in the fifth century n.r. wt'vc related to the 
earlier altar buihit'r.- of India. 

To Kt^liiiion. tlien. (it^onit^try m:\i\v a dtMinitc cnntrii)Ution ex- 
tentlinu' f^ver many ccnturii^s. Of tht^ inlli't^nce of Astronomy upon 
the f\irl\- rt-liiii'MH lift* of all penpUs it is unne<'e-sary to spt\ik. since 
the e\i«len(r- arc well kntiwn. as in Hiblical pas-aues like these: 

^Th' S'f^K r ihr *./.'/'/, H [).i!t 1. ('.tliiiM.i. \')"^: 

* Sfr- \h'^ wnlrr s .\f .1' h'-ni i! ir t (i 'l 1:1(0. Tiir:-. i'):tK \)r\\ 'Mr\y prinlt'd. n(\\\' in 
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The heavens declare the^^loty of God, and the firmament showth 
his handiwork. ^ . 

He telleih the number of. the stars; he calleth them. all by their 
names. 

The heavens nre the works of thine hands.. 

When I consider the heavens, the work of thy finders; tho moon 
. and the stars which thou liast ordained; what is man xlvM ihoxx art 
ihin'dful of him? and the son of man that thou visitest h\m,'f 

' 'To the nomad shepherds watchini? their flocks on the slopes of 
the mountains of Palestine. Ira(|,/)r Iran (Persia) tonight, as they 
have watched for thousands of years, such thoughts as these nnisf 
vaguely coHie. -althouuh in simpler lanLniai^e. 

All this has'litth* direct Uearin.^ upon the contribution of Mathe- 
matics to Civilization; hut it reveals the early step.s in the under-' 
standing of the noblest branch of applied mathematics our present 
astronomv. 

* Contributions to present civilization. Referring to the contribution 
of Mathematics to the Civilixation (jf today, and taking Civilization 
to include our industries, our financial interei^ts. our scirncr<. our' 
sports, and our arts, we cnnie to a field of immeasurable extent. 
The number of applications of Mathematics to tht» interest"^ of. 
mankind, existent or potential, is too great for cnir ready compre- 
hension. We ma\\ however, refer to a ffw by way of illustration. 

It is manifestly impossii)le in an article of this .kind to >um- 
niari/.e the contributions of Mathematics tc5 that element of Civ- 
ilization which we call Science. In the first place we are confronted 
by another term which admits of no defioitinn that is generally 
satisfactory to the scientists themselves. It will be better to -elect 
a single case of the simplest group of sciences and con-ider a few 
af the cnntribui ions whi(;h Mathematics has made and. is makinu 
m this field, bet us take fnr our illu<tration the tleld (jf CftM»'jrai)hv. 



one which is more t\\tensive thali we may at fir-t imauine\ and' oiu» 
which is cn?)iinually exj^anding.xwith the aid of Ma^lifmatic<. our 
ancient and extT-incrfasing it^eritanrr. It mu^t be uoder-tood. 
however, that this is one of the sitn[)lest illustratiims thai we (-(Hild 
'take. If the contribution of .\b*ithrmatit*s is ureal in a like 
this, if! other sciences it would naturally be exju'ctrd In l)e much 
greater. We shall fmd. hnwevi-r, that (ieouM'aphy i< e\fi*n-ive 
that it niake< u-e of full\- as wirk* a ranue i\\ ?n.ii hnnat it al subjec t^ 
a< snme nf the other science< : in f:iet tin* barrier- between ( iei»L:ra[ihy 
and the other sciences have been alnmst eliniinateil as in the ca-e 
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also with the otAer departments which were founded separately 
by ancient schol;jrs. 

Contributions to geography. Probably the word "Geogfaphy''^ 
will call to 'the redder^s 'mind a simple subject of study in the 
elementary schools. It includes, ^however, what we calt geodesy, 
which has to do with both the size and the frgure of the earth— 
each of which is a mathematical subject. If it Is wofth \vhile to 
know, with a close approximatiim to accuracy, ,the distance from 
Xew York to Naples, to Greenwich, or to the North Pole, we need 
jomelhing besides a measuring tape. We need to know not merely 
that the earth is not flat, but that it is not even precisely spherfcal. - 
We must know its^ radius at different points of our terrestrial 
spheroi^^, and the mathematics involved is by no means simple. 
One who would wish to master the subject must be well verised 
in .spherical trigonometry^ the calculus, least squxires, and numerical 

^.equations of considerable difficulty, besides being an expert in the 
mechanics of measurement. 

iCartoj^raphy, less formally known as map making, has manifestly 
much to do with civilization. It may seem to a casual observer 
to be a ^simple matter. If, however, the reader will look at even \^ 
a popular article on the subject, in any standard encyclopedia, he 
may find* that fields of Mathematics which he thought to be mere 
useless abstractions when he was in college are necessary to any 
intelligenl examination of the subject. In^ particular, he will find 

. a definite use for curves of which he may have only a faint memory 
—orthodromic lines, loxodromic lines: for projections of various 
types cylindric, orthographic, stereof?raphic, perspective, gnomonic, 
central, conic, polycnnic, zenithal, elli]>i4C, and others.- To make 
use of these he will need a good commanH^xif geometry, algebra, 
trigonnmetty, elementary calculus, and diJferentutS^iations. He 
will, however, find the r)eed for moie mathematics than this if he 
wishes fo pursue the subject into the fields of the influence of the 
tides Upon the land surface, the measurement of terrestrial mag- 
netism and its effect upon the irystruments emplr>yed. Hdi must also 
})e conversant with contour ni^)S, not merely of dry la^d f)ut of 
the wet I'lnd which forms thellietlfof the oci»ans. Tn master this 
part of geography will require aVyathematical knowledge of modern 
^'soundings'' by echoes from thcyyea bed, leading him into the do-\ 
main of physics. The seeniing/^iiracle r)f tcllinu:, by a sei.smo.c:raph. \ 
the time, place, and force ot-fm earth(}urike, possibly thousands of 
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niilcJi away, is bui one of the relatively simple rcsulis of a combi- 
nation of mathematics, gcof,'raphy, physics, and mechanics. 
» Contributions to sdencts" in general. What has been said of the 
uses of Mathematics in Geography, and of the wide field opened 
by this elementary s^udy of the earth's surface, is jonly a small 
intimation of the uses of mathematics in connection with what wc 
call our present Civilization. Science has been father poetically 
donned as that branch of knowled,i,'e that exists by the aid of Mathe- 
matics. It calls upon the latter to determine the number oT thermal 
units per cubic meter, of various gases, the yield of gas in cubic 
nu-ters i)er metric ton of coal at various temperatures, the height 
of the stratosphere, the power of the cosmic xaySr, the size and 
frecjuency of sun spots, the ecjuations of chemical compounds, the 
formulas for theoretical gravity at the surface of the earth, the 
formulas needed iti the Mendelian theory of heredity, md those in 
hiinJ-eds of other branchfs wh.ch compose the tree o' sjdence in 
the present lime. 

i''r(im the formula-^ created it leads us to their jiictures Mhe 
graphs and there are few sfati: ileal tables which do not now 
niake-iisc of the-^e visual ^lids. The man of commerce, the financier, 
the en-jineer. the statistician -all these and men of many other 
^ilds rely upon the ,;Taph not -rv-r. ly as an expression of results but, 
liu'urati\ely speaking, as an inn '!"'^int clement in thei thought 
pniccs-^. ' 

It is not necessary to attem, ' to recite all the ccmiribuiions of 
Savmc to Civilizatifjn. The two tcriu^ may almost be called 
-yn.inymtius. since Sci«.-nce enft-is into all the arts r.nd even into 
the modern 0)ncq)ts of Religion and Philosophy. 

It <\umUi he understood, however, that there is a line of separa- 
tion between Mathematics and Science, and heme between Malhe- 
mati-s and Civilization. As already remarkeri. Mathematics .says 
to rhy>i(s. Medicine, Chemistry, and .Xstnm.nny, ''Ii your (observa- 
tion-; are correct, then this formula is correct, and hence this nu- 
ni.-ri..'.l rt-ult is correct." In other wonis. Mathematics is always 
l-aM-.i upon a-umptioiis. The old cosmo!nijH-s made such a.^sc'r- 
tions a-- thi-;: -There .-re seven hemispheres in the heavens; they 
move i'l a certain w.iy : now tell n.>> when {)l.inets .1, H, and C will 
be in c-oniiiiiction." Malhematics tiien takes up it^ rnle; it coni- 
piit.- rc-iilt- Ironi the data [irovided. If tiiese data are ri.^ht. the 
leMilt^ uiil be :i-ht. .\lthoui;h the old cosmology was wrung as a 
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\vlu)lt\ it was appiHJxinialdy correct in some of its observations) 
and hcnco the maihematical results were ecjually ai)i)r()ximate. Tro- 
iVssor A. N. \\*hitehiU(i, in his Advcntuns of Jdnis (h;^5,?), niukes 
this interestinu a-sertiiMi: *p'he Certainties uf Science are^u delu- 
siuiu Yhvy are hedged around with u^exp! red limitations." And 
so Wfre the ani'ient cnsnioloi^ies. The niathynuitics was not at 
fault: it was'ilie observations, and the confused thoughts of the 
astrfWffnier that wert* the source of inaccuracies of result. Newtqu 
based his thH)ry of ^.gravitation on the observations nuide by him- 
self and nu*n likO Ca>siiii: his nuitheniatical law was only as perfect 
as thr-f observajions wm* i)eriect. Einstein modifies it, and hfs. 
inudincaiion is perfi'CL onlyso far as ob>erVatioiis eonfurm to Or 
st-rv^ as bases fur his new formulas. 

In Science we are esi)ecial!y ctincernnl with the probability of 
ogr concbasionV. and hence the study of this branch ()i a|)|)lied 
mathematics is a matter of .imjiortance. Eor this reasim some ref- 
erence to it is desirable at this i)oiiit. 

■ Probability as a factor in civili/ation. "Mathematics is constantly 
imluencin- Civilization throauh the Theory (»f Probability. It lie> 
at the ba-is of all type.^ (jf insurance and also of statistics when 
u-ed in |)inunt;>licatit)n<. -iich a^ the [M-i)babilit y (jf a rise in stocks, 
of -nn.l or bad crnp,- next \-e:ir, and ni an ecli|)>e within, say. o.i 
-ec. Antl ^et its la\\< are ba>cd u|ion nlwervaiions which are never 
ab-olutely exact. We a-uine. lw»\\ever. that l!ie observation^ are 
i-xacl aiMl iranie nial hemat ical laws to ri'present the a-sumi)tions. 
I-*rom tbi^ time on. the M»lutinn^ ni e»|uatiniis baM'd upon a iziven 
law are ctuaect ; but ailhnimh the mathematics l-. t»\act llu results 
are nn ni.w*' mnect than the pbsMeal a--umpnMii, . 

It \\«uild alni(»-t bi- iu-liliabie ;n -ay>|bat the pmbabiliiy that a 
probable -laiement i- probable, i- \ rr\y(inprnb-ble [iara<ioxual a> 
ihi- m.i\ -ninul alle.uu-.'Ji e\eti in linHe time aii.l -pate the mathe- 
matiial trtaliMent <»l it uvav be exact. A- lUrirand l\u--ell ha< 
rctnarkfd. "\Ur mm. pi ni jMobabilii) wMpjM ^i in ob-c urit) and 
jli'oti!^ ibr ih\r\ -landal of m-Mlrrn l«.-.'-r; In >pile ol all this, 
b..\\< \er. nia'lM ir.-itnu-ir ^-i :\ tMrimila which in il-elf 

ai «ir illi>..!.a'. trui' or la'-r -i.ii'.d- t'tr a^uua^y. It -^liOiiUi 
I ipi-.iie«i. liM'.\e\ii- ih.tt N'^t- b.»N** t" bt.ir in mind ih.U .Mathe- 
ir^^iii,. i. lipiiii tiilaln :i — uiniMinri- whiiii Im'-* been tailed 

:.\ \.e h»u^ h.iMif- M!( b a- /".''■.'">.". ■.' !ru;u:ofr, i^v /■''■////-//' v and 
llir in.iMu iiMiii !.in. ( MiiH'ioi .i M-inlrle piMolrai. pa\ - liuie at- 
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tcntion to whether nr not they arc IrueMn infuiile li^ well as linite^ 
space or time. All. that Mathenuitics >■ x is this: If this pnstuhUe 
is true, then niy results are true. IntK a familiar defuiition of 

• mathematics is expre-^sed in these words: **lf .1. tI,uMi /^." Postu- 
lates -^ire based upon ohstTvation : mathematics is l):ised upon rea- 
.S(uu To Mathematics it is of m. .iter whether Newton's Law of 
Tniversal (iravitation is true or not. It asserts that if two particles 
hcjive masses<J/ and .1/', the fort:e> of their nnitual attraction, 
wh(»n they are, r/ distance ayart, is ^dven by the formula F ^ 
CtMM' (/\ where (/' is a universal constant known as ''the constant 
of f^ravitation." Ciiven this formula, which exjuer^^es in al.i?ebraic 
shorthand the law, Malhrmatics operates with pt»rfect ceitriiniy to 
lind the value of any letter in te.rms of the others. Similarly, Math- 
ematics dot's not fuid the precise distance from the earth's center to 
that of the sun. It simply says that, assumin.i^ that the observa- 
tions, (m for example the transit of W'nus. art* corrt'ct to a certain 

" de.^ree of accuracy, then the distance, to a ctirresjHuulinu decree t)f 
accuracy, is exact. 

The tetnptation of teachers is ofirn to (jutv-tion the vaUu* <>f such 
topics as tieterminants. difft*rential tM[uations. con\-cri:fncy ttsts, 
recurrin.i; series, summation of series, serie- in ^icneral. varit)us 
fornuilas for mean^. the theory of functions in i;eneral. elliptic func- 
tion^, various peri\>dic function^ in particular. ine'ju:ilitie>. lunduli. 
differential e([uations. binomial ecjiiaiion<. and limits. Of c(»ur>e 
!no<t of thest* topics are beyond tht» hiL^h school ran^e. Muue art- 
beyond the elementary colleue work, bu^/this lui- n«) bearing upon 
our i)roblem the inlluence of Malhe!nalit < u|>(in ( 'i\ ili/ation in 
ueneral. It would not -be conitMided thatihe in-uranct* n\ life or 
|)ro[)erty :unl in-nrance .*mainst ;«ccidents i< nf»t an iinix»riant fiu tnt- 
in our m«)dern ti\ ili/ation. Indecfl. without ihi- faci^r our whnle 
[H-Mblem i)i security of home arid family wouhi nMUain un-ol\ed. 
ll will i)r(^b:ib!y ()e agreed, therefore, that the iiiadiem.it ic- n\ iu- 
>uranif h.is a de(i«iedly important beariii^r up«-u .-iir ri\ ili/.iii,,:!. 
It ma\- be >:fid th:it the arnnuril nf maihetn;itie> re(jU!rrd for th;- 
purpf)M' is sli-ht. but nut Innu ai^o I listened lo ;i h t hkt prn- 
•Ic--or I rechel of the I'acullt' de-« SeieiK e- of the rni\ei <il\ i,\ 
l\u\<. \\ Aa.- upon a certain l\pe (»f prj)l».d»ilii ie- .a- de\ei«jpei| l.y 
suchi leader^ a< I rnbeiiiu^. M.'irkoff. i'Ju.'Kare. llad.onard. lb»>tim- 
>ky. and lufiv-eif. la thi> lecture ;dl «»f the a! ^ n.ian d topit^ 
were Ireely um<| in the <le\ cloprnent and u-e of the n((f-^ar\ f<»rinu- 
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Ls of the science, Amont? the schohirs who made up the audience 
were representatives of insurance coni[)anies of various kinds, stat- 
isticians, and financiers, and in the discussion the speakers repre- 
senting these interests stated that the results set forth in the lec- 
ture were freely used by them, even in what would seem to be the 
very elementary field of preparin.:^ tables for use in the subject of 
fire insurance/' 

Conventional coninbutions. The references to the contributions 
of Mathematics to Civilization have, in this paper, been thus far 
somewhat unconventional; that is, many of them have referred to 
matters not ordinarily considered as the application of mathematics 
to everyday life. The branches of Mathematics needed in one of 
the sciences usually thought of as merely a school subject have 
been mentioned, as also those needed in such a. more advanced 
subject as the Doctrine of Probability. These two re^nons have 
bee;i selected ;us typt,s. and atieniion has been called only to the 
most apparent applicaiinns of mathematics to these sul)jects. 

It should be olj'^ervt'd. however, that a considerati(m of such sub- 
jects as AccountioLC, Aeronautics. Astronomy, Astrophysics. Atomic 
ThcH)ry, Hallistics, Hridues, Calculating^ Machines, Chemistry, Kn- 
irinerrini:, (Jeopliysics. Kini'in.llics. Li^hi. Measures, Optics, Per- 
-pettive. Physics, Sound, ami the tike,- will uive some iflea of tlie 
exit'nt of the contributions which ,\IalhenKitics is making to the 
arl>i and sciences. The reader who cares to t^rt a synoptic view of 
the subject would ilo we'll In cnn>^uli the I'MC yt'lo l)iU dia Hritannica 
(i4lh Kdilion) under the above head-. foUnwini^ this by a further 
I'X.aininalion of articles of a similar nature. After such an exam- 
ination it will a»i-l in the cnniprrhen-ion of thr impnrtan<'e of 
nialhematic>; in our time il the n-adt-r will con-idtT what would 
happt'ii to modri ii civili/al i<ni it all malluMnal ii s. and the rr>ults 
whiih it ha^ ^iven to the world, .ab-olulriy (Irslroyed. 

Il i- aNo the convent i<jnal juai tiu' to call atit'nti(>n to the older 
(onlribuM.m^^ of Matheniatii - to tlu- ( 'i\ ili/.ition of today. Althoimh 
the<e ni;.y be found \\\ any -tandani hi-lory of mathematics, il may 
be of a-si>lane4' to the I'eader if a few nl iheni are l)riel1\' inen- 
lione<l. 

In the fillh tenlurv ri.r. three (iuek philo-opher^ /eno of I\lea, 
I.euiippu-, and henhuriln- wire mnnrctrd with the inlroduetion 

t'iul. > (H\ • ' . 1. ^ . : - 
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of the iilca of inlinitesinials. It seemed a useless subject, but it " ' 
was upon this idea that Newton, two thousand years later, based 
one of his theories of the calculus. In the same' century Antiphon, 
and in the folUnvin.i^ one Kudoxus, improved upon this by intro- 
duciiii; the method of exhaustion, which still more nearly ap- 
proached the modern calculus. In the third century b.c\, Archi- 
medes approached it even more closely and practically made use of 
intei^ratioOv ' Xo one of these men c(mceived of the tremendous 
importance of the calculus in tlir present civilization, as in physics, 
mechanics, astronomy, and other sciences. ])ul each laid out the 
first staues i)f the route which Xewton, Leibniz, and their successors 
followed, and which eventually' assisted powerfully in placing sci-. 
ence where it is today. \^ 

The (jreeks knew a number ofx important curves, such as the 
(juaclratrix. the conelit)id, and ciss()id. 'Hioy also knew the conic 
suctions, anfl Apollonius C'lhe (ifeat (Jeometer,'' as the (ireeks 
called him) wroti^ a treatise on the sul)ject in the third century b.c. 
Neither he nor his ct)ntempi)raries had any idea of the use that 
Kepler wtudd make of them toward establishing modern astronomy, 
tlie nio-t impi)>in^ edifice that science has erected. 

Cavalieri, of the lay order of Je^uates (Jr^iuiti), who tauulit at 
Holo<ina. wrote a book (Ui tht^ innnite^imal in ueuinetry. It wa^ 
publishe(l in rs5, a frw years before Newt/in was born. lb*, too. 
could not have fore-^een the u<e that would be made of his woik by 
tlie greater maker- of the eah nbis in *he unMieration following. 

Leonard liuler and a number of bis lontemporaries in the eii^bt- 
eeiith century wrote about the "imaiiinary nurnber/* It may have 
seemed a u-elrs< wa^te of linu^ to nn.st (if tlio-e who knew him: 
but it led to some sliulit apprrc iatifiti of the siunilicanee of such num- 
bers a little later, to the inventions t)f Sir William Rowan Hamilton 
( (,huihi ninii^) :ind I lermann i liint her ( iras^mann ( Airdi /inunf^s- 
lrfir( ), who :ii)idiril their n^Mliods to ph> --ic>. Still later these same 
ifoa'^inarirs bi eame e\*t'r) more real in the in\'ention of \*ector anab 
by j. Wiilard (iibh- in the la-t twf) df(ad(»s of tlu* nineteenth 
(t niury. The work of (iibbs ha- pr<»vt d of irre.at valur in tlit* stu<ly 
of phv-iial i)rf>bh-ms. ami eivili/aiion ha- bftterctl l)>* ibc result. 

The-e are a few of thi* illu-t rat ion> of t.t-c- in whiih apparently 
u-i'lr<N >ludirs of spreial branc hes of niatht-mai it s havf. ye:ir< or 
remurie- later, proved to be /if ureal -r:\!(r to humanily anil to 
be i- »ntribui loll- to our c !\ iii/atinn. 
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'Contributions to the fine arts. 'I*hc contributii)ns of Mathcnialics 
to the Fine Arts are chieily in three lines; (i) the theory of pei- 
sjiective, {2) the beauties of prop .lioii. and the theory of music. 

Of these, the first has occiipiec' the attention of the Western 
worhl (Kurope and America) much more than the Kastern (China, 
India, Japan. Iran, and lviu[). Kuclid wrote about it in his Per- 
spci'tiva: N'iiruvius menticnis it in his I)c architrctura', in the 
Middle Alices it was studied by Ro^er Hacon and numerous other 
.scholars. As a mathematical subject api)lie(l to the graphic arts, 
ho\vever, it may be saiti to have haci its beizinniiiii in the fifteenth 
century, and in Italy. Hy the middle of the sixteenth century it was 
taught in all the im[)ortant schools of painting of Kurope. Some- 
times, as in the works of Canaletto, the subjects of the paintings 
are so selected as to make perspective seem to dominate the picture. 
In any case, this contribution of Mathematics is pronounced in the 

/works of the Kuropean painters, and is lackini; in much of the 
work of the Orient. 

As to die second, the use of pro[>ortion in the arts, there is a 
considerable literature upon the beauties of symmetry, axial and 
central, beauties found in nature ;us wvW as in art. 'There is also 

^ literature up(Mi the l>eauties of lines divided in extreme and mean 
ratio, known by the nioflern name of "(lolden Section." A line 
is said Jo be divided at P in (lolden Sectiiu^ when AH . AP — 
AP^PP, If a line is ei^ht inches lonu'. it i^ ai»proxiin:itely divided 
in (iolden Section when fthe two parts are lu*c inclies and three 
inches. 

Nature seem< to build on tlie ba-is of axial syinmelr\". as in most 
leaves: circular s\nunetr\-. as in the em^s sectiotis of many fruits 
or in certain crystals (e.^:.. -ni»w. ([uart/); nr the (iolden Section, 
that is. about \n 5 a< in the arr.ttmenient i»f lertani branches of 
trees, as in that of lea\es oil a \ine (M* the braiu ht - of a fern leaf. 
Moreo\t'r. in art the a|)pr<»\imate s divi.-ion i- oLti!i u-ed un- 
coii-i iou-l\* a- well a- cnu-i iim-iv. Thi- i> ^eeii in the dinien-^ions 
(»f il.is-ical l»uildi!i'j< like the Part lu-U' of llai:-. nt book pa'-;cs, 
or of wall tlectiratiou-. * • 

!ti tlie liiu* lit* bi aut>. ilu it^tore. M.iilicin..tit - make- a n»n-taiit 
n-.irribuiinn oi the ino-si pliM-inu plja-e- of 'Uir ( i\-ili/alion<.'' 

1 ho I' who ui-h fur a -l it iiiilK di-t ii--inn df tin- mathematical 

*■ I ..r .,1. r\U:-.ii.l v;«..H' -..11 ■! lli.^ |.'m'< ■•• ^tilijf^ -ir Hi-VUT'. Jull.tr>, 
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(lu'ory of arsihrlii's >lu)ulil read Profi'r^sor Ciooruo I), nirklnjfis 
woyk, Arst/i(iii Mi'dsarr {Harvard rnivrisiiy l*ri*-s. lo^^). The 
aullujr lias llu're shown the elnsc (h^piMulener nf niatheniai ii s and 
the hne art-, each upon the mhvw and has done ihis with' an un- 
usually >Iable hark^rni'Mil of the former and a uenuine api)recia-\ 
tinn of the hest tlial i> in the latter.' 

Looking baekward. In con>iderini^ any social, pnlitieal. eeelesi- 
. ustii'ak srientil'ie. or educational i)rol)lcni» il is inlere-lin^ ami often 
helpful to look backward and sre what ()ur ancfstnrs had to say 
U]Hui the >uhji^ci. In this \va\ We find how the world has promV'-seil 
in laie^uaue. in inethotU of pre-cnlin^ an arL^unii'nt. in education, 
in the needs of pcfi^de. in the variou> branches of knowledge, and 
in what we call <jur civili/alion. It is for such reasons that it is 
wt>rth while"" lo con-idrr what wi-re thoui^ht, ni*arly four .'enluries 
atio. to he sonu* (jf tin* contributions of such. a simple .^uldeiM a> ele- 
nii'ntar\' arithmetic ti> tlu* luili/ation of the time. 

The folli>wini: (|uoiali«u? i> ir«)m one of the nio^t cch-brated text- 
luKiks that the iMe^iish r\rr pVoduced. Tf/c Ciro\utl oi .I'V/.s, wrinm 
^abotit 154U b\ R<jbert Rcc'ir<le. It was compo-cd like a caleihi>ni. 
a diahn^ue belwVen tin* pupil r'Seholar" ) and^tcaclu^r ("Master**), 
and lu-^;ui with * The dfclaratinn of tlu* protii of .\rithniclickc. ' 
rile bonk wi-ni th'ouuh inanv ediiion> and re\i-iMn>. and the fob 
i-\tt*rpt is from tin* one of Mi.io. a erntui'\ after tlu* lost. 
I'hi- I'dilion tho-m lucaw-e it tonta'n- additi.»n- and riAi>ioii^ 
by ••n» h lra« luT> a^. b>hn I )i*e and j'>hii .M»*lli- and may tluMa f(»re 
!)•' -ail! to n-prcM-nl tlu* bt-^t cdutal i^nal view- of tin* si\tet*TUh and 
>i*\ i-ntfi-nth icnlurii'^. It i^ Iwre >et fn; ih with ll;e »); i*jinal -pfllin;^. 
punctuation, and -tulfiue t "n>lrui I ij^i." 

Sihnl.ir. 1 prrici\t' by \.iur fmiprr \\. ■:«!■. th.iT \Mii«n-imy and 
(ii'iinu*tr\ ilrpriiil ninth nn hrip nl irjmbrurj: bnl ihu otIut ^li- 
i-mc^ :i ^ Mn-ivk. l*hy-iik. I.iiw. (iianimrr. ;md -in h iikr. ha\r itny 
hi'lp M| Ai iMniii ? i. k. I j Ut riM' tint 

M,t-trr. 1 ni.jy prnrr.r ynr -.a.Mt ( Irik hnr.-r h\ ihr «':driiii:r 
o! \\\\\\ >\ '\y\\i\.^- bm I will II I tli.it p.i- n»iA. hiM .fiN:- if !>iM(hc!ll 

n»; t!;c niaMcr th;t I intnub iuul I will y-n h.iw Ai ii h'm*li^ k 

|»t«i:*tt Ml ill tht -r -Minrwh.it '.a'"- !> ■ i 1 ' • \^\\' -:n.tll undi-i - 

^t.tl)dillJ. «imiM:?lL: n'hrr It .t^Mli^ nUill' ^llb-t Ml! i.ill. 

■ "I h- 1 I r V . A ..: ' J r/; ■.!/■■'. ; II . ! . 1'... 

J; I) \ l.tl«M-.r. h.- .m'.;.'! \x-''. t^t I * ..• ... • ,. ' •■ [ I'.-:- .: I, 

i: - iI • I;.- J IM i.» I I:-- ; - • ii .v i ' > . .11 l!'t 

I - ■ • .1 .:. \\:v .lUll. N .,r . /, ' . '/ . ; /. . ■ . 1 ; 
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First (as yi)U reckon them) Musick hath not onely great help of 
Arithinetick, but is made, and hath his i>erfeanesse of it: for all Mu- 
sick standfth by number and proportion: And in Physick, beside the 
calculation^ of criticall dayes, with other things, which I omit, how 
can any man judge the pulse rightly, that is ignorant of the proportion 
of numbers? 

And so for the Law, it is plain, that the man that is ignorant of 
Arithmetick, is neither meet to be a Judge, neither an Advocate, nor 
yet a Proctor. For k-^w can hee well understand another mans cause, u 
appertaining to distribution of gcnxls, or other debts, or of sunimes 
of money, if he be ignorant of Arithmetick? This oftentimes causeth 
right to bee hindered, when the Judge either delighteth not to hear of 
a matter that hee perceivcth not, or cannot judge for lack of under- 
standing: this commeth by ignorance of Arithmetick. 

Xow, as for Grammer, me thinketh you would not doubt in what, 
it needeth number, sith you have learned that Nouns of all sorts, 
Pronouns. Verbs, and Participles are distinct diversly by numbers: 
besides the variety of Nouns of Numbers, and Adverbs. And if you 
take auay number from Granimer, then is all the quantity of Syllables . 
lost. .And many othtT ways doth number hel[) (Jrammer. Whereby 
^ were all klndes of Meeters found and made? was it not by number? 

Hut how nenlfull Arithmetick is to all parts of Philosophy, they 
niay sv>on see, that do read either Aristotle. IMato, or any other Philos- 
o|>hers writing's. For all their examples almost, and their pro'oations, 
de[)end of Arilhnutick. -It is the sayint: of ;\ristntle, that hee th:it is 
iirnnrant of .Arithmetick, is meet for no Science. .And Plato his Master / 
wmte a littU* sentence o\er his SchoolhouK^^ door. Let none enter in / 
hither ((luoth he) that is ignorant of Cieonutry. Seeing' hee would/ 
ha\e all liis Scholars expert in (ieometry, much rather he would the 
>anie in Arithmetick. witlKUit which (ieometry cannot .stauil. 

And how ntVdfull Arithnictiek is to Divinity, it appeareth. seeint: 
>[) many hoctors iiatlier so ureat my-teries out of number, and so much 
do V.rite of it. And if I y^liould «:o about to write all the conuu^Klities 
t»i .\riihmetiik in ei\ill acts. a> in governance cif (*oinnic)n-\Neales in 
lime of [)eace. and in due provi>ion tS: onler of .Armies, in tiiue c)f 
w.ir. for nunilu'rinL' of the Ho^t. suniniinir of their wau'v^. provi-Mnii 
j'f \iitua!<. \ itnvini^ of Arlillt*ry, with other Armour: lu-side the - ».n- 
ninL'e>t p««int nf all. Vsx \:a>\vvx of irround. for er.carnpini: of men. with 
-ueli other lil:e: Ancl how ni.my uayes al>o Arithinetick is conducihle 
for all private \\"eales. of I.ortls and all Po<*.r^^iuners. <tf M-rchants, 
and all other (u copiers, and ^'eruTally lt»r all estates (^f men. he>i(les 
Auditors. Tre.i^urt ! s. Keceivi^rs. SiewartU. Hailiffe<. arul >uch like. \Nho-;e 
nn'irrs without Arithnieliik are nothing': if 1 slinuld (I say) particu- 
laily rei>eal all .^jii h loranioditics of the nnl)le >i:enie of Arithinetick, 
It \sere eiiMUuh to make a Very urcat l><M»k. 

The odu. -nal prohKin. *llu' fact that Mat hemat iix i«^ the rock 
uhiih me arl:^ and Mierue- ^)\ the wtuld rc-^t iloe.^ not mean 
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that it must be taught extensively to boys or girls in our schools^ - 
Children are not supposed to be versed in the treatment of small- 
pox or epilepsy just because the physician must tiave this knowl- 
edge; but they should know something about first aid, hygiene, 
and the value of vaccination. They need not learn the mineral 
resources of Meshed, or where this place is located, but it is de- 
sirable to know something about the general products of the lead-^ 
ingj^arts oi^c world. Similarly, a pupil in the high school need 
not know what the calculus is, although it is quite possible to give 
him some idea of the subject; but in the freshman year at college 
it is desirable that he should come in contact with a sul)ject of 
such far-reaching importance. Speaking more generally^ 1: is de- 
sirable that every well-educated person should hav^ some idea of 
the bases of human knowledge. Needless to say, the schf)oI can 
simply open the doors of this knowledge. To know the sii^nilicance 
of history; to come in contact with certain models of the best 
literature, music, and the other fine arts; to know what the sciences 
mean in the intellectual and physical life of today; to reali;^e our 
duties to society; if possible to know sonielhing of anr)ther hin- 
guaG;e than our vernacular; and to understand the si.Liniricance of 
mathematU'S lus one of the most I.nporiant base^s of all scientific 
work -all this sbouhl he a part of the traiiiinir of dur pe(mle. This 
is not a plea for making expert mathematician-, [physicist-, musi- 
cians, botanists, or weavers at a loom: it is a [)lea fnr uiviim a 
general idea of the sitrnitlcaiice of the ureat branches f»f lunnan 
knowleciire. I often recall the remark made to me years ai^o by 
a srholar who came to {ho {'nirvt] States aii<i bfcanie diic cif dur 
valued citi/ens. He said. **Alninst the fir>t thiniz that iinpre--c<l 
me most was the a[)[>arent fart that American e<lu<:iinrs arc ><» 
uneducated. ' Were our * schoiils to blame then? What of tlie 
[M'esent 

The Seven Lamps of Matlirnuitics. A< a further sununarv nf ih*> 
eontril)utions which mathematlix has niarle. let u\c refer to The 
Se\en Lamps of Matlieinatir-; which, it ^eems la nu% have s?'r\'ed 
ttj iNuniinate civilization thrfumh the aues.-' 

The nr>t of these Iam|)s the inupti< nlHit'ili^, for ue canTiu! 
eoiivey mathenialics \n tlu» L'reat ma-s fif [)en])lc imM'<- \\v fir-t 

" Tlie fdlln'A ifv^ r;iMitifl iMr.iL'r.ijil;- an', uilli -'..lit i • « . it«'ni :fV^,Iri--- 

)»v th»* :ej»h'»r p'|l»lj-)'i fi \\\ l it,* U .'//•»♦;.*/. \ / . r. a1\. >iN- 
• ll-.i- CiM M .tl;. !:■.♦:.-.■•;•'.•/ . m1 • I :.- V- r \ M i' n. .! . ^ " 
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dwell upon the utility of the subject and imaj^ine what would hap- 
pen to the world if every trace of mathematics and of mathematical 
knowlediie were blotted out tonii3;ht. 

The second is the lampas drcoris, the lamp of beauty: because 
if ^w are to teach mathematics at alb real success is liot possible 
unless we know that the sui)ject is beautiful as well as useful and 
can pass this knowU'diie on to our pupils. Mere utility of the 
moment withr)ut any feelinij: of beauty, becomes a hopeless l)it of 
drudiiery, a condition which leads to sta.i(nation. 

The third ha^ l)een the Unupus iw!iij;inatiofiis, which has always 
seemed to me especially appropriate" in referrini^" to a medieval 
cath(Mlral in which we set our lamps, and which soenis ecjually so 
in re.-pect to our elio.-en science: for what would mathematics have 
amounted to without the imaun'nation j)f its devotees, its giants and 
their followers? There wa^ nevt^r a disi'overy made without the 
uri^e-of itnauination, of imaui!iati(^n which broke the roadway 
throuifh the fore-t in order that cold louic miuht follow. 

The foiirib.is the A//;//?</v pf)rsi^\ the lamp of poetry: because if 
one drjfs not fet»l the poetry in mathematics, he may as well cea>e 
teacliinL^ tlir science. What, after all. is mathematics hut the poetry 
of the niituK and what is poetry bu* tlu» mathem:ilics of tlu* art? 

The tn'tli knu[) we all seek tn liudit is the lawptis niystrrii. 'V\\\< 
it i< that reveals to us on(> of the ureat ch:irms of the sci(*nce that 
in workiiii: in the domain of mathematics, we are surroundt^d by 
cloutN, and success drives iiack the>e fthud^ a little way. and a 
di^coverv i- made: then someone makes annther di>cover\- and 
drive- tlie.n i)ack a little nvire: and at rare .intervals in time a 
N'rwtMO cnrnes and drives tlu^n ba^ k wh:U -^tHMu^ a ionu. l<um w:iy, 
and an l\in>tein lui-hes tlieni still farther and still ilu-rt* is 
-urronndinu' mi-t nf rny-tery. It i- a LTeat exprrienci*. thi^ [uerciie.r 
liie 1 !i>ud-: iuit try a*^ we ma>\ tli'^rt* i- -lilt ihr w.'i^i almul us. 

The next i- the hnup'h i:ifniit^!fi^, tlie lamp of iht* inliiiilr. A 
writer iiiii Itiii'i ai^M, in a vt-rsi* which a[>[n\are(l in j»ne nf our nriua- 
/inc-. ^pnke (0* niatlit»matics a*^ the >cience which la--oes tlu* llvimr 
^;;ir-. It int-an- nuit li to h.wc pt;i\ed t-vru :i litih* aruund liic 
.lUt-kiiT- Ml' 'mIk' >cifnct» ventMabh-.'* to Icixt* -ejyi how it r<-\t*aU 
-'>:urihiii:: ni' mii- own |)M';ition in t!u* niacroi t>-ino-. and tn -e»' wh:tt 
iiitini- i -iin;il ttiinj- \\r -rern when wr h">k lO^ur-fUf- in the liiiht 
ilni lo.nhfinat ii - -ln tN uprui tin*- '^vr:\\ CfwniM-. The other d.iy 
a r^M- hfOK'i i( iao tnok a cei^^iin mra-urenu-nt. and it was by no 
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means one of the greatest of our time. He found that one of the 
other universes about us was six (iuintilli(Mi niile^ a\vay,V>ne nullir)n 
lifjht years. The. .i^reatest >pee(l that we can obtain mechanically 
by any present means is the speed of a rille bullet, which may ,u:o 
half a mile in a second a velocity so ^eat that we can hardly 
imagine its possibility. If we ask how lont,' would it take the rifle 
bullet to rt'ach that other universe, even our very flenientar\- mathe- 
matics i^ives us tht» answer it would take three hundred eighty 
billion yearii;. 'I>uly it is ''the science that \r sues the stars.'* 

And the seventh of the lights is the hnnpas rrlii^ionis. We may 
wonder if such a candle burn^ and sluds it.- li^hl, but I have an 
idea that wv all feed that, while a mathematician ma\' not neces- 
sarily be a very relitrious man. on the other hand no man can 
appreciate religion to the full uidess he has to assist him some 
knowledge of the .ureat tleld which mathematics opens to his \*i>ion. 
.Mathematics; may not make any man nu^re reliuir)us» but if he is 
reliuiousl)- inclined it makes him see the grandeur of reliuion as 
nothin.L^ else can.^" ' 

^" SiH" an -Kldrrv-^ hv \hv duihm eiititiifi "Kt liirm M.irhrniatic i." ,tm» y/i.i-;j Matlt- 
ffthi'h'il Mi»rli!\\ Ouohcr. hiu\ iho Tairhn' Cfllf^r Rctortl, Nov chiIht, 
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THE CONTRIBUTION OF MATHEMATICS 
TO EDUCATION* 

By sir CYRIL ASHFORD ' 
Ia\€ nra{im,ister of the Royal Naval College, Darttnouth 

A scHOOM^oY Nvrestlins with the ele. ents of arithmetic or alffebra 
cannot be expected to have any grasp at all of what mathematics 
really is. liut any educated man who has, as it were, stood back 
and looked at mathematics as a whole will asree that it stands 
almost uniquely as a stupendous structure, a monumt^nt to the 
human intellect. It deals with abstractions in a perfectly ordered 
and Inimical manner; it is in no wise concerned with human values, 
and it scorns contact with jiviterial things. You may supply it 
with po5i;tulates or assumptiohs which are startling or absurd from 
our limited human point of view, and it will duly produce the con- 
clusi(ms that logically follow. Indeed, that is the normal procedure 
in, for instance, the geometry of T obatchewsky, the four-dimepsional 
space-time continuum essential in Einstein's work, or the still more 
unimai^inable five- or six-dimensional sp^ce which is needed to 
reconciltMhe (juantum and the classical mechanics. 

Although mathematics holds itself aloof from practical affairs, 
i^t supplies the practical man with the tools which are absolutely ' 
essentia] to his everyday work ^-ranging from the village carpenter 
to Signor Marconi or* the designers of aeroplanes, from the cashier 
in a teashfip to the .Astronomer Royal. 

This edifice has been built up by the devoted labors and genius«^^ 
of a lon^ series of investigators, and it is now so vast that if would 
recjuire most of the wnrkimr lifetime of a picked brain to compre- 
hend the whole rif it : probably no livinc: mathematician would claim 
such cninph'te comprt^hensinn. sinrt^ he would have been attracted 
away inin re-t\irch in the part that specially interested him before 
he had ma-tt^rofl all that has been achieved in other directions. 

* R.printr.i h> p( rn)i.>.sif.n of Tlu- Macniill.m ^^^mipany from Harrow Lectures 
on K<hi' :i*inn. 
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'Granting; all this, the questions that probably a^^jjjej^ the minds' 
of many educated men ma>^ well be something like the following: 
Is it advisal^le to force all ^boy» to essay these very abstruse and 
alien modes of thought, as part of thejir training for life? It is 
doubtless magnificent, but is it education? Is not mathematics 
comparable, so far as the ordinary man is concerned, to an enor- 
mously ckiborated gnnie of chess, which may safely be left to chess- 
masters with unpronounceable names? Is it not so entirely unre- 
lated to everyday life and thouf^ht and human intercourse that it 
may be relctiated to the fourth dimension with which it is prepryed 
to deal? A certain, very limited amount of arithmetic, too simple 
to be called mathematics, is. undoubtedly essential tg.the conduct 
of ordinary life ' why not let boys be drilled in this, and leave the 
rest to such as enjoy that kind of ^ame, who will continue to pro- 
vide another st-t of abnormal people,- the theoretical and practical 
scientists and en.i;ineers, with the machinery needed for their work? 

is pn)l)al)le that you cannot as yet dictate the policy or cur- 
riculum of any of the trreat public solviols ; but sooner or later, as 
tutor, house tutor, bousenia^ter, or lieadmaster, nearly every public 
schoolmaster becomes concerned with all parts of that curriculum 
and its reaction o' the l.>nys who are his esjx^cial charge. So it is 
of vital importance that if you ha\'e such ideas as I have suimested. 
their expression >houl(l nt)t be inhibited because of a fear that they' 
may seem narrow mindtMl or here^tical, to become in the jarj^on of 
psychologists a **com{^lex," with evil results to yourselves and 
those who live with you. 

Let us ther(*fore face the (jue^tion with conii)]ete frankness, and 
so far a^ pos^il^Ie discard all {^reiurlices. It is easy for me to do so, 
since I ha\'e [Ki'^-ed the sta'^e \\hi\n it matters what anyone says or 
thinks of me antl it is fortunately easy for you. since you have 
only to li-ten and are not necessarily calle<i on to express dissent or 
Cfmcurrence. 

If you lf>ok into tlu* history of education \'ou will see that at 
(lifiermt times the-e ((ueslions Iia.\'e been answered in diffcTent ways. 
Down to aljout a huniired year> auo. all Iuirnp(»an per)[)]es with thi* 
exce{^ti(jn of the (ireeks eflVctiveI>' voted a'jainst niathcMuatics as :\u 
educational subirct. A few scIit>ols. sucli :i< (*bri-t*s Ib^pjlal antl 
the Matliemat i< al Sclionj at K«.cbi*<tt'r in Ncw ton^ linie. tauuht a 
Linod deal of inalbemaMc^ for Ic bniial innp'Kc-. Hut tl)e ab-(»nct* 
of >uch teachitiir ifi (»rtiinary ^cliools was t\ot due U\ cnuteniporary 
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ignorance of the subject. For higher mathematics, as we should 
now rate it, was pursued with great eagerness and success at the 
universities, in Enghind and on the continent. Those in charge of 
school curricula, if they thought about it at all, must have frankly 
condemned it as a subject for boyS. 

Do not 'fear the worst if I admit that I am going to quote from 
my own experience of the seventies and eighties, of the last century; 
this is not a Speech Day address in glorification of the past. On 
the contrary, I am prepared to assert that, under the conditions 
prevailing at that date, it would be difficult to refute the objections 
which I have put into the mouth of the Devils Advocate. Hut I 
hope to be able to convince you that his general conclusions are 
sound only because the school teacl^ng of mathematics was then 
designed on the wrong principles, nbt because mathematics is an 
unsuitable subject for the education of schoolboys. 

Let us tlrst in(}uire how much validity there is in his complaint 
that mathematics employs abstruse and alien modes of thought, un- 
related to everyday life. A survey of the* process by which a boy 
reaches the multiplication table will serve our purpose, in this and 
other respects. 

The normal course of imparting the very earliest stages of arith- 
metic -it would be absurd to call them the simpl^t stages, though 
they are the most ekmentary ^consists in makipl the child ^deal 
with groups of matches, dots, inches, or any sets of similar obiects, 
with his own hands. He learns to use the conventional names for 
the number of similar objects in the group; and by adding and 
subtracting other groups he learns to work various little oral sums 
in add^'tii^n and subtraction, each result being obtained by direct 
experiment in one c/)ncrete instance. Hy changing from matches to 
the same numbers of dots f)r counters, and observing the i^'milarity 
of the results, he gets the first inkling of the idea of generalization. 
Later, he reaches the stage of visualizing the groups of matches, 
etc.. and working in his head." Aftei a great deal of practice of 
this kind he may attain to some notion of pure number as an 
abstract idea but it is a long step from the exi)erimenta] result, 
"If we add 2 matches to 2 matches and add* another 2 matches to 
them, we* uet 6 matches/' to the stal?nient. 'Mhree two's are six." 
Mnst little h()ys will not really cr)mprei * nd the latter phrase until 
lliey ha\'e dnne very many expciirnents wi{h a variety of tuimbers 

for abstraction is a more difhrult process than in(hiction. 
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The common practiced to deal nt this sta^c only with small 
numbers, yp to say 9: the shorthand for the names or so-called 
Arabic symbols (vbit;h are really Hindu) can of course be taui^ht 
at any time when it seems desirable to be«in writing down* the 
problems. I suppose most cliildren associate smirll num^jers with 
definite patterns, as on playing cards: such numbers are not for- 
them purely abstract symbols. lUil. fj)r lart^er numbeis/such as 144, 
patterns are useless So boys are imroduced to the devFte of making 
up bundles of 10, and to tTie notation on the decimal system, with 
its place value for 'the various digits.* The idea -of the series formed 
by successive natural nymbers is alsc; rubbed into them*, so tbat 
they can get a notion (»f tl'ie relatixe magnitufie of laruish num- 
bers by their pon^tions in-^hls sbries. by the times it would take 
ta count up to them from one, and from the lem^th of those num- 
bers of units of length put end to end. So the larm:r numbers pmb- 
ably.^represent rather more purely abstract (juantiiies.io ili(»m than 
the smaller, and their relative maunitude^ are a lillle less detinite. 
Hut "persistetu return to toncrete exaipiples enabh»s ihem to gra^^p 
the meaning of the multiplicalion tablt[ up to 'I'hey then 

have tf) learn every individual item of it b\* h(\-irt. an<l practice 
themselves irt ij until it becomes part t»f thtMr mental e(iuii)ment. 
unfailingly rearly to be produced automaticalI\' wliem \'ri* needed 

In this huxg and tedious process. \\\v mimbeis ha\-e doubtless be- 
come to them pure numbers, and perhaps lia\*»» cease(l to pnss(*ss 
much meaninj^ unless they are called back from their shadowy ex- 
istence \\\ order to help in solving somt* problem de.ilim: with the 
concrete. I am not sure thai this docs not happen even with 
mathemiiticians. 

l.t will be readil\' admit led that evm member of a (1\'iji/ed 
community nui>l attain to a mastei\ <»f at lea^l tri^i^ amount c^f 
power'of diNdinu with al^'ract ^ymboN. and that Ik* c:;n most ea-ily 
attain it by this pn)cr-<. So soon* at Irast <»f tlu* modt**^ of tliouuht 
that are r)f fmulainenial impiMiance in rnaibriiKuic-. tliMULih tb.e\' 
may l>e ab-^trust . are by no means alicMi or tinrel.iie'tl \\\ e\ erydav 
ilTe exi'ept in tli»Mi* philn^nphi' ai tle-cripliuti \]v \ are nrf at all 
ca\iar to the Lieneial. 

1 selected llii<e\amph' paitl\ beiaiiM \ni) !ia\e probablv fnrj^oi- 
ten ymir cissn expericuee (»f il in \oiir tAlreine \nulh. 'Iliat in It- 
self ma\* Im^ taken a> a lesiiinouy to the ^vk ( r^-^ wiili whit li y^u 
\V(M'e tauuht 1 iia\e nnfhiim but pr ;: c |nr the -kill and p.ilien(e 
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of our nursery governesses. But when we go on \o consider the 
mathematical work in the schools, we find a very different state of 
things. 

Since the broad outlines of the method of guiding a boy's first 
steps in generalization and abstraction have probably changed lit- 
tle in the last fifty years, we can assume that in the i88o's boys 
went, to their preparatory schools in much the same mental state as 
in th^ i92o's. 

. But those earlier generations were then treated in what we sjhould 
now consider a preposterous manner, in leading* them on in arith- 
metic and starting them in geometry and algebra. It was practi- 
cally assumed fhat they.^had x)nce and for all mastjered the idea of 
abstraction, that they had no further nee^l of inductive processes, 
and that the aim was to treat everything henceiorth by deductive 
logic. Merely as an instance of this point of view,^vhlch, however, 
throws a flood of light on it, I wbuld remind you that textbooks 
on arithmetic and algebra nearly always gave blocks of examples 
of manipulation of symbols, to be worked out on the lines of a 
specimen in the text. When a boy could do so and obtain the 
swer at the end of the book, he could pass on to the next block. 
There was very littli^ '^explanation*' given in the text— that was 
supposed to be done by the master, but it is safe to say that it was 
not always enlightening. There were also blocks of so-called ''»Prob- 
lems*' which may' be described as the application of symbolic 
methods to concrete (|uestions; but the average boy was so hope- 
Icsj^ly out of his mental depth that it was (juite impossible for 
bini to come back from the a!)stract to the concrete so he was 
;*excus('c' problems/* 

(^n the whole the treatment of geometry was even. worse. It re- 
due*-' itself, for the average boy, to learnijig by heart the axioms, 
postulates, and theorems of Kuclid, with little or no Hope of under- 
standin'j: what it was all about. There were no riders in Kuclids 
text: if Todhunter aJiled some, ihty we**e for the matheniaiically 
elect. It is ea>y to see lunv why the schoolmasters failed wliere 
the nursery f^overtu^ses succeeded. The former oame dtiwn to- 
tile schools from the iiniverj^ities with their minds full their 
s|)i*cia! subject, and proceeded to exi^ouiid it as it had been e\- 
priunded to them, without much reference lo tlie |)owers*of the 
learner while the uf)verne<s knew litth* of the subject hut pn^. 
messed a ureat <leal of >yinpathy and in>iLdU into what is now called 
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the child mind. It uust also be remembered' tbat U\ those days 
there were no Courses for Junior Public Schoolmasters or Training 
Colleges for Elementary School Teachers or Professors of Educa- 
4ion at the newer universities -few or none of such societies as 
the Mathematical Association, the Science Masters' Association, 
the Modern LanKua^es' Association, the English Association, or the 
Classical Association (although the Association for the Improve- 
ment of GeometriQ^il Teaching was an early forerunner) awd few 
or no clearing houses for educational ideas such as the Journal of 
Education. A public schoolmaster was to a great extent a law unto 
himself. On joining a. school he was given a form or division to 
cope with single-handed, with not much support in the maintenance 
of discipline and no guidance at all in his teaching. If he failed 
he left, and if he succeeded he became entrenched in an impreg- 
nable position with every inducement to believe in his^own powers 
as a teacher and in the perfection of his methods of teachn^' They 
were indeed 'nhe good old days" for the master, but perhaps not for 
the boys, or for thfi art of 'ducation. 

I honestly do not think I have exaggerated the badness of the 
school teaching of mathematics at that time. If the picture is even 
'reasonably true, what impression do you thini; the situation will 
have on the minds of the majority of boys who were forced through 
the process during the whole of their time at their preparatory 
school and public schools, until they could manage to drop the farce 
of learnin.u:/Milathemaiics''? Iljs (juite olnious that even if they 
had successfully 'taken the earliest steps in the comprehension of 
the abstract, and tht*^. meanin.u: and use of symbols, their suhse- 
(juent ox[>erience must have been like 1 fog descending on tliej>i, 
which, like all ff).^s. caK-.ed blindness and exasperation. And they 
were the men who have now attain(;cl to mature years and corre- 
siM)ndinLrly autlioritative positions whose opinions carry very gicat 
weiuht. I submit that it is asking more than is humanly possible 
if we now expect tliein tr) put iway aUouelher from their minds the 
Ijilter W>efnories of their youth, in regard to the ^'Contribution of 
Mathemalir^" to their educatinn. l-'rankly, it is at least doubtful 
wJiether^that contribution liatKiuuh inlellectual or utilitarian value, 
thmmh as a trainini^ in some of the moral virtue^ then ma\- have 
btMMi.somethini^ to said fnr it. ' , 

A certain number of the vic(ims MruLrulcd tlimuu'U. and by dint 
of laborious eflnrt and natural aptitude at Inn;^ las:, atlamed a 
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clraiTr O)iuv|)tion of wlial hail lurn aliuosl wilfiilly dli-^i ihimI but 
I iK'lifvo ihai \\wiv i-arliiT sirimuli's liaiulicapjuil lailuT ihaw pruf- 
ilcil {\\v\\\, l'r()l»al)ly il* llu'v liad i)nsi|)iuu*(l i1u ii >*\v\ \\\ nialhc- 
nialiis uniil lluir iniiuls hati hcvn luaiiircd hy aiii* or • llu*r k*arn- 
in.^. they wciiM ha\f .uuiiUMl in llu* imuI. I'liis ^\as iM'lVLtiu^y the 
can* llu» rapidly increasiiiji niuuhcr nf www who dovntcd XiwiW 
SflVi^to ilu* siudy ol sricme. 'Ihvy U)Und lhal niailuMuaiics was 
lor iluMU an issiMiiial .ool ; s) tlu'y'had lo m*1 themselves to luasier- 
ini; so nuK'h of it as ihey rt'ciuired. 'I'hey mostly ho.^an wi^h what 
is now lallVd " Practical Mathematics. " and. after all. that is not 
a IkhI way in which U) heiiin. When the}' were teachini; themselves, 
with a delniite object in view, and at an a.ue when deduc'tixe rea- 
M)nim: and abstract iileas are C(Mi.tie.nial. they natural!} juade rapid 
proi^re>?i and lar^etWjvercame tlu» handicap of their lni^spent \outh. 

Tlio ilirecl outcome of this has been the separation of a dellnile 
stratum i)f ecrticateiP I'ln^lislunen inti) two camp:., one devoted to 
Humanities, the other l») Science, usini^ that ttrm lair!}' Ijroadly. 
And it is largely a class di>tiiution. for the former t;roup came 
mo>ll}' from the older public schools: a lew of tiie latter came 
from tlu)se schools, but most were recruited from le.-s socially dis- 
tim»Ki>he(l si-hools. The con^cijuent interioiity cnniplex oti ilu» part 
of the folloNver-^ of Science Hui-ittereil their itttack-^ on the **i;rand 
oid fnrlifsinu c>la»iial uurirulum." wlule it> >upp<»rters could con- 
lirattilate them'^(•l\es on nnt bein*^^' as tho>e tJther men are, and 
tendeil to a^crihe it to the LurriLulum thev Iku' enjoved at >chool. 
It i> thi-^ which maki*> the separation into two c imps a >erioiis matv 
ler. S^ycli M'piiratiijn is incNitablc \n xune extent, for the ta-^tes 
and aptjjtude> of diffei'eiit men will alw;i\> lea<l tlu-m to specialize 
in what ma\ he broatlly cla--nl in t»ne or olluT nf the<e cateiiories. 
Hot ihe-e tables .and aplitiidr^ ;itc iidt. 1 am cnnxiiu'etj. >iatistically 
a funi'tion of bii th or -oci.d -tatu-: where the e\ idi'iua* >eems lo 
-uum'St that tlu'_\ an*. 1 IkIiiac ii i^ due In tlu- pii'--uri* uf honu* 
or Mnial cm ir'riimtMU. When ihty ha\e lia*! hmc tn adiu-^t them- 
^rl\c^. 't ai h :iM»up will innlain nu n (»f all --ni ial i!i;ule>. anil one 
iau-(* ol nii-un<lei >taHdin'^ will ha\i' di^appe.o*i'<l. 

riu- ('Uil of 1 hi- piiM I'-v i-^ nnw foi t unatcij^ in>ii:hl.and the places 
(»f men of that -ciuialinn are maduall} lu'ii*.u tal.cfi b\ u'lcn who 
havr not lui-n waipt'il in ihcir \miii1k >o \\v ma\ pa^- on lo a 
uioic I lu'ci ful lupii. and Innk jorMhc lan^t* {if^fhf ihanue which 
ha^ lakm jdaii' in hool mathemaliial trai hinu. 
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About the beginumg of this century -or some years earlier in 
a few schools -the physical sciences secured a real foothold in the 
public schools, with effects that have been revolutionary in many 
ways. The one are chiefly concerned with at the moment is the 
effect it hjis had in modifying the teachiiig of mathematics. It now 
makes, for the first time ^s I think, a real contribution to the edu- 
cation of the ordinary, not specirMy m Uheniatically minded, boy, 
and has widened the intellectual equipment of the- future mathe- 
matician and scientist ^ vi smaller matter, but by no means negligible. 

The revolution in the school teaching of mathematics of cou^-se 
began many years before the end of the century the A.I.(i.T. did 
great work in the seventies, but it lacked driving force. This driv-' 
ing force wjft supplied, in my belief, by the astonishing growth and 
importance of science in the outside world. 

Physics and Cwmistry were reluctantly admitted as sch(K>l sub- 
jects and were treated at first very mudi as a Cinderella, They 
were undoubtedly a nuisance; and consent to their introduction was 
only granted when the external pressure became too great to re- 
sist. Once they were made available, however, a surprisinj^ly large 
number of*boys found , them decidedly' congenial to their tempera- 
ment; ij^d these boys were not solely the dullards, as chu^sical mas- 
ters used to assert. So Niter nal pressure was a(lile<l to that from 
outside, and the extersion l)ecame very rapiri, 

A reaction on the leaching mathematics was inevitable, if 
only l)ecause of the immediate demand that physics made on the 
mathematical e(iuipmeut of boys, which had previously been of 
,Viil|je to theifi solely for passing examinations. Hut, standiiii; alone, 
thajt would not have sufnrod to produce any profound modification 
in the methods of tearhing niathemalics. ,\Vhat was, I think, the 
prime cause of the rc^volution that occurred at this time was the 
demonstration to the mathematical masters of the suitability of the 
experimental method and inductive processes to the mental age of 
the boys. To anj'one who had attempted to teach alom,^ the old 
lines of a^\straclion and deduction the* response* to the methods of 
,science w:is a revelation ; and although the bulkheads between de- 
partments in a school were, and unfortunatelv.still are. fairly water- 
tight, the effects on the boys were so obvious that they couhl not 
pass uniKiticed. So with commendable breadth of mijid the mathe- 
maticians on th(^ staffs of many schools set themselves to adapt 
their teachiivj; so a> to -f a'kc advant;vge of this new knowIedm\ 
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As the revolutionary, ideas were born in ll>e schools and not in 
the universities, and the clumj^es were needed oi]ly hi the schoolboy^ 
stay;e, it called for much hard work and persistence on the part ol* 
the reformin.^ schoolmasters fo f^et their views accepted by the 
authorities respon^iible for external examinations; but in the course 
of a comparatively few years it became universally admitted *hat 
the traditional conception of the proi>er way to present the earlier 
?tai?es of mathematics to boys had to be revised, - A rather chaotic 
perio>} supervened, * liut something like aiireement has. now been 
reached on the broader issues. This agreement can be put brietly 
(and of course adecjuately) as the application, as a boy be-ins' any 
fresh branch of mathematics, of the methods which I sketched as 
beiny traditional in the teaching of the multiplication table. 

For instance, in geometry ne is given an extended course of prac- 
tical work, using a graduated rciler. protractbr, etc., which were 
taboo to Kucli 1, until he. has a working knowledge of the material 
from which the concepts of formal geometry are aljstracted. 
Through this practical. work he accjuircs enough general notion of 
the^ubject matter of the postulates and axioms of Kuclid to make 
it (juite unnecessary to formulate them in precise terms for the 
earlier course in formal geometry; such formulation admittedly 
does not help a boy to compreliend them. This earlier course is to 
be regarded merely as an attempt to regularize, his experiments and 
intuitions, and not an attempt to practice him in strict logic. Hut 
iit serves^as an admi-rable step towards a later, more rigorous treat- 
nn^nt of the same material if he {x^rsevcret^' with the subject. 
/ In the sanie way, algel)ra is introduced as generalized arithmetic; 
Itriuonometry is prefaced by a great deal of numerical trig(mome- 
try : statics and dynamic are taught experimentally at first : and 
so on. .\11 the^e changes are so recent that I ncvd not inllict on. 
you a detailed description and analysis of the procedurr' now 
adopted. 

Stating the position broadly, I believe it is safe to ^ay that mathe- 
matics is now for the first time taught to lH)ys in such a way that 
all but the very stui)ide:*it can without tmdue efu»rt understancl 
what they are doing and. in a general way, why ihey are doing ii. 
Methods have been a(h>pted which . are suited to thi^ir mental aue. 
i'he subject no longer stands in splendid isolation, but is intimately 
connected with another school subjrct. b(yth depending on the 
oihcr for mutual help. Science asks mathematics for essential 
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machinery; mathematics ask science for essential material; a.id 
they employ at this stai?e larj^cly the same methods. 

This brings me to what is rather delicate }i;roun(i, I ain Koii to 
claim the privilege of age and venture to give tho?e of you w'.io are 
eiigai?e(y in teaching inathemfttics a little good advice. TMs revo- 
lution m the teaching of elementary mathematics must, ' miagine, 
be credited to your seniors. It is not a complete and final reforma- 
tion, incapable of further improvement, but rather a change of 
attitude towards a very difficult and complex problem. It would 
therefore be fatal if you folded your hands in smug self-com- 
placency. I do not for a moment imagine that this is likely— so I 
am tempted to su;;gest to you one way in which, if I have correctly 
ar alyzed the cause of the recent improvements, jou can profitably 
exert yourselves to carry on the good work^ This is, in brief, to 
get in touch at; every possible point, and to keep in touch, with the 
physics teaching that is going on in your schools. 

I know quite well that this is not easy. The more highly organ- 
ized a school becomes, the greater is the pressure to keep a man 
in his own department. I confess that, although throughout more 
than twenty years as a headmaster I set myself to put this excellent 
principle into practice and not only facilitate but almost compel" 
men to work outsiile the narrow limits of their own specialty, the 
extent to which I succeeded fell far short of my hopes. Human 
nature is very strong, and persistent in us influence; a rut is a 
Comparatively pieasmt /(rack. The alternatives are, on one side, 
smooth running with the maxinuun of inmiediate efficiency, on the 
other, troublesome (lisloc;itio'n of habits and arrangements for the 
staff and the provision of less expert teaching for ihe boys; in these 
circumstances it is very teni[Uing to keep masters doing t]ieir own 
,<^pecial jobs. Hut I am convinced that an occasional chani^e of 
pulpils between mathematicians and [diysici.^ts is of immense value 
in the long run. and that the benefits far <nitwci.uh ai y pre.^cnt dis- 
comforts and loss of efficiencv. 

If this can be arrani^rd oniciallv. so much the .better ; if not. 
much can be done on the initiative nf individual masters who are 
prepared to sacrifice some of their sc."-it\' leisure, and by exercise 
of (li|)l()mac\* \iv\ their rcjllea^ues* [u-n »ion to act as an assistant 
demonstrator (unpaid) in a physical Ir itatory. or swell the audi- 
ence in a lecture room. This i"^ not so diftTcult as it may appear, if 
the physicist can be made to reali/t* the advantage of seeing with 
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hi^ own eyes how well mathcniati s is now taught, and how little 
Kroiinds there are for his^ complaint of boys' iKnorance of practical 
mathematics and lack of skill in manipulation of symbols. 

In urging greater co-operation between mathematicians and physi- 
cists I may be suspected of forgettii.j^ the mathematical labora- 
tories which have been established at some schools. These are of 
course far better thin nothing. In a school where no physics is 
taught, they would be invaluable, but I doubt whether such a school 
noiy exists-. Under modern conditions , they are open to serious 
criticism; for example, to a scientist there is a sense of unreality 
in using a lioy'e's Law apparatus with the primary aim of plotting 
a rectangular hyperbola, or in investigating the connection between 
the length and period^ of a simple pendulum because it furnishes 
an easy example in algebra. But to my mind one of the most 
weighty" objections to them is 'that they represent a wedk sub- 
mission to the forces opposing lo-operation. They are devices to 
make life easy for masters rathiT than profitable for boys. The 
boy will of necessity pass to and fro between the physical labora- 
tory and the mathematical classroom, getting something of the 
spirit peculiar to each. It is far better when the master does so 
too, learning when he is outside his own domain, and on his return 
using his new knowledge in still further improving the methods 
for teaching his own subject. And this is not the only or the great- 
est, benefit that he will reap from his travels abroad. For the 
frontier, between mathematics and physics is not easy to delimit; 
there is a -real deal of intcrpcnetration and overlap; it is almost 
true to say that it is unly in the school stage that ovcrzealous or- 
ganizers have succeeded in marking out a sharp boundary between 
them.^Js[mi\ one of tne contributions to education which is rightly 
claimed for mathematics is what is called '^outlook on the modern 
world/' There is no outlook from a watertight compartment; to 
get one we must ascend to the bridge, or somt deck above which 
the bulkheads do not extend. So if we want a boy to go into the 
W)rlrl with a desire for a witlc outlook and some practice ui obtain- 
ing it, we should provide him with masters vvh() themselves have 
\U){ only the ri.t^ht to piussNfrom one '^ompartment to the next, as 
the l)(>y must do, but also some o^ the faculty of co-ordinating the 
activities in the separate compartments that are usually found among 
those ass{» il)led on the bridge. 
Since I ha\T, in the last few ^^cnh, mentioned one definite con- 



.MAniKMATK S' IN MODKRX EDUv ATION' iq.? 

trihuiiMn lo fduValU)!!. il may be a> \\v\\ ti) apolo^i/e U)V not at- 
iniipiitii; in ileal diriTlls willi what may >vvm the proper ,<ul)jeel 
mailer of this paper, the ac tual eiintributions whieh ran he expeeted 
• from mathematics nhen properly tauuht. My ixeuse lor not ;loim; 
5>o is twofold In tile lirst plaee il has aheaily lurn done in 
countless hooks, most of \vhieh are readily available notably in the 
Report of the Mathematical Association (.'ommiltee on the leaching 
of Mathemalies in Public aij^l Secondary wSchools, I certainly could 
not hope to improve on that. 

Hut my main reason is that the history of the chanues that have 
rendered these contributions actual instead of theoretical furnishes 
a most strikinj^ illustration of the supreme inip(»rtanc^c in education 
of the reaction between various subjtrt>. and of the di>astrous re- 
sults of isolation. I know of no other branch in which the evidence 
is so <lirect and so conclusive and at a conference of this kind, 
which is composed of all the talents, it sh(jul<l be of greater inter- 
est and profit to consider this asp rl of the mipier than to atteir.pt 
to contirm the faith of llu)se''\vho already believe, or convert the 
doulittTs or inforn^ ihv ii^dorant by special p!ea{lin'4 directed to 
establishing the i)enetas derive<l fro'm the inclusion of mathematics 
in neneral education, "^•^ 

I am very conscious of tht* fact i that I run a certain am<)unt of 
risk in making this choice of topic. No history is s^^littU* tauuht 
as recent historx* the expert lii>torian usually refuses to touch It 
on the urounds that it is still too iu»ar to \)v in iH*rsi>ective. that it is 
too iniperft»ctly >tudied for a soum I uidumeiit to be possible, an<l 
that it involves penplt* who are still alixe. So the amateur has 
to ru>h in. as I have doni\ and ri>k beiiii^ dal)b(»d a fool lor his 
pains. 

And thai brlnu^ mt* to m\- last puini. ! ha\(» drawn a uloomy 
picture ai >c hool matha-mnl it s in the ii;i«^l. It W(.1j!(1 be disastrous 
if 1 \n\\ with tht» impr(»-Mnn that the piclu.M* i> nuw aiulhin^ 
but briuhl. 1 havt* no h'-Mlalinn in -ayiiiLi that uufler pre-^enl con- 
(iitinn< tht»re is full warrant for \hv claims [lut ftiruaid b\* malhe- 
niatiial expert^. evVn fnr thai (Atrtnu' i»nt» at wliic h -o many nien^ 
of an older ueneralinn ha\f laM'ihcd. bitterly nr titM"i>i\ clx , acenrd- 
in^ in tluMr irmperanu-m. tin* claim lhat llu» axcrauc* bny can 
at lually mjny l:* tuatht»maMral wnrk. 

Since I have been taiiLilU thai tlu* r\u\ n\ :i -^^-nhMice i^'the pti-^ition 
c»f ureaie-t em|)ha>is. it :> on that ihenful nnie that 1 ni»w /nd. 



MATHEMATICS IN GENERAL EDUCATION 

By W. LIETZMANN 
Goitingen, Germany 

The meaning of mathemaucs. Many persons associate mathe- 
matics with some geometric propositions or algebraic operations, 
like the theorem of Pythagoras, the binomial theorem, or the solu- 
tion of quadratic equations; the more meticulous might think of 
differential and integral calculus, differential equations, or Fourier 
Series. Thus, those who have to do with mathematics outside of 
school life are an awe-inspiring minority. But simple operations 
with numbers, the development of the concep* of percentage, the 
computation of interest, as well as the knowledge of any graphical 
or numerical conception of plane or solid geometric forms, belong 
to malhematics. 

When practical experienjp embraces these phases, however, the 
feeling that one is dealing with a science disappears. The long 
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division we study at present was a subject taught 
in the sixteenth century. The function concept and 
resentation were given scientific meaning only during the last 
century, when they were practically applied in certain branches of 
technology and applied natural sciences. Only at the turn of the 
nineteenth century had the rising mathematical re.form movement 
introduced and spread this concept in the schools; now there is no 
newspaper, no popular work dealing with facts represented by 
measurements, which does not employ graphical representation of 
empirical functions. Here also it is not quite obvious .that •nathe- 
niatics is involved, 

When we consider mathematics in- this ^cope. at the expense of 
depth, its part in general education becomes quite apparent. 'These 
ari^uments do not exclude the educaticn.of the future research math- 
ematicians or other groups of science students, such as the astron- 
omer, the theoretical physicist, the research technologist, for whom 
hii^rher mathematics is a necessary tool. Hut the sphere of the 
application of this science is much wider. 

194 
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, Vocations and Mat' .matics^ 

Mathematical applications. It is very important to make clear, 
once more, how great the field of mathematical applications is. when 
'mathematics is considered in a broad sense. We shall consider 
groups of vocations and we shall inquirp^lidw useful and \iecessary 
mathematical abilities^are for themr'^We' shall not consider the 
mathematical subject mattier, such as the knowledge of certain defi- 
nitions or theorems, the mastery of certain algorisms and methods, 
as much as the general dependence on mathematics and the discov- 
ery of specific mathematical abilities. 

The merchant. The merchant in the broad sense, be he store- 
keeper or wholesaler, farmer or shipper, must deal with numbers*., 
and measures of various kinds, with plane and solid object^, with 
measures of weight and time, perhaps also with speeds, forces, and 
measures of work. For all these he must possess a quantity- feeling, 
which will enable him to determine prices quickly and correctly; 
to calculate them, and on this basis organize his business. He who 
cannot do this is himself the loser, or he is th? cause of misfortune, 
especially when heavy taxes, ruinous duties, or emergclncy demands 
are imposed. ' . 

The artisan. In the case of the artisan, the ability to calculate 
is important, because very often he is at the same time a business- 
man. But the mathematics pf bricklayers, plasterers, painters, car- 
penters, tinsmiths, of autimobile-mechanics- especially, and of elec- 
triciahs who are also engineers, is a mixture of arithmetic and plaVie 
and solid geometry. t£& method of thinking fropi a mental image 
through,a drawing on rtuper to the ready-made product requires the ^ 
ability of space percepl(ion. The young man. for example, who drtes ' 
not master the various kinds of wood-combinations is useless as a 
carpenter; the mechanic who cannot read a blueprint is equally 
incompetent. The examinations for licensing the Vai;ious trades 
involve an amazing extent of mathematical problems. ^ 

The artist. Many artists proclaim themselves enemies of mathe- 
matics. Hut the wildest expressionist, who professes to be th^ de- 
spiser of all perspectives, must look out for the true forms, especially 

' This suljjcft was di^cu'^M-d by '.he writer on anolht-r <Kra-;inn in an article; 
'•Die KcistiKe Haltuni: di-s Mathi-n. Uiki-rs, ^k i-n-rhiin-.; oiler I'ir/ichi'.ni; ?" tr /iri/f 
fiir mathemalhrhi-n timi luilitm-h^S' itMhulllii hm inUrruhl, W' (19(5). pp. ,?f><> ff , 
Teubncr, LcipziK- 
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when he desires that the observer understand hinu The plastic 
arti.*it must not only be able to think in spatial tennis, and represent 
in conformity with them: as a relief artist he. must also master 
geometrical laws. I hat the architect not only must be a space- ' 
jjeometer but also nnist be familiar with certain number variations 

has been shouii us recently by one of the most successful- architects . 

of our times, Th. ImscIut.- 

In' primitive art, as in the hii^hly developed ornament^ and in 
hand-made tools and ot)jects for the home, there i?; apparent a «eo- 
metric "feelin.u" wliich is theor'etically based on the ^roup concept. 
The symbolic drawings ofv;yioi:s peoples are i)ased on definite 
knowledye of form which has been (k^eiphered only 'in recent times.-* 

The scientfct. In .the vocational sroup of scientists, particularly 4 
the scientitlcally trained technicians, a. vast ^an^e of mathcmat- 

.-ical skills is necessity. To this field beloiiK not only physicists, 
chemists, a.'tronoinu'rs, enuineers. and technician.; in all fields of 
endeavor, but also biologists. Keolo.uists, }i[eo.u;raphers, physiolo- 

.;;ists, psycholonisis, and specialists in economical sciences. Rep- 
resentatives of history, philosophy, and allied branches .proclaim 
the nonn^tkeMnatiQ-al nature of these silences; yet chronology 
is their cv^ential tool. While scmie judicious members of the medi- 
cal profession ant) jurists ap[)reriate the value of mathematical* 
train'nix. many- of the so-called (iristf y.cissrnsrhajifrr (representa- 
tives of the bellesdetlres, humanities, and the like) d^^ny it and thus 
contrast themselves, not only to all exact sciences but^ilso to manual 
workers and tra(h»snu»n .generally. 

{b)W deplorable. f(^r example, is the rift arnorn: present-day 
philoM.phcrs arising fnmi the fact that some are;p)le to think math- 
enKitically and some arc wM. In the limes iff Plato, Descartes, 
I.cibiiit/. ami Kant, tbn ry^was "no such difference. 

/ i Uv i'\U7vu. F.ven if tlii» few remarks concernini: the mathematical 
nec(h of the various vocations iiave not completely indicated the 
breadth of th|' >i^nilitame of mathematics. \\r must recounize that 

•* IJrt/v.:iMn. W. M lUirm.itik uud Hu^nulr Kuu^l, Hirt. \\rvA.u\. i<;u. Al .) 

thj- .rali.T ••( Iriimrt rir nml PKihi-t'-rir.** . :^ jip j<| n. -(i'd- 
Mirtnr ufwj I '•'. i M hM hh ." /.'/ ..//);».♦ » ,/ m ■'/;.»;.■•. / / it.:! aru . ^^ ns, h. f: - 
/.*/;»■•; rr:rrn, h! : |ip n 

'The .lUrnlii'M ! lu' * ri-.ui.T i.illffi tn fin- { 'si Mj« .il ; ol th,« Amrricn 

:h \f ' /»;r/;.,.M iy,.■',^: Wl-^hr. C. /;,,./.m; .■,/■....;(• .r.,.'7>. Mr.ul. CIl. W.. 
/''i.'fj All >j r-i • ^ 
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the citixdn in general, regardless of his vocation, is dependent on 
mathematics. He must balancfe his budget— make adjustment be- 
t\yeen his incoi^itTand expenses ; he must pay his bills,- compute his 
•taxes, evaluate life and fire insurance, and daily make decisions on 
.the basis of comparative measurCvS, As a citizen of a community oi^ 
of a state' he participates in community life dnd should interest 
himself in the conduct of the business of his immediate community 
and of the nation. I'nderstanding of the business of the-stat^, of 
commerce ^iiid tfade, depends on mathematical abilities. 

The individual wh-^ is interested in sports utilizes sports-mathe- 
matics. Alathematical abilities likewise contribute in largeS'neasure 
to successful partitimtion in the so-called mental games, such as 
chess, cards, and puzzles. Indeed., mathematical thinking is, a help 
which cannot be overestimale(J. 

Geometrical concepts. Let us try to examinfe in detail what .we 
cair mathematical thinking and thus determine the educational 
value of jnathematics. We begin with the development of .space 
perception, a very obvious function in every mathematical study. 
We say very. obvious ; yet for cjuite a long time it was. neglected. 
There were many teachers who thought, "Everyone can see; «what • 

•is there to teach?*' If models of s^imple mathematical forms were 
introduced, or better, if these were made by' the pupils themselves, 
then these same teachers would say with an air of superiority: ''We 
won't bring up workers for some cardboardv-factory, but mathema- 

-ticians.** In contrast to ihis^ without presenting any objections to 
it at present, we say definitely: The teaching of space perception - 

Ovhen within the limits of his inherited capacities the pupil will 
otherwise be unable to comprehend (elationships -is not only possi- 
ble but is also necessary. 

Everybody at some time or other must have a definite knowledge 
of, how to recognize triangles and quadrilaterals as well as hne 
configurations,- to discover parallelisms and symmetries, especially 
when he comes in contact with them, and then proceed to {he theo- 
retical >p()int of view. (Vrtainly, the road from actuality to the 
thec^refical concept is the best. 

In the case of such a conceptual (levelo[)ment of geometric forms 
it is ofteniimt^s necessary to simplify the "uiven" facts, hut this 
abstraction offers the greatest difficulty on inv side, while on the 
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other, in the fixation in memory of contour lines J^like land plans 
and maps), it represents (offeTsi-^plifications. . 

Vor the selection of the content anfl method of mathematical 
study it therefore follows that the coiitinuoi^s hiterchange between 
ab'^itract geometric forms and concrete facts is yery important when- 
. f ver a new K^'ometrical concept is introduoecf. \ 

Space geometry* Man lives in a world of three dimensions and 
not in f latland. When, therefore, we go from the theoretical geom- 
etry of plane figures to spatial figures, and ^specially when we 
-fM'oceed from closed, figures such as lines q^bodies with a finite 
content, bounded planes, lengths, or other hmlted (in size) figures, 
such a step has a fundamental psychological meaning. Naturally, 
while we exist (live) in space, we should not be content to remain 
in the domain of "the plane when we teach space perception. 

We shall state three stages in the development of this phase of 
teaching. ' 

, r. In plane geometry the figures with which we work should be 
connected with spatial (three-dimensional) figures; thus triangles, 
(juadrilaterals, and circles, for example, should be, considered as 
plane sections of pyramids, prisms, and spheres, 

' 2, We should enrich the study of plane figures and of similarity 
with numerical work and with drawings of simple figures of .4pace, 
such as pyramids, prisms, cylinders, cones, and the like. 

3. The relation between straight lines and planes in space, espe- 
cially their graplTTtal treatment, should be studied, according to the 
methods of descriptive geometry -by means of vertical and hori- 
zontal projections. 

• Space inuu^ination. In all this we should not forget the follow- 
inm \\'henever we apply mathematics to some problem there is a 
bednning and an ending, but between these two there prednmi- 
nates the purely mathematical problem. The builder, the mining 
engineer, the landscape artist, the theater director, must first create 
his objects in terms of space itragination, before creating the draw- 
ing, and then he nni^t turn it into reality, and whaiwer he has thus 
created he must afterwards submit to proof. 

Xot only is space imauination important for the creative individ- 
ual, it i- aKo lu ccssary for thr understandini^ of event ^, 
whether prt'-t'iittu! i?i a novcK a drama, a dcsrriptinn of exploration, 
a historical accnimt. or in verbal dosiTiption^ of astronoiuical. geo- 
graphical, and other phenomena. 
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Whoever is confronted with the theories of the structure of the 
•n'jacrocosmos of the universe or the microcosnios of the atom is im- 
inedjj^ly confronted with the difficulties. of measurinu magnitudes 
.which are either uncommonly very lar^e or N-ery small. 

Interpretation of space representations, rnfortuna^ely, we must 
often resort to two-dimensional representation of spatial objects. 
Should such representation he^tfue visual'. fixations, tWn the pic- 
•ture is easily understootl by means of the central perspective, .Paint- 
ings and photo.uraphs are common examples of such representations. 
Projections [St /in'ijiriss), however, such as used by Japanese and 
diinrse and olhers, in their paintings, represent fo some extent 
**visuar* (ausikaiiUchc^ pictures^ 

Artists and laymen have objected to the idea that the knowledge 
of fundamentals of f?eometry is'of Use to painlinR. They protest 
that it is an obstacle to the artistic feelinu:. In reply, we may state 
that the first and prf)per selection of the point of view and dis- 
tance of the observer i/f a painting: enables him to cotaiprehend 
(feel) the representation better.. In photography, for example, 
especijiUi;^Iien enlargement is desired, proper location of the ob- 
ject m elaTibn to the lense of the camera is important so that the 
j)lane picture may give a spatial effect. 

In engineering we prefer, to the central-perspective representa- 
tion., the representati(jn that employs the vertical, ^horizontal, and 
base projections. Though more difficult for visualization, it is more 
helpful in the representation of size, During the last few years, in 
orfler to make the presentation and teachin.i^ of this subject easier 
in (lerman schools, an orthogonal single blackboard method has 
been introduced.*"^ It is connected by means of introduction of 
•perpendicular prc^jection and dimension-measurements with the 
!nakin<: of maps and drawinus. \\ any rate such topics should 
not be excludecl from descriptive utvYmetry in the schools' on the 
ground that it ha^ only to do with certain specific technical proc- 
esses of certain trndes. An\ l:iyman who has occa>ion to draw in- 
ferences concernini: >i\Uial shape of (•ro>s sections, or microscopic 
sections. f>r geological profiles, must understand and utilize hori- 
zontal and vertical projections. 

•'rhi< \< f'Hinfl rnuv \n a'l m;ithrmatii'^ Irxlhiuik'^ \ox (W rnian hiL»hrr m hnoN 
'llu-M^ \\fr<- i'JlrMilui 1*1 hy (1 SvlirtfiTs and \V Kt inn-i \\\ ly:l'-uL'n tirr ti.irKtrl- 
/. «? .'i i; yiumli'tiffi (it'yfnlnr, (hnllr and MtMT. I.im|i/il'. also \V. 

Ki.iniir I- .n.;d'.r'.:i^ i.i •!»» •! i: ^ir;l-. ndr ( ironutrirl" P.iM I M>}:li i'li-,^ I^ihl , 
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Descriptions of form. We usually underestimate the difficulties 
of descrihiniLj forms, whether they are plane or three-dimensional 
forms, whether they are siin; \\ perfect, and with no unnecessary 
superstructures. Description must be studied. Unfortunately, ' 
slovenly description is prevalent in everyday use. The election law 
of a certain country, for example, states that durinj? the election 
a four-ed^ed urn should be used. The author of this law natu- 
rally did" not think of a tetrahedron, but of a rectangular paral- 
lelepiped which has ei^ht edges, but he saw only Tour;' 

The difficulties increase when we proceed from simple to hi{j;hly 
developed forms or to combinations of form-groups. Let the reader 
attempt to describe fully* the fi^miliar form of a.. violin! The orna- 
^ ments of the Gothit, and Roman architecturt*, the baroque, and 
the rococo can be distinguished easily, but to describe their differ- 
ence.'^ in words is not e»asy at all. Kuch d^script* m of forms must 
always beKin.with the simplest Ti.^ure5, and in this ca.se mathematics 
is a tool that has no substitute. 

Samples of trends. The comlitions in the world around us are 
not static. Our ideas ane constantly chansinR. Trends are revealed 
in all fields - in' technology in natural sciences, in the spiritual sci- 
ences. 

The geometry of Kuclid was static, and it did not satisfy the 
j^equirements of an education. The geometry of our times has be- 
come more and more kinematic; motions, rotations, reflections, and 
transformations are common to it. Thus modern geometry so nec- 
essary in certain professions was developed^ Here again we may 
draw examples from the various vocations. 

Geometrical propositions. Only the sp)ecialists require applica- 
tions of the propositions which are in the foreground o( a course 
in school geometry and which arc related 'o geometrical magni- 
tudes, straight lines, angles, surfac^*s. and volumes in making con- 
structions or in computing 'numerical values. -vShall we say, then, 
that such problems as these should l}e confinv.»d to special vocational 
schools; the system of propositions concerr-ing triangles, quadrilat- 
erals, and circles, the study of surfaces, the study of similarity, in 
elementary. g(*ometry, then trigtmometr and solid geometry and 
M)nie other advanced topics in geometrj • caimot agree with this 
[uiint of view. Any one ot the^^e abilities may at some time be 
nec(^ssaiy in the solving of even a simply prol)lem. Moreover. 
ga)metrical perception, especially in relation to common problem^. 
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is best tausht in the course of j?eome(ry. The instruction should in- 
corporate reaV application's from life and thus develop the abilitie> 
in space -imauinalion disciW^d earlier. 

Df.vki.opmkn r of Numhkr Conc kft 

Number concfpt^^^-iilt j^ually distin{iuish two types of men who 
work with nuni>w's : One wh(% wndersiand numbers, or think in 
numbers, the o^her to whom nuniljer problems are a terror. The 
first type allows quite instinctively a free'play of a number ^feeliuK 
w*hen it has to do with series, magnitudes, ({uantities, which .is 
completely absent in the case of the second. To this second uroup, 
stock exchange records, statistical records, and evoi business records 
are unpleasant. Vet they emph)y the words much and l\iiU\ small 
and l(ir^(\ long and short, which are asxjciated with numbers; with- 
out a comparative scale these terms would be meaningless and empty. 

The purpose of mathematical t^tlucation of a ureat portion of 
youth is to develop various applitalion^ wlu-n thi'se :.ire especially 
of practiCaKuse. 

Number comparistMi (evaluation). .\> it is im])ortaiit to develop 
a skill in correct performance of numerical optTation. so it is im- 
portant to develop the ability of proper CHm[)arison of various 
numerical ma.i^nitudo Tntil We hav(» ileveloped t4ie ability of 
comparison (by means of many [problems), we cannot clearly ^com- 
prehend the various .geometrical or ph>sii\il maunitudcs. Here the 
comparisons are not conllned to lengths. Mnule^. surfaces, but in- 
clude also ,urou[)s of individuaU and phy>ical maunitu(le< such as 
the horsepower of a machine, stn^n^th of a current* carryin^ capac- 
ity, and thousands of other cnmparative items. 

The number feeling enabUs the individual to estimate in atb * 
vance the approximaie result for a mathematical operation. The 
teaching [)rocess should provide training in "Jud^ini^ the accuracy of 
results. ^)m{>utalion^ can be performed tm a calculatinu machine, 
but a thioK^nii ii)n>^nUtT is nece>sary in the preliminary estimate 
and in the final cht-ck on results. 'V\\v number ft-elint; is a prot(»c- 
tion a.uainsl blinrl. [)urfK^seless numerical operations. 

Nuiiibcr pbantiisy. l lu* la> man often fail> to appreciate lb(* care- 
ful mathematical planninu behind technical [Mojects. inventions, 
and [products, l-'.very maehin(^ (»very airplane, every -hip. every 
bridge is constructed accordini^ to mea-^ure(| .-pecilicat ions to render 
certain performance^, number of rev(»lution-, -peed, carrying capac- 
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4ty, and the like. All of these capacities can be numerically deter- 
mined. The preliminary \vork, before the project takes material 
form, cannot be done without an eminent sense of number feeling 
and space inKiginati(m.\. First, the project is a product of inuiHina-^ 
tion.; then by fneans of slide rule or calculating^ machine and draw- 
ing board, the first fornix of thought become reality, and only then, 
the execution can be started. 

'14^0 object^n may be offered that in generij,! schooling the tech- 
nologist or the constructor and their work are not considered. In 
small industry and in daily life, however, there are similar prob- 
lems and applicatiyns. Various requirements and specitlcations 
are frequently expressed in terms of percentages. And |^ere also 
the developed number feeling makes possible, approximations in 
practical situations. . , 

Function^ thinking. D^ily experience and scientific observation, 
unadulterated^empirics and pure thought, lead man likewise to the 
fact that magnXudes are dependent on ')ne another, ^that a cluu\ge 
in one magnitude in\'()lves a change in anotherMnd oftentimes in 
many other magnitudes. This is the source of the movement which 
since the Middle Ages has been responsible for the function con- 
cept, and through its dominance has furthered its /Jevelopment, 
During the last decades it brought a change of nuithemalical edu- 
cation from a puVe rigid number concept to a dynamic function 
concept. U is not necessary to elaborate further on this point be- 
cause everything important in this respect was said by II. R. Ham- 
^ey in the Ninth Yearbook of the National C'ouncil of Teachers of 
Mathematics. 

Ciraphical representation. Luckily, in the teaching prt)cess ihv 
function concept is connected with its geometric representation 
as well as 'with its arithmetic ^lustrations. 'I'his relationship is of 
immenst' peda.^o^^ical importance: the numher-ft^eling abilities of 
the pupils are strenj^thened nnd space iHTcef)tion is developed. The 
fuiuti(jn Cf>nce[)t is of .^cicMitific and mathemati(\al imporlanct* also. • 
Kven Kuler considered as a function that which mi^ht hv presented 
in any manner by means of arithmetic symlK)ls. Diriclilet first de- 
veloped the function concept in the present general form, wlunt* 
any two variahUs are defined in a uiven rt^ationship. We niakt* 
direct u>e of this i^cneralized function conce{)t when, in teaching', 
(he ^ra[)hical rrprtsfiitation of i\u empirical functioi*, we (h) nni 
examine it hut ('onsider it from the metliodolouical point uf view. 
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Infinitesimal calculus. The development of the function concept 
still remains a diftkult tasj^if we do not introduce operations of the 
so-called* int'initesimal methods. TJie introduction In schools of the 
<lifferential and integral calculus has put in contrast as 6omethinii[ 
mystical the development which had\o do with the inftniitly small 
and infinitely large. The pedagogy of infinitesimal calculus has now 
progressed so far that the One. dennition of the infinitely small by 
means of finite averages as tWir limits, thanks to Cauchy and 
Weiersirass, offers little diflkulty in the higk ^schools. The impor- 
tance of the results of the pedagogical work of the last decades 
cannot he overestimated. 

Only recently has it l^ecdme obvious how simple are certain 
'things, such as the geometrical problems 0 tangent or the area, 
and ilie concepts of velocity, acceleration, w(irk, and force^to name 
only a few. Moreover, the infinitesimal calculus is 'an indispensable 
instrument in obtaining thorough knowledge, parlicularj)* in the 
study of definite organic growth. 

I)i:VKl.()PMKM t>K (iKM.RAI.*THINRlN(; .VlUI.irV 
• 

'I'he teaching of language. The proper use of language is the 
prerecjuisite for the formulation and transfertjnce of thought from 
one to another 'and as^uch it is necessar/ fAr the process of correct 
thinking. How a certain .science states in words its achievements i^- 
ol importance for itself, but it is also generally important for edu- 
cational purposes and for practical a^d scientific thi-nking. Mathe- 
Tuatical language is simple and diiect. It avoids superficialities. 
It is essentially definite. Such directness, would be e((iiaily com- 
mendable in other matters of daily life. 

To the spoken language corre.siM)nds the written expression; clear. 
iliicHl .simplicity dispen^i's with the unnecessary but makes use of 
all that is re(|uired. Wliat the rei|uiremiMits are \\^r such a proi-e- 
(lure irrMnatheniatical education are (juite obvious and need no 
I'nrlher elj^boration. 

The devclopniont of concept.s. When il is the aim of mathematics 
and other exact^^^cience-; to go to the \k\<U of things, theii lliere 
sluiuhi be the an-wers to the (juestions ••()n wliat is this based?" 
and "Ilow i- it further d(»\'cloped ?" It has to do with dtMuiite coo- 
tcpl<. W'v >liouM then take i^reat care that our ciMicepts b(^ (lefi- 
lo'te in their ap[)li(at ion<. We .should use loi^ical dehnilioiw for 
(Diuipls dc^veloped afterward^, and tlu^ fundanuMital C(H)Cep(> mu-^t 
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he very iarefully hasod on the foundation of (heir science. What 
we thus aceoniphsh in K^Mieral education is the clear reahzalion of 

\ ihe necessity gf concepts in ever\(lay life: What is. a iiiHer, a kih)- 
^rani ?'' How is (Uir concept of liiiie-deNeloped How do we deter- 
mine iht»'f)osilion of some |.Tihice an the surface of the earth and 

* what is nuumi, for exani| le. Iiy the net on a geographical map?** 
Such (|ue>(inns lead thl^i\ io the [)rol)lems of ei)istemolo^y. When 
one speaks of spacr. hv \\\i\y e\pres> it in terms of the<7e or touch, 
.^lother may refer lo the >j)ace of experimental or theoretical 
|)hysics: attain aiiother. a- disci[)le of Kant, may speak of space as 
port* [)eiception and would believe it three-dimi/isional Kuclidean. 
Then enter> tlie mathematician and speaks of (the iU)n-Kuclidean. 

^afnne. projective, or //dimensional spaces. What does all this 
>i*inify ? W hen two persons (;pncem themselves with the probleni 
of >p/ice. ihv [\i>{ prerequisilf is that they ch^rify their concept^^. 

1 1 \v()uld he fortunate if in mathematical education we c()uld 
conctMn ourselves ai lea>l wi;h the (|Uestions of foui dations. This 
is out (if the nue>tion in hi^^h school, hut in colleges it should not 
he jieulccled.'* Introduction lo [)urer conc(*[)t determination is al- 
leaMy possible in school mathematics, in arithtnelic as well as geom- 
ctrs'. aiuj at tlu» very beuinnioL; not by mtMns of a lo^^ical deductive 
treatm(*nt. but ;rs an inductive perceptual inlroduction. 

Consecutivcness. 'The se(iuence of [)ropo>itious should be cauj 
tiousK- t^anuned in order to <lelermine their louicnl relations. In 
mathematics the pupil h^ains b\' stops forward: by the connectives 
••tluTefore" and 'Mhii^*' he arri\'es at the conclusion that ()ne theorem 
i^ a c<uiNtH|ueiue of another, and by **but it is" he is introduced 
to antither fact. 'He leart\s to distinuui>h b(»lwc(*n a hypothesis and 
a ion(hi>ion. \lo learn*- tht* conditinns f«'r the formulation of a 
faci. He learn- tt) di^iiimui'^h between sufi'iuent and necessary con- 
ditions, lb' leam-^ the ilifference between h\pothes{*s and state- 
ment-, briellw he understand-* Imw to deal with situatitJUs in life 
fven if they are nf)t alto'jrther -imple. 
" Po/drii.i. K.'M.iiir i'n«l Kil"LM.niHn." Mith /'/n \ fiihl // . 'IVuhiur. I.cip/i^. 

'h.nnnk. A Ihr I ;» ■iiMli.i/rii uiimm' /i i 1 1 1 ■ lum ju ' * \f it .h i^ihl , 

'rt'iihrn-i . I.riji.vj. I J 
* S» hrlfrr^. ' \\ w I'lrnli r nii.l /i it hnr: tu.in (iinlml/i' \ t»ii I..tn(! iind Slorn- 
l.jrtrn'''* M'lth l'h\> i<:hi , S;.\'i, 'Ituhnrt. 

S»r 1.1. t/Di.iJMl. W /<//•/ 1;< r M ■:! lit mjf ik\ 'rfuhiirr. I.rip/ii'. 

il.n \ti;it | W . I.'-: 'if ' >i I' u'.l' f>i' »:! :l ( . » Z^' . Wc'''/ 
i.' '»»/» . 'rv. *i In .\1 ji JMill tli Nru \*tMk. P).'; 
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Rc4>onsibiltty. In the logical and correct* relatiohship of proposi- 
tions lies the proof. Other things being equal, the step from a sim- 
ple conclusion with its three propositions to a more or less long 
chain of conclysions offers the pupil difficulties. The teacher should 
proceed cautiously and thoroughly. He should not underestimate 
at any rate the ability to ab.^orb and to reproduce a proof. 

\*ery important in this case is the awakening of the critical abili- 
ties, through emphasis on fallacies, incomplete proofs, and the like.^^ 
The pupil must be* fully responsible for what he generalizes* and 
for what he accepts on belief. In life we come in contact with two 
types of persons. One is very careful and reticent in hi^rexpression, 
l)ut we may rely on what he says; the other well, everybody 
knows him. Matheniatlcal education is a very good means of up- 
bringing, because in it there is no beating around the bush. Either 
whaji wfe generalize is true or it is false --there is no third case. If 
we cannot say whether it is true or false, then we must .admit that 
fact. The teacher should in such cases fearlessly say to h»s pupil : 
'T do not know this and others do not now know.*' 

Cnder no o')nditi<)n should anyone resort to authority in order 
to justify oneself. A liCe to address my pupils as follows: *'V()u 
shouldn't 5ay. *It is said in the book / '' or **Vou shfuddn't say, We 
learned that before.' " 

Ability to combine. No mathematical fchic^Hion should avoid the 
step from' a rec?pti\'e rcproriuction (^f a proof to later and produc- 
tive work, to the infiividual working nui of originals. This'may 
well occur in simple cases. The most important mental activity 
based on work thus done is the application of combinatory ability. 
We search various routes which lead to the same goal and test 
their practicability. Such proccflurc^ is often difficult because there 
is not merely one step, but a series of different steps. It is similat 
to ches>. in that not the single move but the possible series of 
moves t'hat follow flettTmines the ^oofI player. 

T will not dwell on the fanif)us transfer problem, but so much 
can he said: In practical life generally such c^onibinatory ability in 
thinking is necessary » especially when there are no (juick Sf)Uitions of 
problems: for exam[)Ie. when lon.^ (k^liberation i> necessary, when 
one must consider the reactions of others. 

Scientific thought. Mat'.enur'r> 0^ v .ample of a >dtMUe (level- 

'"Sec I.ii*t7.mann, \V.. **TruuN( hiii-st\** Muth. 77/ \: Hihl . ;l TruhiuT. I.oipziR. 
io:M also ''Wo Steckt di-r FrhliT?** Math. Phy\ H.'f\ . IVulmiT, I.oiiJ/ii:. V)2.\. 
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oped deductively. Hut wlicnever an exact science is purs led, it is 
first obtained inductively: singular cases are tVnall\' connected in a 
deductive system, even if at first we do it in partial fields, but 
mathematical thinking; has a training value in general for exact sci- 
entific thintlin^, ^ ^ 

For general education there is another value: that is, that we know 
the limitations of our thought. Xowhere is it so api)arenl as in 
mathematics that there are problems which have no solution, others 
which have not \ et l)een s(^lved. ^ ^ ' 

Conclusion. (Consideration of the educational value of mathe- 
matics gives rise to new problems: I'irst, is such education possible? 
fn other words, to what extent are mathematical abilities innate 
and to what exjtent c:in they Ijc intluenced l)y the surrounding 
world? Second, there is'the problem of method. Third, there is the 
problem of the content of the mathematics curricuU'im. The ques- 
tion of the course of study should In* all means ne\er l)e considered 
from the materialistic point of view; as, f(n- example. **\Vhat u^es 
.does the pupil make in his future life of mathematical knowled^je?" 
.\s a rule thisjeads to a very poor solution. We should mostly 
rleteriQiine the course of slufly in relation to the general educational 
objectives. Hut this opens up the (juestion of the educational value 
(^f mathematics as the central point of the pedagogy of mathematics 
as a whole. 



MATHEMATICS AS RELATED TO OT»ERJSREAT 
FIELDS OF KNOWLEDGE 

' By GEORG WOLFF^ j 
Dusseldorf, Germany ' I 

PART ONE 
^lATHKM.VriCS AND THE SCIENCES 
Introduction 

It cannot be denied that many people think of mathematics as 
an abstract, dull science concerned with points, fftrai^ht lines, seg- 
ments,jlirvc«, magnitudes, fractions, powers, roots, logarithms, and 
the like. They believe that mathematics is l)ased on rigorous and 
dificuU proojs (understood by only a very few)' and also on cer- 
\\r\ fundamental ideas named axioms. Naturally one can trace 
back this view to the generations when Euclid and always Euclid 
was studied in schools. This study was done according to a dry, 
dull, and lifeless method, since discarded. The day of this method 
should have been forgotten ^ong ago. 

Much credit goes to the International Commission on Mathe- 
matical Education, whose work since about 1908 has influenced the 
methods of mathematical education throughout the entire world. 
We here in Germany, as well as Americans, even now vividly reWi- 
how David Eugene Smith, a historian of mathematics and a mathe- 
matics teacher by calling, collaborated with the International Com- 
mission. 

Through such efforts a decidedly new course of study was intro- 
duced rnto the .schools. We no longer teach the diffirult proofs 
of the Greek mathematics in their abstract imjx^rceptible forms; 
we searcli for the relation of mathematics to the life of the prac- 
tical man and his workshop, the merchant who needs to perform 
many calculations, and tlie engineer who performs his calculations 
and drawings by means of teclmical tools. In short applirdy live 
mathrmutir^ forms the central core of modern mathematical edu- 
cation. Instead of exact deduction we have many intuitively con- 
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sidered examples supplemented by numerous illustrations from 
many fields of applications. / I 

Among these applications we should especially mention here 
those which appear in pure and applied natural sciences, in physics, 
chemistry, biology (botany and zoology),^ as well as in the arts, 
such as music, painting, sculpture, architecture, and even poetry. 
We shall show the relation of mathematics to these sciences, but 
because of limited space we shall be able to shdw it in general 
outline only. 

Mathematics and Natural Sciences 

Natural philosophy. Not always have men applied mathematics 
to natural sciences. The school of Aristotle (384-322 b.c.) exam- 
ined nature by means of the mind and therefore was satisfied with 
very few observations m order to arrive at a natural law as a gen- 
eralization. This Aristotelian' spirit dominated aH natural sciences 
until the, sixteenth century, when Galileo Galilei (1564-1642'^ for- 
mulali^d a new method. He showed that the inductive method of 
, thought; such as that used by Aristotle himself, cannot lead to ab- 
solutely safe conclusions and cannot claim to be scientific ; he re- 
quired that observation and thought, experiment and number, induc- 
tion and deduction, should be in agreement. His classical examples 
are freely jailing b^ies and ballistic curves in vacuum. Observa-' 
tions show that the distances through which bodies fall, 5i, S2, S3 
... are in definite relationship to the time element; namely 

Si I Si : * Si . . .= 1:4:9:16 . . . 
This property Galileo generalized in the form of law only when 
it was expressed by means of the formul^i 

s- Ut\ 

where g stands for gravitational attraction, and / denotes time. 
After this general property is discovered other conclusions may be 
arrived at; as, for example, the paths (2v) traversed by a falling 
Ijofiy in a single second which are in the following proportions; 

Correspond in.ijly we have the parabolic law v^-r.v*. This is 
geometrically represented by a parobola concave downward. 
The novelty in ihi^ case was that Galileo formulated the founda- 

* Hcrcaflor tlio term "biolopy" shall be un<KT>t()()(i to include botany and zoology. 
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tions of mathcmatization of natural sciences, and this made him 
the founder of the exact natural sciences. Thereby he gave form 
to the method of natural research due tq Plato (427-347 b.c*.). ami 
this became the common procedure in the succeeding centuries. It 
is still valid today. Mathematics is and should be in the full sensr 
of the word the servant of the natural sciences. Thus number re- 
ceived a new meaning in natural research; the laws presented above 
represent functional relati()nshi[) and dependence. 

The most important problem of the new trend in the field of 
research in natural sciences is that the magnitudes which enter in 
a law should in vt'ality be observed and obtained in agreement with 
the mathematical formula by means of which this law is derived. 
Whoever has i- •'•fnnr.ed experiments laiows what it means to deter- 
mine the time w^eillation of a pendulum, to evaluate the speed of 
the How of gases, to observe the heat of a joule, or to measure the 
length of a light wave in terms of a 10^ precision. The develop-, 
nient oT the experimental natural sciences has traversed the road of 
varied and improved scientific apparatus which has replaced the 
eye and the ear, and has enabled us to obtain measurements in close 
••agreement with the^ormulas. This road to precision, kuoum to 
mathematics ouly, remains as a sit^n of progress up to the present 
day in all ^natural sciences. 

We must mention the fundamental itivestigations of <)l)servatioti 
and understanding performed by the rational thinkers throughout 
the whole world. The best way is to examine the history of phi- 
losophy as well as the various systems formulated by these philoso- 
phers. The important spiritual giants are found among the criti- 
cal thinkers, such as Plato, Galileo, Descartes (1506-7650), Leibnitz 
(1646-1716), Xewton (1643-1727), Kant (1724-1^^04): and amoim 
the devotees of the theory of knowledge of the mQdern times one 
may meniion such men as Whitehead, Russell. Hilbert. Hermann 
Weyl, rianck, lieisenberg, as well as men wht^ behnm to varit)us 
professional scientific circles. 

In one respect, however, the help of matlicmatirv to natural 
srii'nces has not been fully utilized. The natural law ilui^ has a 
purely apodictieal nature: it is 100 per cnn certain. 'lo tliis ce*- 
taintv probahilitv w.a- added during recent ve.arv. Thus, nut a sin- 
t;/e evrnt but a multiiude of events or cam plicate d luniunirK arr 
ronuf/errd. Nowadays when we are ^leali^^ wiMi tlu* kin»*ti('al 
tkeory of uascs, the laws of inheritann*, the law-^ ol .attraction of 
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mas?es, or tfie research in the constitution. of atoms, it is universally 
acceptcfl that a statisjical interpretation is not only valid for one- 
particular natural science but equally valid for all, whether it is 
physics, chertiistry, or bio]oKj\ 

Physics. Nai'jrall>^ we have no desire to disregard the methods 
6f pure observation in natural research. These have their value, 
and have produced considerable results. We think of cathode rays 
-~or X rays which were discovered solely by experiment; we think * 
of autdmobiles and airplanes, of the, use of motors, of the vast field 
of elcctrotcchnics, of 'optical , apparatus, and of appliances in the 
field of acoustics. 

On the other hand, we have many phases of development in 
physics where mathematics and mathcmaticar methods have pro-' 
duced strojig impulips on research in natural science. One need 
only think oTthe steam engine. A new epoch began after a long 
stand'still when the concept of cwtTth^y was introduced, when that 
part of energ)'' which could notf produce practical work was con- 
sidered from the logica4^oint orview. 

Most results in pliysics are due to the developfhcnt^f difjrrcn- 
ttal equations, and especiariy to their modern advances, as wclKas 
to differential and integral calculus, the fundamentals of wtich 
should be studied in all high schools. 

\Vc are familiar with most of the many and notable advances of 
mathematical natural sciences.' It is impossible to enumerate all of 
them., 

Sn widespread was the skepticism concerning the expanding fields 
of the application t^f mathematics that niultitiuies were a:^t()unded 
when the Frenchman I.everrier. and the Knulishnian Adams, by 
observing certain pe»'lurbati()ns in the movement of the planet 
J'ranus in the sky. discoverefi matlKMnatically a new planet: the 
Herlin astronomer \;a)le. hi 1X46. ntuvled only to direct his excellent 
instrument in the place determined by calculations in nrtler to an- 
nounce tlu* stirrini: Tiew<. It was apjiroximalely where* Le\Trrier 
had i>rerlicte{l it by his (V)mi)utalinn>. and it was the planet now 
known as Neptune: 'I'hi^ i:luriou< triumph of mathematical think- 
ing cannot W repeated an\'\vlu're by an}i)0(ly in the world. 

We nin>' ad<l other illustration^. .\< the radio signals reach 
the smalle-t hamlets or the farthest corner^ of \ W earth, a phy<ici<t 
may rec.ill the fu-t ^trj) \n the dcx elMpment of hi^ seieiu e. The 
philo-npluT of naluial m ieiue and ph\>iiisi, J.,im(^s Clerk, Max- 
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well (1831-1879), when examining the Faraday force-lines, dis- 
covered that electricity travels with the speed of lighpS' This ma(he- 
matical discovery- was doulfled by the scientists of His tinfes; they* 
* ' considered, Maxwell a confused phantastic man whose claims had 
no foundation. Experimental substantiation was lacking, and these 
ideas were considered impossible, 

At that time the physical demonstrations which would have con- 
firmed the prophesied electrical waves were not feasible. About 
a quarter ot a century later, by risking his health and after many * 
attempts, the well-known physicist Heinrich Rudolph Hertz (1857- 
1894) demonstrated these waves experimentally. HBut people were 
far from being able to harjiess these waves practically. It was more 
than twenfy-five years before it was possible to put them to work. 
The differential equations of the light-waves and of the electrical 
waves stated in the same form had shown the theoretical physicist 
Maxwell the proper method. / Thus, thanks to Maxwell, who'gave 
us the electromagnetic theory of light, the unity of light-waves 
and electrical waves was demonstrated, 

A brjef examination of the latest phase in modern physics, the 
quantum theory, shows again the value of rigorous deduction^ With 
the discoveries are associated the names of Max Planck and Niels 
Bohr. • * 

Basically this theory had to do with the folknving: Concerning 
the rays of light of a candle, of Un electrical lamp, or generally any 
ray of lights before 1900 two laws were advanced— one of Boltz- 
mann, -the other of \V. Wien, both contradictory to the Maxwell 
electrodynamics. 

, Max Planck believed that the theory of Maxwell could not be 
doubtul;' therefore thj^ fundamental concepts of transmission of 
ener;.^- (radiation) ' mu.^L be changed. He' boldly proposed a hy- 
pothesis that eneri»:y consists of very small particles, similar to a 
tal)le consisting of atoms or electrical waves of protons. This s^nall- 
est element of energy was named an cncrf^y-quantiim c, or simply 
quantum, l^anck then fearlessly assumed that this e is propor- 
tional to the vibration number of the rer-pev'tiN'o way; so that we 
have tlie etjuation € - hz\ where A is a prciportionality coemcient 
(factor). 

How fortunate this assumption was. one can jud^e from the 
meaning of tlie.proixjrtionalily fact(;r in quantum theory. It rep- 
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resents the quantum effect and its magnitude was experimentally 
determined. It is 

b - 0.55 • 10 er,L% Sir. 

liy means of these assumptions Planck was able to reformulate 
the laws of radiation that were contradictory to Maxwell, anfl the 
. two radiation laws a.^reed with each other. This discovery pro- 
duced a tremendous effect. IJut it was still more important w»hen 
IManck, ,^tivrtinj? in another direction, determined the number of 
molecules in a cubic cenWrnetei of gas at temperature and 760 
mm. pressure as 

.Y - .^7.6 • 10' ^ 

which is known as \hc J.osc/i mid t number, ind which up to the 
present time is the hest'x'alue known. 

Besides this great (lisci)very of the (}uantum theory there are 
many others, of which it suffices to mention four: the eNplanation 
of' fluorescence, the ex[)lanati()n of strong and weak rays, the 
study of the inconstancy of atomical heat, the Compton effect. 

Of particuhir vakie to 'the discov*ry of the ([uantum hypothesis 
was the new atomical theory of Xiels IJohr, who stu<iied energy on 
the basis of IManck's assumption^, especially that energy radiated 
in any (juantities but in integral multiples of c. 

Tile surprising conclusion gave clear ideas of the structure of 
atoms, in the sen.^^e of the Keplerian planetary laws. We state them 
here : ^ 

r. paths of thr rlrrtrons arc rllipsrs. The central body is 
' ////• atom-nuclru$—it is loratrd at the fnrns, 

^. One elf et ran may move about the nueleu: alonf; one deter- 
mined path. This path can be eomputed by meanr of the quantum 
throry. 

;v The eleei)ons ean jump from nue path to another. When an 
ihutron jumps jrnm om' path to auothrr }}rarer to the nueleus, 
tht n ( ^i > i^y /v rt'lrased ; should thr path be frrther from the nuelrus 
thr}] enrr\iy is takr)i on. 

It only reniainc<l in study tin* p;uli< of the elcrtron^ of atoms in 
the >:i\w manner as t!u* satclliti'^ of the phint'ts in the sky, hut 
iheTC i- a (hstiiu't (lin\'ri*n( »• : naindy, that tht* stutly in niii riu-nsnios 
i- n]ort* difficult. It enabled us (o foinuilale the inner structure 
of elenunis. and to di-iover a new element known as hajnium. 
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We have to mention also the new wave mechanics^ as it was 
formulated by Heisenberg,. The latest consequences of this quan- 
tum mechanics shook the strongholds of causality. And thereby 
statistics and probability entered into foundations of ^natural philos- 
ophy. The effect of a cause is only certain when the conditions of 
that cause are definitely known. If this is not the case, then we 
have to deal with indeterminateness^; ^and the probability must be 
computed. There is no connecton between cause and effect from 
the 4)oint of view of certainty, but oftly from the point of view of 
probability. 

Thus we have reached the present limits of philosophy and of 
thought and of religion, concerning which the last word has not 
yet been spoken; for the quanturn hypothesis gave rise to many 
contradictions which must be clarified. 

After all, the quantum theory and the atomic theory represent a 
tremendous victory of the pure mathematical method in- the field 
of physics. Many new problems were offered for solution to the 
practical physicist by Planck, Bohr, and their coworkers. We can 
judge the difficulties which confronted these workers from the fol- 
lowing constants, which will subsequently be augmented by others. 

I. TJie constant of the electrical elemenljvty quantum: 
1.6 • io~^^ coulombs, or 4.77 • 10"^'^ LK. 
% 2. The (iiameter of an hydrogen atom (H): 12 • io~^ mm. 

3. The weight of the H-atoms: 1.66 • lo"^* gr, 

4. The mass of an electron; 9 * io~^* gr. 

. 5» The averag(r8h^)aration between two collisions (H): ii.2- 10"^ cm. 

6. The number of collisions (H) per second: 15.1 • 10®. 

7. The number of molecules in a cubic cm,: 6.06 * lo^^ 

8. The weight of the earth: 6 • lo'^^ kg. 

Up to the present we have considered illustrations in which the 
mathematical investigation of the natural phenomena influenced 
the substance of subsequent experimental investigations. But the 
development of theoretical physics shows that experimental physics 
likewise influenced exact physics. The mathematical physicists 
had to base n-any assumptions on experimental physics. We know 
that in many cases the mathematician, in order to solve his prob- 
lems, had to reorganize his method of analysis. Thus, in order 
to be able to study heat, Fourier developed his series; Einstein had 

•Wolff, (i . "OU'if^tcnnu'rhiinik and Kau^'ilitat." Vnierrkhlsblatter fur Malhe- 
mo^ ^ Ufui XaturwissenschafteHi 1931, 37, pp. 107 £f. 
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to master functions with an infinite number of variables; Laplace 
had to invent spherical functions so that he could solve certain 
astronomical problems. 

The development of the Laicf of Attraction may serve as a very 
forceful dxample of the interdei>endence of 'experimental physics 
*and mathematical physics. ^ 

Copernicus ( 1473- 1 543 \ with his fiery imagination, made a deti- 
nite step toward the heliocentric sys^em^ according to which the 
sun was placed at the center of the world-system Curiously 
enough, the astronomers in this new eix)ch, as in ancient times, had 
not yet formulated the behavior of the planets. Tycho Urahe 
( 1 546-1 601) studied their motion by means of certain measure- 
ments, but he^could not discover their paths, because according to 
Euclidean geometry these appeared to be circular^ and as such 
they were accepted by all. . , 

Johann Kepler (1571-1630), who studied Apollonius and his 
conic sections, recognized the elliptical paths, and found their sub,-a 
stantiation in Tycho s tables. Thus, he arrived inductively at his 
three laws. 

BujL these fundamental laws of Kepler lacked riyorous founda- 
tion. The next importanf^step was developed by Xe^vton (16^- 
1727), who generalized the problem of the behavior of bodies 
throughout the universe. In this generalization he used behavior 
of two masses and Thus he discovered his Laio .of At- 

traction 

J - c ^2 ' 

where r is the distance between the masses, / is the force of attrac- 
tion, and c is the famous ^gravitational or attraction constant. 

With the help of this law Newton, by means of differential and 
integral calculus, proved from a [)urely mathematical viewpoint tli(» 
correctness of Kepler's laws. Only after such prof)f did this law 
obtain full citi/en^hij) rights in nature, whereas previojjLsly its 
soundness had l)een doubtt^d. 

It remained for physicists tf) (letcrnune experinuMitally tlie ^gravi- 
tational constant. ICxperiments wt're repeated many tinu*s. The 
most recent value is uiven as , 

c - 0,00 • 10 \ 

The meaning n{ Newton s law is universal. With it one can 
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explain the tides, ex[)lain the fundaineiital changes in the starry^ 
heavens, predict the motions of planets by cor;reclin^' for the pertur- 
bations of their courses. Such was the state of affairs when I.ever- 
rier stumbled onto the discovery of a new planet by means of 
Xewtons law, The theory of potentials in the gravitational field 
was evolved, and thus arose a new functional theoretical develop- 
ment in mathematics. 

The culmination of current ex[)erimental development is found 
in the latest unification of the behavior of bodies (and thereby of 
Xewton s law also) in ICinsteins (ieneral Relativity Theory, The 
theory employs Newton's law as its first a[)proxiniatI()n, Its sec- 
ond approximation is represented by the thus far puz/lin^ behavior 
of planets at the perihelion. Besides this, the theory hoUis that 
the rays of fixed .stars, due to solar attraction, should be bent in 
the vicinity of the sun. Finally, the lines in the red part of'tjie 
spectrum mast be dis[)laced in a ^gravitational field. These theories 
were >ubstanlial,ed by painstaking exi)erinients. 

So ends the historical excursion in the meanini^ of ex[)erimen'tal 
phvMCS, just wlu^re it was be^un. Throwuhout, there has been 
constant interj^Iay: iiuluclion and deduction, obserxational and 'ex- 
act phy>ics,,each corttrihutimr to thi» other, each forcing the other 
fc)rward. 

\\*e cannot clo>e this >ection without nientioninu: the unification 
of spat and tiuir by luustein. Treviously si)ace and time had been 
endowed with properties of the uhsoliitc. In the unified natural 
science, relativiiy dra^'^ed in statistics. Strong and much too vi^- 
orcHis rationalism had to maki* concessions. 

Chemistry. When one looks inu) a chenn'>try textbook these 
days, he immediately nolii'es a i^re^at number of tables antl j;raphi- 
cal repre-enti^t ij)ns, none* of which can be found in earlier texts. 
'I'lii-^ clianue in iextbj)oks retlecls tlie (levelii|)ment of chemistry. 
Duriim tin* last two hundred \ ears, at fir^t rather slowly, then inor<' 
rai)idl\\ as a >ul)>idiary siieiu'e to medicine at I'lrst. it inially came 
tt> stand on its {)\vn, and thus from a descriptive science it emerged 
into an exai t m iem e. 

This is not to 1h» \\oiidere<l at. The formulad.muuaue of chem- 
istry IS a kiml of sliorthand based on mathematical principles. 
Whatever the !)U[)il lias to do duritiii the fir>t lew hours refers 
wholly anil only to maunitutle and number>. 
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The total wbig/tt in a chemical experiment must remain constant. 
The elements jcombine only according to definite weight relation^ 
ships. 

If there are several combinations possible between txvo elements^ 
then their weight-relationships behave like integers. (The law of 
multiple proportion.) 

The Study of the laws concerning gases also led to formulas, 
which were gradually improved, These are : 

Boyle (1627-1691): pv = constant 
Gay-Lussac (1778-1850): v== Vq {1 + dt) 
Combined 4aw: pv - poVo * {1 + dt) - R * T 

Van der Waals (1837-1923): {p * {v - b) ^ c 

It is known that Avogadro (1776-1856) came across the law of 
Ciay-Lussac. He discovered that it is possible to determine the 
molecular weight {M) by means of the pressure, of steam (Z)). 
Thereby he introducred into chemistry further mathematico-physi- 
. cal methods. The molecular weight of any gas, relatively to the 

air, is 

» 

.1/ = 28.94 • D. 

Avogadro arrived at it deductively. His hypothesis was: TItc num- 
ber of molecules of any gas in equal volumes is the same. Thus 
arose the problem concerning the numbe* of molecules in 1 cm.^ 

•\Ve mentioned above the Loschmidt number, which is also known 

"as the Avogadro number ; it is : 

trillion molecules. 

1*he next problem was concerned w^ith the weight of the atom. 
Dulont^ ( 785-18^8) and Petit (17Q1-1820) expressed it by* means 
of the law of atomic hoat : 

(atDinic wt^iglil) • (sprcitic heal) ~ 6.4. 

\V(^ may add here that the Faraday laws of electrolysis found 
their api^lication tf) chemistry immediatelv after their discovery 
(18^.0. Thus we have the rise of quantitative p'r\*sical analysis. 
We are now confronted with the e[)och in which chemistry became 
an exact .science. This was clearly shown in the inveslij^ations of 
the leading chemists. Faraday s teacher, Davy (1778-1829), was 
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intei'ested not only in chemistry but also in pln>nc5^. He not only 
experimented in electrolysis Imt studied the electric arc between two 
coals. And Faraday, chemist by profession, became Jmmortal 
through his discoveries in physics. His contribution ma(!e possible 
the development of present-day electrotechnics. 

After chemistry took a deluiite course fr.om a descriptive to an 
exact natural science, there remained the development of a deluiite 
scientific system. This tendency became obvious when attemjMS' 
were made to discover generalizations of known laws which con- 
tained these known laws as speciid cases. ' And tjjiis the mathe- 
matico-physical methods were more- intensively applied. 

Thus were developed chemical dynamics, the scitrice of dissocia- 
tion, the laws of^t lie inlluence of mass, the st/ructure of matter, and 
the periodic system of elements. The last /is 'an abstr-art idei^ of 
Mendeleyeff (IS^-I907). He based it on Hie group order of ele- 
ments which were arranm^l according 10 their atomic weights. This 
system led in time to impi>rlant discovi'ries, It made possible the 
prediction of the discovery of unknown elements. We mentioned 
the discovery of hafnium: but others were discovered in a similar 
manner: scandiuni, izalliiim, germanium, ma^uriinn, rhenium, and 
the numerous pr()i)erties. f>f these elements were predicted and 
finally exj^erinientally observe<l. 'I'hel'e ciinniit be a more wonder- 
ful exam|)le ol deductive thiiikinii than in {h\> ca-r of chemi.-try. 

The history of di^inte'^ration of ra<liuni bef(»re Hohr introduced 
the atomic nnxlel is not only a part of ph\^ics but ako a part of 
chemistry. Tht^ chemist mu>t I. f;tnMli;n' with the diflicult mathe- 
matical theories which led Planck and ollu*r^ to the niicrt)structure. 
Then only can hv under>l:uid that : 

I. 77//* (7// ;;///•(// tinil f^Jn^^ittil p}opt )tit\ ol iiu rlrmint arc at 
fir^t (li t* nnint (I hy thr tlt ttfiois 0} t/ir nutt r torr, l\lr}ii' )it\ /iiir- 
ini^ thr saiHt' fnnn/)t r of ('hilion\ havr thr Minir //// x. 

All atoms oj a t/if fniid/ ih innit h^r.r \nniliir {stiau ) yiuihi, 

Thu- -^t;iti-liis ;ind prnb:ib:lit y become malhemalii :tl tools of 
compulat i<in in ch«'n)i-t! \-. 

liut inrini(r-iinal cdculu-^ thu brtomtv .ni c^-cnlijl tool f(»r 
( oni[>utati(»n :d>o. In tin- ucll-kimwn bo(»l:. \i-ni-i Sihornllir^. 

stHui/attt n,'^ appt-ar- the follDwinu -tati-nuiit : 
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MiNKi^ivL Crystal Form 




Magnetic iron 



Salty Lead 



Quartz 




♦ -9 



Octahedron 



Cube 



»Telrahedrort 



Six-faced prism with pyramids 
placed on their bases 



Rhomljoht'dron 



Cviho 
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The chemist must constantly ^be aware of the fact that without the 
mastery of the elements of higher analysis theoretical chemistry will 
remain a book with seven seals. And if ht wishes to avoid the dao^er 
of missins the opportunity of understanding all the developments in 
theoreiicai chemistry, a chemist should take care that the symbol of 
a differential and' an integral cease to be mere hieroglyph to him. 

Not only in number lies the strongest link between chemistry 
and mathematics, but in certain studies of form as well. The crys- 
tal forms of minerals are in most cases complicated mathematical 
bodies, as is shown in the variety of forms illustrated in Figs, i to 
8 on the opposite page. 

In conclusion we should mentior^jTthe shell from geology (am- 
moi^iite) with the mathematically constructed spiral, illustrated in 
Fig. 9 and Fig. lo below. ' 




Fic;. I), Ammonite 




10. (*()nslructi'(l 
Spiral 



Biology. The bioltj^rists will never admit that mathematics has 
citizenship rights in 'their tifld. lUit hiolo^y Wfiuld never have 
been a natural science had it not employed measuring devices 
and numerical methods, and had it not used than^ in order to ex- 
press its laws (juanlilatively. ^ 

Apparatus, We thr^rfore find many varitMies of measuring ap- 
paratus, tables, or graphical representations in the field of f)iolog\'. 
I''ig. II shows oiu- example, an apparatus which indicates the growth 
of a [)lant in a iLiwer-pot. In Vv^, 12 we have a urajihical reprt»-enta- 
tion of the growth of a snowdnip plant in the period from Decem- 
ber to March. 

A ver\- impcirtant idea in plant -tiuly is a--itnilatiiin. \\*e now- 
adays study the advance or retardation of a--ifnilati(jn by means 
of the different cnlor- of the ^ptrlrum. We inifurr-e the leaves' 
nf |)laii(- in alcnhol. 'I'lu* extract i< -pt'clruanaly/(»d sr) that 
\\\v ai)-orpiinn -[>riiunn rnat»k'> u.- t<> learn of the interchange 
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of material. In Fi{?. 13 the analyses of both assimilation and 
absorption are plotted alongside each other so as to show their 
relation. 




Aliparatus I'nr tin* (U'lrrrniiKilinri of tin* amount of ah^orhed rar- 
hon (lioxidr, as well as for llu' dctrrniitiatioti (>f the amount of arid 
material, i< ftiuod io ovcry hinlouital lal)orator\. 'I'hv graphic 
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record reproduced in Fig. 14 shows how laboratory apparatus meas- 
ure- the effect of breathing exercises in speedini^ up the building 
of red corpuscles i^ man's body. 



VUf, 14. Graphira! Rt'prrsenlation of Mcha- 
* - urcnuMit of Mftaboli^m 

Measurements of temperatures of animals and plants, as well as 
functions of mass, surface, interchanj^e of material, are perforau'd 
by the finest apparatus. 
* The difficult measurement of pressure, 
such as that in capillary tubes in thin 
strands, or especially in roots, is thtirouuhly 
studied. The apparatus used in such meas- 
urements is illustrated in Fig. 15. 

Finally., we should add mention of the 
study of the behavior of gases in cells of 
animals and plants. It ff/Uows an osmotic 
motion which is studied by means of physics. 

Forms and Xiimhcrs,^ One of the nm^t 
interesting^ fields of biology is the study ni' 
statics of cells and webs in the animal and 
plant world. That an ant in s[Mte of its ex- 
tremely small size is able to carry relalivtdy 
heavy loads; that a very small bird may Fk; 
overcame with little fatigue a stronu; air current : that small, holhjw 
bones of a small animal may will: land heavy strain of weight, thai 
ihin plants, such as .urass. wheat, antl the lik(\ ar(» con^truett^l so 
^tronijly these are matters that intere>t ev(*ry friend of nature. 
And still we ha'\e not prouressed \'tTv far in the ^tudx* of the 
*^lren^lh of the material of bi()lf)^ii-aPy small thinu'-: the re-istaiice 
to bendiim, to twisting, and to pull are still U) be studied thor- 
(lUL'hly. 

We descrilTi;^ the arrangement of leaver o\\ plants by means of 
'Mliver'^encies/* If in I-'iLr. 16 the number^ o. 2^ the arrant'e- 
ment of the leaves surceodinix one aiuither, we find that o corre- 
vp(>iid> t() ^ If wc examine the (iiveruericy anule between the mid- 
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dlo liiu'S of two nfiyhhorinj? leaves, we find that it is 120°. This 

rlivergence is called 1/3, that is, we must go 
i/.? of the stem further in order to reach the 
next leaf above. Generally we have the fol- 
lowing divergencies; 

1 '2, i.*.^, 2 '5, ^.'S, 5.'i3, 8/21, i;,/34, • • • 

We observe the rule lhat the numerator 
and denominator of a new fraction aTe rep- 
resented resix^ctively by the sum of the nu- 
merators and the sum of the denominators of the two preceding 
' fractions. The di\-ergencies are between the limits jj and 1/3, and 
the dlvergenc}' angle approaches i.^y"^. 30'. 

When a branch of a plant spreads out in smaller branches, then 
it loses an energy E. If we denote the energy of a new smaller 
branch l)y c and the aji^lc between the two branches by a, then 

JC € cos (X 

The size of the heart of a fish is proportional to its rapacity for 
performing work. A trout, for exaniple, has a larger heart than a 
carp. 

The Fechner law giVes the relation between sensation (F) and 
excitation (A*) [in vision]. It is represented by the ecjuation 

i: k lug A\ 

where k \< a factor of proportionality. This er(uation.is valid for 
human beim:<. In the case of certain animals and certain plants 
it takes another form. 

In order to show hnw bioh^gy leads into mathematic:<. we may state 
the follf)wini^ prrlblt'ins : 

1. The nuihiplii ati(»n t»f ;inini:iU. wi ll as humans. f^lI^t^vs a cenniet- 

ric proi^rt'-^ion. In tin* i 'A>v <»f a rabbit a q 7: in the case 
of a house ni(»u-e a 2, r 12. What is the number of the ani- 
mals of one cenrration aftrr t"i\e years? 

2. There are primitive animals whii h multiply by means of division 

into sp(Ut's (for examph*. the u'erms of malaria). The divisi(Mi 
into spores take< place every two days. Ihnv many descendants 
i\\ (.ne tfll arc there alter fourteen (Ia\<. \shen in every division 
e.ich spore divides it>elf into eiu'bt ^ptire-^? 
^ In the parthentiuenetii* multipliiation of a [)Iant loiKe only females 
of the spei ie< are b.Mn. Durim: the summer there are on the 
a\eraire ten Keneratiofi^. What is the t<Jtal nuint)er of individ- 
uals at the end <jf the last generation when each time the average 
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number of egj^s laid is 300? After how many generations will 
there be 8,127,000,000 inhiibitants? 

4. .A coccus (a germ] with a diameter of i.2« divides itj^elf under favor- 
able conditions every twenty minutes. What is the number of 
individuals at the end of the sixth generation? How many cells 
are there after twenty-four hours? What is the weight in kilo- 
grams of a coccus-colony after twenty-four hours when the spe- 
cific gravity of a live sul)Stance is o.g? 

5. The cylindiical bacterium of a gangrene h:is the dimensions: len'gth 
4u and width 214. The division takes place every forty minutes. 
How many bacteria are there developed after six hours? after 
two days? 

A very important branch of biology- is the science of heredity. 
We often desire to make permanent certain changes in plants and 
animals. This is only possible, however, through modification of 
many subjects. We investigate the size, the weight, the color, the 
number, the seeds. an(' other characteristics of many individuals of 
a species. 
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In this c:i>e >tatistical investigations only may be of help. If we 
wish to invi'>t i;:ate the size nf bcan^. f(/r example, we measure their 
le. glhs with Lalipers (Kig. 17) and obtain a distribution like the 
foll()wing : 



Li-ngth ill mm 10 
.\uinber <»f bf.m^ 1 



1 1 

7 



I ^ 14 \^ 

2() 00 70 



t»4 



17 



iS 10 20 



If wt» plot thes.* values on scjuared paper* (Fig. iS), we obtain a 
variation curve ((iausss error curve). The {^ilolteii curve deviati^s 
frnni \hv ideal curve, as in l-'ig. i'> for example, and it \^ necessary 
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to determine this deviation. If Fig. ig is carefully drawn, then it 
i^ the Gausss error curve and is represented by the following 
formula: 



VTT 

With the help of Galton's sieve (Fig. 20) it is possible to perfoYm 
such investigations of coUcctions of objects; the experiments yield 
the above-stated exponential function. 

This method is found to be the best in all investigations of groups 
of men, animals; plants. Mortality tables of insurance companies 
are constructed along the same lines. 
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Fio. 20. Gilton^s Sieve 

Form and Space. When we consider animal or plant forms, then 
wo immediately notice the predominance of symmetry. Whether it 
is a leaf, or a flower, or a stamen, whether it is a cell, or a body of 
any animal, an artery, or an outer ornament, in many cases the 
left side is a mirror imai^c of the ri.^ht side. It would be an inves- 
tigation in itself should anyone wish to study animals and plants 
.alont? those lines. Haeckel and others have made very interesting 
discoveries in this direction: namely, that all lower animals on land 
and in water have ornate forms. 

If one wishes to study thoroutrhly the inner and outer structures 
()f hiolo^^ncal hofUes, he must be prnficient in space representation. 
In tliis res{'>ect a knowledirt* 'of i^cunetry and sp:i^e perception is of 
great help to biological studies. 
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Iknv cxpnlient nature is in its Avorkin^s can be seen from the 
example of a honeycomb {VvX- 21). \'ery careful investigations 
have shown that the bre is able to l)uihi jbee-cells with a minimun* 
amount of material; tlie cells are six-sided prisms with a superposed 
(^at the l)ases) pyranud consistinu of three rh()ml)oidal plates. The 
natural scientist de Reaumur was the tlrst to offer the su.^i^estion 
concerniri.ix this maximum and minimun'i prgblem. Exact mathe 
niatirai calculations by means of differential and integral calculu.- 
have suhsiantiated the fact, that the bee encloses a maximum of 



l-'iG. 21. Struc'iUrc ol Ili);u->i.nnib 

space with the iwtmmunT amt)unt of wax. The rh(. nboidal i)lates 
meet at an iuvjr]4 of about loy" 2S'. 

This example of the bee-cell is •especially si.u:niticant for the 
a-^sertion that mathematics should enter into biology. It is irrefu- 
tably certain, as the histc^rical .development of the connection be- 
tween mathematics and ph\sics and between mathematics and 
chemistry has so markedly shown, that from decade to decade^ 
from century to ceniury, the^nathematical method of thinkinir. the 
matliematical method of number and si)ace, the anal\ tical method 
of hiiiher mathematics, have increasingly l)ecome an invaluabU* aid 
in natural sdence. We mathematicians are {irr>ud of the fact that 
-our scicnct* may help in the atlvancemmt of natural sciencts. Many 
natural scientists may o[^pos<* this calculating u\)\ and aid. but th<* 
day will C(unc when the bic^lo.^ist will rt-ali/e the ama/in;^ part 
played !)y nulhrniatic-N in the pro^^ros of h\> -cirnce. 
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PART TWO 
MATHEMATICS AM) 'THE ARTS 
Introduction 

Since the ninetocnlh century mathematics has become an in- 
creasin«ly wonderful structure. Mathematicians* of all kinds, alge- 
brai:>ts, K^^onietricians, and those who inVestisate the theory of 
numbers and the theory of function8, repeatedly say in one form 
or another: HV, too, arc artists. 

Whether one has a narrow or a broad conception of art, the mathe- 
matical method of working shows in its creatix'e output a close 
relationship to that of the artist. Whether the one works with 
brush, with chisel, or with pen, whether the other works with num- 
bers, with relationships l^etween (juantities, with configurations in 
a plane, in space, or in spaces, it is the creative ima^inatifjn of each 
th;it is responsible for the fifiished product. 




l-'r;. J J Hi'pri'Si*nt;ition of nn 
Elliptic Function 

If one examines either analytically or geometrically certain mathe- 
n^itical creati wis such as differential or integral equations, the 
theory of numbers, or Riemann s theory of functions, if one has 
liefnre him the ;j:raphi(:al representation of an elliptic function (Fii^, 
22} (ir a Kteinerian surface or curves and surfaces in space (Fi^s, 
:X.\ and he will have to admit that research in these fields 

demands not only a keen intellect but also a real insight into and 
appreciation i>f the concept> of number and ^[)are. To the* exam- 
ples already cited could be added many others if the sco[>e of this 

'Srripta M.ithrm.ifh.t. \n\ IH. No. pp. , o ; f f ; pp i:oii, K\(dl(.nl artich-s 
by Nathan Al(Hhil!tT ( (»urt ami h\ (\i«smiik J Kc>mt. 
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disciis^^ion permitled. Atmme who has a M*nse of rhythm or an 
aesthetic sense must admit that mathematics and art are related 
to each other. 




Fig. 2^a. Fio, -ajb. 

Curve> and Surfaios in Space 



Artists have not been lackinii'in an interest in nia^henuit^s. We 
all know that the same person .often ha.s both musical talent and 
mathematical ability. The ^Teat Johann Sebastian Hach (1085-1750), 
his son Wilhelm Fritdeniann Hach ( 1710-17^4), and the well-known 
Mendelssohn-Hartholdy (1809-1847) often occupied their leisure 
hours with ali^ebraic and ^e^omrlrical problems. 

Of especial interest are the founders of the art of the Midtlle A^es. 
We know the famous .uroup in Florence to which belonged the 
painter and architer^ Hrunelleschi (i,^77-i44() ), the sculfMor Dona- 
tello ( i,i8r)M4()0)» the painter Tccello ( i.v;7-i475 ), and the versatile 
scholar Leon Hatlista Alberti (1404-147J). Tht»y were re<iar(ied 
not only as artists but abo as scholars, and ve knr)W that they had 
a stron.i? interest in mathematical problems. This fact is revealed 
by their published stat(*ments. and e>peeially by their association 
with mathematical scholars, anions whom we^re the mathematician 
and scientist Paolo Toscantdli (i ^g'/'i48j) and the theolo.uian and 
mathematician Niiolaus Cusanus (1401-1404). 

\\\' must still say a word about the artist and scientist Alberti. 
This year we are ceh'bratini^ the hw hundredth amiiversary of the 
completion of th(» manuscript of his \\ork» I)r Pi^lura a work 
in which wa^ attempted for the trst time a scientiiu* explanation 
of the principles of perspective, so important to Mie [)ainter. He, 
who wi^^hed to serve art, busied himself with many mathematical 
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pruljli in>, ruul willi llie principles of measurement and of surveying 
and the quadrature of the circle. Some of his technical problems 
oi a mathematical nature have been published. 

In certain \vay.> Albert! reminds one^of Leonardo Da Vinci. .They 
were without doubt spiritually related -related, too, in their mar- - 
velous versatility and productivity. We know that Leonardo was 
familiar with Alberti's work, and we know that in Leonardos 
writinf^^s he referred to his predecessor as his authority. 

Leonardo had a strong interest in mathematics. Maay of the 
drawinj^s in his Skctck Hook indicate that. Vnv example, one 
sketch contains in the upper part a study of his most important 
Work, The Last Supper, but in the lower part are ^wo t^eometric 
-li.i>ures which suf^.i^est the construction oT the sidt; of a rej^uhu: 
octa.t;on— artistic and mathematical problems on tht same pa;j[e! 

Such harmonious propincjuity is also to be found dn the work 
of our ^reat German master, Alljrecht Diirer (1471-1528). There 
is a drawini^ by Durer in the Dresden Library where a head is 
drawn at the bott(Mii of the pa,ue, while at the top is the very difn- 
cult perspective drawinu of a circle well worked out. 

There are connettiui^ links, too, between poetry and mathemat- 
ics. LessinLi, (Jot^lhe, and Schiller showed both in prose and in 
poetry an understanding of mathematical thinking ; the romanticist 
Xovalis sini^s of mathematics; literary men - Kyth, Hesse, Las<- 
witz, Mor-enstern, Dominik, and others discuss mathematical 
problems in their l)ooks. 

Here we sh(uild mention :main the new Aiuericnn puiilication 
already referred to. in whieh ( Mssius J. Key^er and Alt-cbiller-C ourt 
have made imtnirtant contribu»i(Ui<, Hut above all is to lu> nien- 
iif)ned the outst:indini: essay <if David luiLrene Smith in Iii^ excellent 
little volume, Thr Porfry of Mat h( unit ic^ and Othrr /\^uiy<r 

We miuht cl(»se this introduction to the rtlation-hip between art 
(po(»try. mu>ic. arehitectur(^ sculpture. [)ai!itini:) and mathematics 
with the wor(l>()f Oswald Spen^ler in I)r<li)ir of thr \V,.<t:^ 

. . . The matliematit < u\ heauly and th<^ beai:t\' nf niatheraaties 
are hencefortli ii]<( paral)le. The umMiditii: -pai t* <if t.^ne .intl \hv all- 
rnund hjxiy of niarbK» (»r hoai/i* art* iw))u^!'hiti intiTiwatati(in< <>f the 

!'>\trtCir:' P-.^-.r.-i-./. . ^'.M;-','..1 f.'. (i:,,!, . \fkinon Till' 

l^r.ti krtrd niini^i r. ^m!..u i » }i < • m ; j it p. . ii. s ifir jm/c n.-,:i uhu h tlir ^jiiutci- 
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exlcndod. They belong to number'as relation and to number-as- 
^iieasure. In fresco and in oil painting, in the laws of j^roportion and 
those of perspective, the mathematical is only indicated, but the two 
fnial arts are mathematics, and on these peaks Apollinian art and 
Faustian art are seen entire. (284] 

In the actual, tones are something extended, limited and numerable 
just as lines and colors are; harmony, melody, rhyme, and rhythm no 
less so than perspective, proportion, chiaroscuro, and outline. The 
distance separating two kinds of painting can be intmitely greater than 
that scpiu-ating the painting and the music of a period. Considered 
in relation to a statue of Myron, the art of a Poussin landscape is the 
same as that of a contemporary chamber-cantata: that of Rembrandt 
as that of the organ works of Huxtehude, PachelBel and Hach; that 
of Guardi as that of the Moi^art opera — the inpirr form-«langua^e is 
so nearly identical that the difference between optical and acoustic 
means is negligible. [220] 

. . . And so the born niathbmatician takes his [)lace by the side of 
the groat masters of the fugue, the chisel, and the brush; he and they 
alike strive, and must strive to actualize the grand order of all things 
by clothing It in symbol and so to communicate it to the plain fvUow 
man who hears that order within himself be cannot effectively possess 
it: the domain of number, like the domains of tone, line, and color, 
brcomes an image of the world-form. For this reason the word **cre- 
ative'' means more in the mathematical sphere than it does in the pure 
sciences -Xewton, Gauss, and Riemann were artist-natures, and we 
know witl. what suddenness their great conceptions came upon them. 
[Oil 

Music and Mathkm atics 

Osctllations and waves. Since we liave assrrted that music and 
mathematics are closely relalecl, we will illuminate our statement 
with a single illustration. When J, J. Sylvrster in the year 1864 
said in his Trilogy: ^'Thus the musician feels mathematics, the 
mathematician thinks nni>i(\" and vtien he writes of Hhe s[>iritual 
relationshij^s : Mo/art-Dirichlet and lieethoven-dauss, so we today 
see this relationship connrined by pauc^ of musiv. wlit^re Jhe artists 
have first wTitten their r(.nipositions in curves before writing tlie 
nuisic notes. It is certainly no. accident that the "sine melody'' 
or the **cv(loi(l nieloilv" niav be di<cov^*red in >o manv coinpo- 
sition<. 

If one wishes to prcxluce a tf)ne, h(* floes >() thmuuh the vibra- 
tions of wires, little nit*tal iU<c<>, and ihe like. Tliese vibrations 
tran-mit themselves throui^h wavvs, Kach wave has a Iciv^th A. a 
time of oscillation 7\ and a .^peed of transmission C\ (about 
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m/sec). The relationship between these magnitudes is given by the 
equation 

If one observes a wave, it is seen to resemble the sine turve. If t 
is the time of observation, then 

y - a sm I 27r • 

is the^analytical expression of the wave which is shown in Fig. 24. 




Fxa. 24. The Sine-Curve Wave 

By observing in a revolving mirror (Fig. 25) the vibrations which 
produce a tone, it is possible to get a graphical representation of 



d.A AaA AAA J^jd A^\AaA^ 



Fin. 25. Graphical Ri'prescntation of Sound 

the sound. Before we go to the scale, we must introduce the idea 
of vibration number 



That is, 



The tonal scale. \\*e start with the C major scale which has the 
nr)tes C\ D, /C, l\ G, AJl.C { Fig. 20 k If one undiTsiands by interval 
of tico notes the (luotient of their vil)ration numbers, one sees that the 
vibration numl)ers of these ei.u;ht notes are 

24, j;, .^o'i ^0, 40, 45. 4S 
Ct)nse(iuently the intervals of the series are 



o 



10 
0 



16 
15 



10 



16 
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t 

We take now the ratios of each tone to the .original tone (C), as 
follows: . ^ 



I. 


.•24 ^ 
24 


I 


(kcyuDtej 


S- 


24 


= uilih) 


2. 


24 


0 
8 




6. 


40 
24 


= ^ (sixth) 


J- 


^4 


5 
4 


(third) 


7- 


45 
24 


0 

= 2 (ocluvc) 


4- 


24 . 


4 


(fourth) 


8. 


48 
24 



The (iiatonic scale has not always had the last-named interval. 
Pythagoras {c, 5.50 b.c.) who delighted in number speculation, 
placed them together as follows: 

^ 0 Si 4 27 

iS 04 "J 2 lO I iS 

or 



In the ccnirse of centuries this series uncierwent many changes, 
until on November iS, 1SS5 at the international nui>ic conference 
in Vieima, the Parisian concert pitch with the vibration number 
4.^5 (Viii. 27) was accepted as the internalitmal concert pitch. From 
it. with the help of the other intervals, the vibration numbers of all 
the notes of the (* OKijf^r scale and thr precedin.u and followir.g ones 
can be determinnl, and in addition the vibration numbers of the 




IE5JC3E1I6&C3CSJE3 



t ^ $ a Jb c a 



l-ic :U Tsann Kr\ln»ard 



notes ativance frnm octa\e to octave acrordiim t() the law of 
geometric series with ratio 

On the piano kt*yboard { Fiu. jo) the white kry< uive the seven 
nnU's of the (' major scale. Hut as the inters als briween c<)n>ecu- 

tive nc^tf^. as havi' >ren, arr nnt ('(|ual ( ^ the *'l)Iack 
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keys" ^ sharp, sharp, F sharp, G sharp, and A sharp have been 

introduced between the great notes ^- and — , now giving twelve 

« 9. 

notes to the octave with approximately equal intervals. Thus was 
developed what is known as the chromatic scale. In contrast to the 
chromatic scale, the seven notes of the scale have been named the 
diaionic scale. 

With the use of the black keys, one comes to the minor scale 
C D, D sharp, h\ G, G sharp, //, C with their own tones, which 
unfortunately we cannot follow here. We will place the intervals 
t(\y;ether : 

. .0 If) lo 0 i6 g lo 
Ci)iiSL\ut.iVc nulos: • 
8 15 9 ^) 15 8 9 

1 ransposed to C ; i ^ i- - - 2 

« 5 3 ^ 5 5 

If one examines the inti^rvals of the chromatic scale, he finds, as 
we have already said, that they are approximately, but not abso- 
lutely, equal. On the basis of ihh number invcstif^ation, musicians 
have adjusted these intervals. The necessary correction hos been 
called temperament. The method by which musicians made the 
twelve notes equal was named equally balanced temperament, or 
ecjual temperament. One speaks.« then, of the tempering? of the 
scale, and of the tempering of the piano. Every interval then 
amounts to 

i ^ v""-' 1.0505 - - 
Harmony and melody. Until the early Middle A.f^es music was 
for one voice. With the development of church music part-sinsing 
wah introduced. In the theory of harmony, the euphony of notes 
SDunded together was studied, and one speaks of consonance and 
dissonance. 

If one sounds two notes together, the simpler the ratio of the 
numbers for that interval the more harmonious the sound. For 
example, if owv strikes together consecutive notes of the C major 
<('ale. the sound will not be as agreeable as that of a note combined 
with the third or the fourth or the fifth note followinij:. This 
oh-^ervation learls us to follow up the intervals in dt-tail. Tor phMs- 
im,' ^ound of notes together, the triads given on the op[^(><itr page 
must be observed. 
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Miijur triad or major chord or major tonic chord, i : * J \ = 4 • 5 • ^ 

4 

Minor triad or minor thord or'^ri^incir lon'.c diord, i : : ^ lo : 12 : 15 

\ 0 ** 

Major-sixth-tonic chord, i : : : 3 : 4 • 5 

o 0 

Minor-sixth-lonic-chord, i : '"^ : '-^ = u : 15 : jo 

4 o 

The figuration of nolrs ^ives lo a pirce i)f music the niulody in 
the 'widest sense of the word. Tar Is of the composition yet to 1)0 
considered are the rhythm, the time, the rest, the measure, the end 
or tonic accent, and the end or end tonic chord. These, too, can be 
and are expressed in numbers. 

These sup^estions do not exhaust thu numerical possibilities of 
the notes and their combinations. One could still Kive 4he intervals 
of the different major antl minor scales; one could six^ak af t(^nes 
and overtones; one could aim hi.^h and express the relationships 
in formulas. Then, too. one could ko into the exact calculation of 
the vibration numbers. Hut we must put all of that aside in order 
to consider number relationships in other graphic arts. 

TKOrORTION IN TUK GkAPHIC ArTS . 

• I 

Architecture. In the last sec:it)n we referred to Pytha.iioras as the 
man who had studied number reiationship> in music. We must 
nvw refer to him again in connection with the graphic arts; for 
from him came the statement: Art is number. Modern scholars 
havi said: Architecture is frozen music. More significant is the 
statement of the Duke of Trbino. Tederigo von Mcuitefeltro, be- 
cause it re\eals an appreciation of geometry in architecture: 

Architecture is ftr.uitlefl t)n aritlimetic and ue{)metry, which belong 
to ihe foremost ()f the seven free arts because ihe\" carr\- within them- 
selves the highest dcLrree of certainty. 

\\*e know that the circle was held in I'jiiih re^artl b\- the ancients. 
For a long time it dominated geometry: it (K)minated the Ko- 
manes(iue style which nourished in tb.e tt-nth antl eleventh ceniu- 
ries. (^ircular willows, circular arches. I'Vfn circular cro-s-v:iultinu 
predominated. Imu. :S slnnvs the inipnrlance of the circle in the 
winrlow by Villard de Honnecourt, l*'rench :irti>t of the tbiileenth 
century. 
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The Gothic style broke away from this and createil th\)ointe(l 
arch, illustrated in Fig, 29. In the Gothic arch is to be se\n the 




Fuj. zS, 

transition from the circular to he curve. Its supreme expression is 
found in the dome of the Cathedral of Florence built by the ^Floren- 
tine architect, Hrunelleschi (1377-1446). Hrunelleschi renounced the 




Vu'f. (iolhic Anh 



pointed tower of the Romancstjue and (iothic st\ies and created the 
dome. We know that the architectural construction, the calculations, 
caused him much mental strain. Wo know that conversations with 
his mathematical friends turned him in the years 1420-1454 to actual 
construction of the dome. The outer form of the (lome was also an 
innovation. For the first time a catt^nary (Fi^^. 30) was used as a 



MATHEMATICS I\ MODERxN' EDUCATION 



235 



cross section of the dome of a cathedral. The equation of a catenary 

is: 




which must l)e seen a> a transition to the 
,.^0. parabola. Cialileo himself at first thouf?ht the 

catenary was a parabola. If one rotates the inverted catenary 
around' its axis of symmetry, he has the contour of 'the dome. Vv^. 
31 shows the constructed dome. The dome stands as a symbol at 




Fn;. .u. Cathfilral of Florence 



the be^iniiin.u of the Renaissanre. The curve an(i the strai^^ht line 
were its elements, but above all the line. 

Common to the Ronianescjue, the (iothic, and the Renaissance 
styles is symmetry. 'I*iie Rr)nian architect \*itriivius has handed 
down to pc^sterity in his ten bc.oks about architecture the tenet that 
nnt only nnist evt^ry buildiri'^ [k>ss(*ss ri.tiht and left symp.etry, but 
the entire structure must also hv ruled by this harmony. The 
mathematician rejc»ice^ when th(* arc^hitect or the art historian 
speaks.of the functional tir-up of the entire structure with its part*^, 
ii" rh\*thm is to permeax*^ the buibiinu. W hat the tem[)les of Rome 
be.uan we see throughout the Middle A^^es in Italv. in Germanv. and 
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in France with fixed regulations for the ground plan and facades 
of churches, palaces, and residences, 

■ "Rut mathematics goes still deeper. The great masters of Italy 
and of other countries gave their pupils exact instructions for the 
drawing and the arithmetical construction. During the Middle 
Ages in Germany the Bauhutten (foreman's offices in a building 
yard) played a great role. Their directions'* were regarded as 
secrets {Iluttcngchehnnisse). Only a few details could be men- 
tioned. Houses Several stories high were, in general, so built thfit 
the height of each story was greater than the one just above it 
because it had a greater weight to carry. However, there are many 
buildings where only the first story is higher than those above it, 
the rest being- of equal height (Fig. 32). In the French Baroque 



A 




Fir.. .X5. Fi>ch- ^ Fio. 30. Romanciiciuc Window 

blast*n 

Style the upper stearics markedly diminish in height. As an illus- 
tration, we will examine a part of the west wing of the Louvre 
(Fig. 3.0. The front storfes are arranged almost like the terms of 
a decreasing arithmetical series. In th^ Kenaissance the hei^^hts 
of the stories of the front elevation do not diminish so rapidly. 
The great architect-theorist, Sebastian Serlio (1475-1552), has told 
us that according to his opinion the terracing of the fr(mt stories 
from the first floor up should follow the law of the geometrical series 

where r 1=: while with the famous Palazzo Strozzi in Florence (Fig. 

4 

34) the ratio is r \ 

The constriicti(ni of church windows has always been a difficult 
problem. ''Fischhlasrn'' |in the form of a fish bladder] (Fiir. 35) 
and circular windows (Fig. 36) were favored. It is a stimulating 
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exercise for a mathematics class to cX)mpute the radius /Ll/a from 
BMi. The result is: 

i 

In the Gothic style there is an abundance of tracery in the deco- 
ration of the windows. Especially characteristic is the round trefoil 
(I'ifis. 37 and 38). The construction of this ornament is based 
upon the equilateral triangle. 




Fig. .^7. Riuind "Trefoil 
C'oiT^truction 




Fkj. .^8. Round Trefoil Window 



The equilateral triangle plays an important part in Gothic archi- 
tecture. W e have already met it in Fig. 29 with the pointed arch. 
The masters used it in many places from the ground tlonr to the 
turrets. There had also developed f^ome kno\vled.^e about the appli- 
cation of the so-called triangle, the rigorous proof \)i which is 

still to he iin<lertaken. We shall not attempt to discuss it here; 
for it appears partly *nysterious and speculative. 

We are (juite certain, however, ahoij^ the construction of the 
pillars. The SaulrfhOrdnupit^cn (orde*- of piWars) ^;ives the mathe- 
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matical construction to the sniijllest detail. We must at least men- 
tion the SHulenbuch of Vignola (1507-157-3), which gives the ratio 
*of the heif^ht (A) to the diameter {d) of the lower base: 



While the artists of that period concerned themselves with pro- 
Ix)rtion and form in architecture, Raphael (i4S;^-i52o) bemoaned 
that Vitruvius. had thrown too little li.uht on the architecture of 
the ancients. 



Soulptiire and painting. MicheUin^^elo (i475-r:504) recommrnded 
to the architects of his day that they master the necessary tenets 
(if j)roportit)n throu.u;h a study of proi)ortiim in the human l)ody. 
One sees from this how prevalent at that time wa-^ the idea of ''man 
as the measure of all things/' The oldest source which we have 
Cfmcernini: tlie proportion of man is Dc Architcctura, the pre- 
viously mentioned ten-volume work of the Roman architert, \'itru- 
viu>. In the third volume \'itru\'ius compares the temple building 
with the fmure of man: tlie l)uildint): which serves for the plorifica- 
tion of the fiods must have as flawless proportions a'^ the most 
j>eriVct tiling created by the ;;ods themselves. 



Doric columns: ' h --^ S(/ 
Ionic columns: - qd 

•Corinthian columns: // - 10// 
Tuscan columns: h = 7(/ 
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Thus it came about that the measurements of man were recorded 
in a table called the Canon.^ It contains the proportional numbers 
for all parts of the body. Over this Canon, however, hovered as 
the first law that of symmetry as the harmonious foundation of 
that concept of beauty of the ancients and of the Middle Ages, 

Vitruvius based his fractions on the total height, / (Lange) of 
man, the face, g (Gesicht), and the head, k (Kopf) (Eij;. 39), 



Thk Canon ok yirRuvirs 

1. Ttjp (^f the hcaii—chcst 1/4 / 

2, Clust —upper part of tlic lliigh 1/4 / 
.V Upper part of the thigh -knee 1/4 / 

4. Knee— sole of the foul 1/4 I 

5. Top of tlk' head • li-'iirlino 1/40 / 
(). Top of the head — chin (lu-adj 1/8 / 
7. Ilairline -ehin (face) i/io/ 
S. Lower neek hone -chin t/8 / 
(). Upper part of the l)reastl)oiie - hairline i/S / 

10. Tlie face {drsiclti) 

ill) Hairline -eyebrows 1/ ^ ^ 

(h) K\-ebrows~ \ving of tlie nuse ^ 

ii') Wing of nose chin i/.^ 

1 1. Tlie liand (wrisL -tinger tips) i '10 / 

1 2. Fool of a-mau ' r 0 / 
i.^ Foot of a woman 1 8 / 



Hut Vitruvius war; not satisfied with findinc; the relationship of 
the human body to its f)arts; he also represented it ^geometrically 
standing: with outstretched arms in a s({uare, and also with wide- 
spread le.i^s and rai^tvi hands touchini^ a circle whose -center 'is the 
navel. Leonardf^ da Vinci (r45J-i5i(;) ^tuilied in detail the (\inon 
of \'itruviu<, and from the study he drew a sketch in hi^; book 
which X'itruvius previously had drawn as two ri<^ures 

'I'he (iothic style brought from Villan^ de Honnecourt the ^^eo- 
metrical constructimi of the face (Ki*^. 40a) and of the body (Viji. 
40b) based fin thoscjuare. the rectangle, the e(iudateral triangle, and 
Ihe isosceles triangle. 

in this historical chain l)elon.t?, too, the measurement tal)les of 

* 'I'ho ('ant»n k tahli- u^t-tl in .ut. paintinir. n; rlr-iiiriiinu. In thr ratio em- 
[•lo\r(i. the lirni'niiualdr ir^ the lon^th nl the human body, the niimcr.it%)r is the 
Irnu'th of a part of the h(Ml> . For example, if the (li<Jtanre from tlw toji of the head 
t«^ the che>t is cm., the length of the body 200 cm., then we have the propor- 
tion - ^ /. uhtTi- / the lenu'th of the bodv. 
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Cennino (Vnnini ((',1400), of Lorenzo (ihiluTti (i.;?^^ <>f 
Vilarete (1400-1409), of the mathematician Luca Picioli (1445- 
1514)1 of the sculptor Pomponius (lauricus {c. 1504). to name only 
the most im[)ortant. 

The course of (development -shows plainly the one line from the 
still unmenlioned K'jypiians'- who drew their people and animals 
on squared divisions to Vitruvius, Villard, and many others on 
into the fifteenth century. All have made their canons in order 
to uive to their ^i'ds. to their pupils, this instruction: Thus and 
only thus may you proceed with the ura[)hical representation of man. 




(*i)i>-«tnM th)n ol l'\uv ;inil oi Bo*l> . by Villarcl (k- H«»niU'i ijurl 

The cour.-t* chaiiLTcs wlien I.enii l>alti>la All»erti {1404-1472) 
wliotn we have prfvi()U>ly nieulinned. wrcilr liis Afit/irnpoinrtrir : J)r 
sUiliiii which mu-l Iwivc lieen !iiii<h<'d in the \Tars i4').i-i472. Willi 
this arl-tluMiri'^l an<l vrr.-alilr scientist a nrw cixuli in art lu\uan. 
His L'nal i- thai nl the Rrnai-^sance : to unite art with >( ience. tn 
frrv it liinn the ura p of lechnicalit ie<. and to strive ff)r an ideal 
standard dl* l)eai:ty. He uavc. thereff>re. no ratif)S. i»ut al)-^*lute 
numluT.-: he inirfnluced hi"^ nun rule and a niea^urini: in-Mumi'iU 
with which ih.i' nu. t e\a< t nu*a-uremenl< tnuM lie made Ilis 
many nieaMU efiient> he kept in his caiu-n. Ih* (unlinued \n slri\-e 
f<»r ureat(M* txailne--. fnr n|ji<-i-i i\ ily iti the -lieini-* lliit it \\a- 
((»nirarv tn hi< i f»nc <'|)iinn that hi- luiinlKT -et ie- -luuild blindly 
atcei^tt'fl. he f|eniandi-d nf cither arti-t- that tlie\ n^ake their own 
m^*a-u^(^Mlenl that thev not dn nieehaniiai [>aintiiiu' luit <le(niMti\e 
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painting, that they not employ the art of a book of rules, but that 
of the artistic eye. So he strove toward a warm, picturesque style 
in art, toward beauty I 

Leonardo industriously studied Alberti s views and digested them. 
If in his canon he also followed Vitruvius,.it was in an artistic way 
an<l far from mere mechanical construction. The fact that he did 
not think of a table of measurements for adults only showed that 
he wanted to see with an artistic eye, that he wanted to develop 
an ideal of beauty. In his treatise he said: 

In early childhood the width of the shoulders is equal to the length 
of the face . . . but when man has attained his growth, each of these 
has develnped. . . . The height of n well-prot)()rtioned adult is ten 
limes the Irnuth of his face. 

That implies that Leonardo assented to the divisions of Vitruvius: 
for Vitruvius was the only one who used the ten divisions before 
Leonardo. 




Cfn-tnutinn of I-*;ut' luul of I.tu h> d.i Vim i 



It was not Li'(niard{)'s \\:\y to wt)rk :i h)im time on onv problem. 
]]']< head wa-; too full of jflca^ for hini if) br able t() work at v:u']\ 
problem s\sl» niatirally. So he leave- us no comprehensive sum- 
mary: oru' must collect the mimb(T.^ piecenv'al. ffe likewise left 
no table of mimbeis conceniini^ pro[iortion in the human form. 
We have -everal sketches like tliose of V\ii<, 41a and 41]). We 
re(f)-ni/e plainly that the face i^ tri<fcte.l by the bnnv, the nose. 
an<l the mf»uth an^l diin. We vt.^. that oiht-r part-, a- the eye and 
the up[>er li[i. are in |)ro[^nrt inn. 'I he >:ime is !rne of the drawimr 
>houinu' thr <hank. 

In (n'rman\- Albr<'clu hiirer ([470 15:^:) L\ive clo<e attention to 
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proportion. He also wrote an extensive treatise about it. It wouhi^ 
be interesting if we could examine his conception here in detail/ 
but' we will seek to clarify his fioal by discussing several of his 
pictures. 

The numerous lines in one of his figures show how the artist has 
striven to divide the body into a still greater numljcr of parts in 
order to achieve a still more accurately constructed figure.* The 
exactness was Durer s own,, inasmuch as he was an artist of the 
Renaissance period. 

Durer did not restrict himself to the arithmetical divisions. He 
repeatedly made geometrical constructions. He tried to re[)resent 
the human body not only at rest but also in motion. 

How rhythmically he proceeded with his composition is shown 
in a couple of drawings of the human hand and face. In the fiuure 
of the hand one can see the lines that Diirer himself drew. In the 
drawing of the face the lines were copied Ijy Herr Justi. 

Diirer also made a scale rlrawing of a horse accordint^ to bis own 
method and according to Leonardo's in order to !je al;le to recoir- 
- nize how, even in the animal kingdom, a stcmdard of beauty was 
striven for throuirh the canon. 

Perspective. There are two problems with which the artists of thi* 
Renaissance occupieci themselves the problem f>f b(\'uity and tin* 
problem of three-dimensional representation. The first was solved 
through proportion, the secf)nd throuuh a knowledu'c of [)(Tspective. 
lirUnelleschi. Alberti. Donatello, Tccello. Leoniirdo. and Diirer 
^.shared in this development. 

To understand perspective, ^ne must compart^ the picture whWh 
orije see^ wi;h the object itself. l-*or example, if we look flown a 
railrf)ad track, we see the traek<. teleu'raph p(^les, tree-^. and p(»rha|i^ 
a river. In reality the rails are parallel, the teleirraph pole^ 
e(|ual hiMLfht. the trer-^ of (^(jual si/e. and the river of practically 
constant width. Hut \\\ a picture of thi< view the rails ap[>arentl\- 
run tf)i:ether in a pf>int which we call the vani-hinu [ininl call it 
//: the t(dei:ra[)h p(»U> beennie >m:illef and sm.i-ller in the di^taiHf 
and aUo cnnverue tnwarrl // : the river apy^ear-^ in thr ftirni of a 
trianiile with tlu^ ve^rtex in // : tlu* tre-e^ on the mniini.n?i-i(le a|>pt'ar 
{() h:\\v diinini-hed in >i/e at //. Sik h a pit ture i< (allnl a |>i-»'- 
specti\(^ drawing oi the object. All of the rtce«!inLr Imt- nu t-t in 
onv [^oint . //. 

If a [>ainter \\i-lu'< to de[^i(t >pa(e. he i- evpectecj lo chim-c a 
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central point. Paintors have not always done that. IJo^ore 1400 
it was not (l{)ne al all; and even after the Florentines had found 
the point //. it was a lon.^ time l)efore it was universally well 
donv. In the works of Konrad Wit/, (c. 1447), a well-known 
painter of Hasel, the recedi^^^ lines do not converge. The painter 
did not construct his framework, hut created the picture as. he felt 
it to be. For that we cannot reproach him, for artistic freedom 
is due him; and we know that imi)r(»ssionism, expressionism, and 
cubism have creattul some Tine works of art without the artist's 
>uhmiltiniz to the laws of persp(»ctive. 

Quite dil'ft»rt»nt was the famous teacher of Raphael, the painter 
Teruiiino ( 144^-15:.:;). In his Annuuc'iation we stn* all the receding 
lines in tlie lower picture ra[)idly conver.uin.i^ at a point. The -ame 
i^ true of the two upper picture.^ at the sides, as one may observe 
b\' flrawiuLj the lines. 

In the \ear 15 14 Albreclit Diirer completerl the f;imou< (»n.^rav- 
inu' .S7. Jrromr in His Study, This time // (the point of con- 
veruence) is not in the center of th'- picture, but t() the riiiht. 
Withnut central persiVH'tivt* and without .symmetry the artist h;is 
succeeded in crealinu an imp^e^-^i^n of threat inward <';dm and of 
spiritiud accord. 

(hw fret|Urntl\" fmd^ the opim'nn exjire-^ed that it wa< ordy in 
the Kenai-<ance prriod that a Central lineament wa^ employed a< 
the lnundatK)n of .-pa( e. Thi> i^ not the c;i<e : in e^-iTy century, 
evt-n lod.iN'. there are rn;iny arti-ts of reput;nion and eminence who 
ha\*f dt \ i:itrd frtun ^ui h prattiir. 

I\'ter jan^>en (r. ihS:) h;id always ob-r.-ved \hr Viinishinir point 
in hi^ pictures: in lii^ lutnitn- oi ,/ Putt// llnuir, a- f<»r i*\arnplr. 
thc» lloc.r linr^ and the wall line- all ;ire dirr{'ted toward a point ( // ). 

nbMM'\:mif nf tbr (rfitral point i< morr dini/ull in >culpMiri\ 
I )«)natt»llo t ifaifcl r\(|ui-ite ;ir{ hitrcture-pla--li< < or art--<'ulpturt-i. 
! !ni- in -nmr (jf hi-, wirk- one (an <rv the rc(cdini^ line> uond^T- 
full\" irntcird. a- thry nm-l br in rr!irf pel -pn t i\ f. 

I rom li ;inal\-:-- and rfron-liant ion diMuiiiL!^. ^^\\v ^ :\\\ a( • 
i{i:i:c an .irti-ii; pnini t.i* \\v\\. It offers to m.uhrmati( a (latify- 
\uj, a|>p:«>.hh til ail rduc.ition .md to arl ii-rlf. 



FORM AND APPRECIATION* 

Bv (iRlFFlTH C. EVANS 

Cuiveruty of California 

It was Newton's modest disclaimer that he was not a great man, 
but stood on the shoulders of great men. We question rightly the 
first clause of this remark, but the last part seems as certainly true 
as the first part is false; for, like acrobats in ihe realm of time, 
we see the mathematicians of the present day standing on the 
shoulders of those of the previous generation, and so on back, for 
many centuries. Newton docs not climb with difficulty to the height 
of Galileo, but is almost born thert ; and Newton's successors have 
the same advantages over him as he over his predecessors. It is 
this characteristic of mathematics, that what has been done in the 
past remains v'alid and important in the present, which seems to set 
it towering above other branches of knowledge. Moreover, mathe- 
matics does not end with Poincare and Kinstein, 

The modern painter regrets that he could not have been born 
durin.u: the Renaissance antl vAvv. nirt m tlie vii.^1 discoveries oi 
technicjue that were matie at that time of [)erspective, of the treat- 
ment of lisht and shade, of accurate anatomy, and so forth. In # 
mathematics, that lament is inconsetjuential. lor mathematicians 
in each a.ue stand at the level of new things, and it is for each 
person an individual matter what new hciuhi can Iu» reached. There 
is room on the shoulders of great men for us all to stand and peer 
out into tlu' unknown. 

This may seem \n be an undue exaltation. Some tell us that 
mathematics is that siiencc by ni'^ans of which an\thiim may be 
proved, wlit'ther or not it cIkIiUcs to lu> sti. or they tell us it i.s that 
something'. Not science, in which one dot-N not know what he is 
talking about, or whether it true or not. tmd they suggest {)er- 
haps further that nol)<>rly ebe catrs yrry much. Mathematicians 
indulge in endless combinations of syir.!w)ls. develop h.air-splitting 

♦ A(l«lir-« (IrliviTcd M t)jr annual nu'ctini; ni C.ilnon.: i ( h.iptcr Ai,'ha nf Phi 
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(li-timtioii< ahniit <he> proprriifs of lines that have no breadth and 
poiiiis lliai have no si/e nt all. iniai^ine fimires in a fourth ditnen- 
>i()n. a.nd spend their time in various ways on things that do not 
exist. What dilYerence tioes il all make in a IjunV world? 

Vet evidently this is a very inawnplete account of matlienialics. 
For our whole lives, from payin.^ a ^as hill, it) desiunin.'^ a piece 
of machinery, are donunaied by it. The revohition of the planets 
and the ihix of the tides are suliservient to it, the molecules and 
elfcirons are under its sway. .\nd also. jHM'haps for that reason, it 
provides an opening throutih which the mathematician may look 
at ilk world. .1 wish to explain what I see. through this hi,i^h 
window, of some of the thiims of the world of spiritual values, anri 
what nialheniatics seems to leach me of tlie creative activity of 
others. 

W'c are all familiar wiih the fact that there is such a thin.i^ as 
nnn-luiciidean geometry, and we know that il ha< '^omelhin.i^ to 
(jo with the unsucce->ful effort, laslin.«( o\'er several centuries, to 
prove the aneieni and timedionorud statement that throu.i^h a ^dven 
point, not on a uiven Hue. there could he (h'awn one and only one 
parallel to the line. .Vn it tutned out. this effort was unsuccessful 
lor a very noml reas()n : namely, that, as was fmally discovered, 
>\stfmN of ui'ometry. just a*^ ^(umd as the cu>loniary one, could 
he huilt up in such a way that the siaienu-nt wtuild not be true, 
riif uromnry whiih re-ulied was about as real a^ before, in the 
^rn^r (hat it could be inlerpri'led in >onu' snri of fadiion in s[>ace. 
In fad. one of the Lieon-.etrit\- of thi< kinri could be applied to a 
porlit.n of the surface of a >phere. and its theorems were fanuliar 
as >nluiion< to the problem^ (»f L^iMnh-tie surveyini:. Hut in this 
way. the em[)ha-is in ^fomelry came to lie in h< nature as a com- 
binalinn n| axinms and d(»(huti{)ns. rather than in :i study of actual 
Uuure- in -[);u-e. Thus a ucomelry of fnur dimcn-ion-^. or of any 
cnn\rnienl l umber of dimrn^ion-. cmdd alM> be tle\eloped <vsleni- 
aliially fut .'f a\inin< anil di'tnu'l i^n^, 

]>nm tlii- kind of developniml . Iwamai-;. thrrf :{vn<r :m cnlirelv 
n^'waltiiude mwards matlu-mat ii >. .*i i< thi^ attitude uhieh 1 wish 
iM fxplain briflly. and th.en. In -ome oMcnt. to lombai. 

In pri»icitiv(» ^^rnnicti'y of ^pa.r the a\i(nns art* -tat^d th:it 
ibi-rc i-^ a duality: if ihf "pnint ' atid •'plaiu-'* in any axinm 

;irc intciihan'ji-d. the axinni- a< a \\h(»le .are ilu* >anic a< before. 
1 "xampli*, if we write (he IW(j. axioms (n ' two iH)ints determine 
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a line" and (2) ''two planes determine a line/' the change men^ 
tioned obviously does nothing, but interchange the two axioms, and 
the system is the same as before. It results, therefore, tuince the 
theorems or propositions are deduced from the axioms, that if we 
take any proved proposition and interchange in it the words "point" 
and *'plane'' the resulting statement will be true Xot only this, 
but we can find other entities, not points or planes in the ordinary 
sense at all, which satisfy the axioms as if they .were points and 
planes, and to which, therefore, all the theorems apply just as 
well as to points and planes. In thf* same fashion, in the non- 
Euclidean geometry which we mentioned, the so-called lines may 
be understoo<l to stand for semi great circles on an ordinary sphere. 
The names do not seem really to stand for specific things. We 
seem to make assumptions and prove results about these names, 
merely as names. 

Mathematics in this way reduces to a sort of logical scheme in 
which we may fit things that satisfy the logical axioms, and pull 
them out again from the logical theorems. Or, possibly, we need 
not fit anything at all, but just keep the logical shell, with what- 
ever names may be convenient, and develop it by successive deduc- 
tions to any extent that we please. Roughly speaking, the axi<mis 
become merely definitions of new logical terms, and we can also 
expand these to any extent that we please. Mathematics becomes 
identical with pure form a ^ame of combinations, without regard 
to content. 

Korm enters largely into our appreciation of art also. When we 
study a classical symphony we learn that there is a sonata or a 
rondo form, or some general scheme in which the music is laid: 
but, of even more iniiM>rtance, there is a l)eautiful and complex 
arrangement of theme, (levelo{>ment and counter Mhenie, with a 
logical ortier approaching that of mathematics. Without such an 
order, a long piece of music woul<l l)e monotonous and trivial. 
Moreover, the* more wt* study the piece th(* more reflations of this 
kind we iw(*eivt\ so that the order forms a sort of minutely rami- 
fying skeleton on which the music grows; and a larue part of our 
estimation of the composer is our appreciation of his skill in this 
regard. 

Having t^niphasi/t^cl the relation of mathematics t(^ pure form, 
we should wiih ccMisi-tcncy be able to lnok at things with a point 
of view reversc(L and say that wlu»rev(»r wc have pure ft)rp\ we 
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have mathematics. This statement certainly contains some truth. 
The mathematics need not be carried to such a farcical simplicity 
as it is in that fad of artificial and obvious painting which is 
founded on the square root of two, and in which all lines are pur- 
posely either the sides or the diagonals of squares; for as we know 
"from what we see in mathematics and music, form may be anything 
but simple. But from this point of view we must regard seriously 
an attempt , to evaluate our appreciation of . form. If pure form Is 
part of the beauty of an object there must in fact be criteria which 
differentiate pleasing form from the rest. If a curve is beautiful, 
there must be some abstract element of it which makes its beauty, 
even though the artist draws it on the basis of his own taste, with- 
out analysis. 

A recent attempt to investigate this side of the appreciation of " 
art is a book by the mathematician, George D. Birkhoff, with the 
title Aesthetic Measure} We should not cast it aside with a su- 
perior smile. It is not consistent to make the hypothesis, as most 
artists and architects do, that an essential feature of art is in the 
relations of form, which are themselves pleasing, and then laugh 
at the practical pursuit of j^eneral and theoretical criteria by means 
of which form may be judged. ' the "golden section" is good, 
is it not permissible to speculate oi why it is good? 

The author is not proposing to make works of art by a formula. 
He admits, with us, that analysis comes after the fact. This is a 
statement which may give us pause when we come to make some 
additional remarks about mathematics. Nevertheless, unless we 
admit, as of course some do, that all critics of art and literature 
lead an aimless and wasted existence, we must hope that analysis 
of art is possible and instructive, and that there is justification for 
the attempt to analyze, form apart from the object in which it is 
embodied, ancl give it its aesthetic ranking. 

The figure by which we illustrate our discussion is a simple com- 
bination of s([uares and rectangles, equal segments of lines, arid 
right angles arranged with symmetry.^ When we sketch in a few- 
arcs of curves with reference to these lines, we obtain a Ming jar 
of repute (Ming dynasty 1.^6.^-1644). The curves themselves, with- 
out the rectilinear framework, suggest the>o many relations of di- 

' H.irv.irii l*tu\rr-ity Prr-<, 19.%.^ 

//7 , pp So, S2\ thrre the carclul (Irawinirs urc uivi-n fn^ni which the 
ahnVf skrlih is rt-produccd. 
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rection and dimensions, and the effort of attention, which is neces- 
sary in the apprehension of them, is not too great. 

Birkhoff's aesthetic measure for a form is in fact high according 
as the number of simple relations of form is large in comparison 
to the complexity of the object necessary to produce these relations. 
He writes a formula : M = 0/C^ to express this comparison, M 
being the so-called aesthetic measure. In the 
numerator, the O is evaluated by counting the 
various types of relations of order and the num- 
ber of times they occur, weighted according to 
their importance. In the denominator, the com- 
plexity C, for the case of the vase, is regarded 
as given satisfactorily by the number of points 
(10) which it is necessary to fix with the eye in 
order to apprehend the desirable relations. The 
larger the ratio, the better the form. 

The vase rendered here is closed in itself; it 
is a jar or container. Other forms of vases, say, 
with flaring tops, we may perhaps regard as in- 
complete, and to require a complemen'tary form 
of masses in order to complete tneir harmony. Fic. i 

Such a vase provides aesthetic employment for the housewife who 
owns it. She must "say it with flowers " 

In a somewhat similar fashion may he analyzed the structure 
of a melody or of combinations of chords. Above the line we have 
the favorable elements of contrast and periodicity, the order of 
the secondary melodies, and so forth; and below, the complications 
necessary to produce these relations and the strain necessary to 
apprehend them. The strain detracts from the plea.^ure obtained 
by the perception of the relations, and the aesthetic me^usure is 
an indication to whether the strain, or the pleasure in the rela- 
tions, predominates. 

A textbook on harmony is a discussion of form. It tells us what 
chords are permissible in what combinatitms ; and we learn tht^e 
forms by practice, and thus acquire an elementary knowled^^e of 
the subject. So perhaps there does not seem to he much point in 
(ioin.s^ the same ihhv^ by a formula, l^ut the author s aim is more 
ambitious. He wishes to find what the reus(ni is that makes a 
teacher of harmony permit this and not that, and he thinks he finds 
not only a criterion for such things, hut even one which runs 
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through all the forms of all the various kinds of art. It is a' 
theory of the aesthetic nature of form, as form, without regard 
to its special content. 

An objection to all this theory comes at once to mind, of greater 
or less weight according to the individual opinion. Some believe 
that the form of art is, more than anything, tradition. We do not 
a[)preciate Chinese music; and likewise, to the Chinese our music 
is meaningless and disordered. Even though it is possible that in 
this case the same elements of form are there, but hidden in the 
strangeness of the sounds, it must be admitted that appropriate 
forms change with time, and what is aew in ()ne\ige is classic in 
a later one. At present, for instance, we meet various forms of 
free verse, which seem to be at variance with structure that we are 
used to. 

A casting away of this formal portion of our art does indeed seem 
to be merely a deliberate sacritice of one kind of pleasure. On 
the other hand, the development of form to new complexities is 
not contradictory to the general theory. For as v^e become used, 
say, to chussical music, its complexities become less complex. We 
are able then, with the same mental vil-ri as before, to apprehend 
a more complicated structure and we can thus incre^ise our aesthetic 
pleasure by enriching the ^orm still further. That is to say, a 
piece of modern music which is so complex as to be barbarous to 
an untrained ear is not ctnuplex to one that has had practice in 
apprehending simpler forms. Of course, there are limits! Tradi- 
tion, then, enables us to appreciate new relations and gradual 
changes by getting us used to the old: and we should therefc^-e 
expect a gradual development of complexity in a given direction 

Let me present the situation in terms of an oversimplification. 
We shall re[)^e^ent the cnmplexiiy of an object by the number of 
elements, and the relations between them b^v the numher of com- 
binations of the elements, say just two at a' time. In this case the 
ae-thetic measure would be given by the formula 

number of combinations two at a time 

number of elements 
'V]m< if the number of el^nnents is 2, there is one coinhiiiation and 
M I '2 \ if the number of elements is ^, there are \ 
combinalinn^i and M ~ i; if the number of elements is 4 there are 
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= 6 combinations, and Mz=z^/2. In general 

M = 1/2 (number of elements less i) 
and therefore increases with the number of elements. 

Roughly speaking, the number of relations of form obtainable 
increases more rapidly than the complexity of the object. This is 
what happens perhaps, up to a certain point, with modern music. 
After that point, the attention required on account of the complexity 
becomes too great for any but a professional ear, and the relations 
can no longer be appreciated. Development ceases to be possible, 
and the relations of form must be sought in a new direction. 

The formal technique in mathematics is in the logical structure. 
Here, too, although many will not believe it, there is the influence 
of tradition, tor if we regard mathematics as a development of 
logic by the addition of arbitrary defiiiitions and postulates, there 
is nothing to prevent us from changing the laws of logic with 
which we are to proceed. That has always been clone to some 
extent. What was good logical procedure to Euler is not always 
good procedure to us, and even Newton has ''proved*' some theorems 
which are not true. lately there has been much more experiment- 
ing in this direction, and the "free logic*' of the present day is a 
fearful and a wonderful thing! 

For some mathematicians or logicians mathematics has thus been 
reduced into a mere game with marks on paper. Each mako^ his 
own rules and plays the game his own way. But it is hard for us 
to believe that after so many fruitful centuries the subject is to 
degenerate laio a hocus pocus. I should say myself that pure form 
is as fruitless in pure mathematics as it is elsewhere. 

I think we can find the key to our difficulties by looking again 
at the nature of appreciation. For it is not form alone which 
makes a work of art appealing, althou^^h form is desirable and 
even essential; it is even more in the associations and meanings 
connoted by the work of art. Let me quDte the vvords of IVofessor 
Birkhoff: 

Music owes much of its aesthetic importance to its peculiar emo- 
tional effect. This attribute is readily understood. The human voice 
is a primary means of human expression, aiul at the same time is a 
musical instrument. All of us l>ec(mK* accustomed to its musical tone?., 
and simultaneously learn to apprecir.te that which the voice expresses. 
Thus musical tones have been intimately associated with emotional 
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feeling. [According to our general theory] music will be most affective 
when it unites surpassing beauty of form with effective suggestion 
of emotional utterance.*'^ 

For example, it is hot poetically suggestive, however accurate, to 
say that fr^tii the Berkeley hills at night the lights of Sausalito 
look like a bundle of fish eggs! 

In a Wagner opera such as Die Wcikurc there is an exceedingly 
complicated form based on themes which are used as symbols, 
themes foi love, for the sword, for Loki, for H )ding, and so^on. 
These themes are almost immediately grasped by the listener and 
associated with their objects, Hut the music is no mere procession 
of titles, like an index or a table of contents: nor is it mere de- 
scription, like a tone poem with a subtitle such as '^kittens playing 
by a brook''; it is organically welded into a structural whole, 
its suggestion is more and more rich, and the final scenes build up 
a climax tragic in its emotional weight. We are conscious of the 
fire theme; but the symbolism is merged as Wotan's voice dies 
away, in the significance of the music as music, , 

There iy here an appreciation of. the content, the music as well 
as of its form, liut even in this most pictorial kind of music, we 
lose most of what the composer intends if we hear notliing but 
fire licking the rocks. The content is not to be .translated into 
words or pictures. It may or may not be strongly emotional. The 
composer has some elementary musical idea, and 'he develops it 
in all possible ways that have meaning to him, by making varia- 
tions, by .netting one part a.gainst another, by developing the re- 
latioiis^of the parts, by all sorts of manipulations of the form, thus 
trying as far as possible to come to a realizaticm of the complete 
content of his idea. It is this aspect that interests us most pro- 
foundly. 

In mathematics the activity is much the same. .An idea which 
is not clear has the germ of clarity in it. We work it out. guessing 
where we can and proving where we can. until it no longer has 
contradictions or surprises for us, and [\\\ its parts are knit together, 
Tht! definitions in mathematics are often relatively simple, and. 
we know, everything should he a C(inse(|uence of il definitions^ 
\\^\ it is liot sufficient to state definitions. It is the uttermost in 
triviality and banality to say that in mathematics, since nnes re- 
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suits are merely logical consequences of the postulates, one gets 
out only what one puts in. Exactly the same triviality applies to 
art in any form. One gets out only what one puts in. It all de- 
pends upon what one puts in, After concepts have been developed 
so that they seem to satisfy, and rest, f)erhaps stagnant for gen- 
erations, some new mind sees them confronted with other concepts 
and in a new light; and a new theory bursts forth. It is as if 
facts were generated by the rubbing together of concepts. 

We are familiar with the stpry of the ancient painter whose king 
.gave him a prize because he had painted a curtain so accurately 
that the king had tried, to raise it, or of another painter who was 
chagrined because the birds had tried to peck the painted grapes 
held by .a painted boy— if the boy forsooth had been well painted 
the birds would have feared to come near I 

Or again, at a country fair, a buffoon imitated the cries of ani- 
mals. He ended by squealing so like . pig that he delighted his 
audience. But one farmer came by who wagered that he, the farmer, 
could do mucli better, if he had jusu one day of practice. So 
t}ie ne.xt day when they were 3t the fair again the countryman 
^appeared on the stage, and, putting his h^ad down, squealed so 
'hideously that the spectators hissed and threw stones at him to 
make him sto^ . '"You fools/* he cried, "see what you have been 
hissin^^," and^held up i little pig whose ear he had been pinching 
to make him utte^- squeals. "Men often applaud an imitation and 
hiss the real thing,** says .\esop. 

Hu\ the audience a^ the fair had justification for hissing. The 
real pig's scjueal had no place in the holiday J^ooth as an aesthetic 
creation. Art is a synthesis. 

What, then, is its content ? Similarly we ask, what is the content 
of mathematics? It doe^: not matter to me whether mathematics 
is art or not. Apart frop what may be in a name, it is undeniable 
that music and poetry yield emotions which have no place in mathe- 
tnatics. and perhaps painting also, to a lesser degree. It would 
pro!)abIy be farfet^^hed m maintain that a superb painting and a 
page of Poincare havj* the same effect on one who is capable of 
appreciating Imth. Nevertheless, the answer to either of the -above 
(|uestions al)out content affords a suggv^stion for the answer to the 
other. 

Both artist and mathematician are pursuing the object of making 
clear an initial concept which has to be worked out. The working 
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out is guided by an intuition of the completed oljject, by intuition 
being meant (quite untechnically) a rough foreknowledge of the 
result, a more or less accurate or hazy mental image. Gradually, 
and (if the concept is not trivial and the form is restrictive) with 
intense effort, the image becomes more definite, and the essential 
details fall into place. The (}uestion we are asking now is, what 
is the nature of the ()l)jert, which, in order for the work to be 
appreciated by others than its creator, has to be significant? 

In the mathematics of early anti(}uity the first objects were defi- 
nitely of the physical world astronomy or geometry or mensura- 
tion. This dues nut moan that ancient mathematics is limited to 
trigonometry. For the pursuit of the elementary properties in the 
measurement of rii^ht triangles leads to the fact that the diagonal 
of a square cannot be measurable rationally in terms of a side: that 
is, that there is no length whatever, no matter how small, which 
can be chos^^n so that it will go just a whole number of times into 
both sirie and diai^onal. This fact was the secret of Pythagoras. 
The whole nature of number thus becomes 'important —what are 
the numbers with which we count, and what are the numbers by 
which we measure? Vou see i^i retrospect hpw from the time of 
the early Greeks such concepts pressed their demands for clarity 
on the minds of the eau:er barbarians. The theory of numbers, 
akebra (in which the language was long entirely geometrical )\ and 
geometry were till objective, from this point of view. 

Newton attacked seriously me problem of the behavior of con- 
tinuous ''media, hydraulics, elasticity, flow of heat, and so forth, 
and for the investigation of such ideas introduced the study of 
differential e(iuat ions'. This subject, in the opinion of many, has 
been t)ie central theme of mathenvitias for the last two centuries. 
an{| its '(lovelo[>ments and variati(ms still leave us at the present 
<la\ :i host ()f temptini^ and riifticult probl(»m<. Hut as I sugges\"d 
at the o{>enin^ of thi.s address, these are not isolated problems. '»\*e 
look at them with all the exi>erience garnered from the time of the 
Greeks until *the present day. They have a richness which i^ in- 
si'iirin*:. 

Mathematicf takes its departure from concrete >ituati()ns. and is 
continufuisly refreshed by them. Hut it (iraw> back from a too 
>lavisli imitation of the physical world: it atvs coinbinatif^ns of 
u\iK\\ object^, by sucres<i\*e stages of abstraction. The naturrM sci- 
ence^ lie uiK)n the bosom of the earth, the more theoretical sciences 
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hover closely above them; it is only mathematics which is free 
and creative. It still seeks the truth, but it is the truth about the 
truth about the truth ... of objects. 

Let me mention at this point an easily comprehended theorem 
which exhibits the character of withdrawal from slavish imitation, 
and, at the same time, formal elegance. It is known as *Hhe geo- 
metric theorem of Poincare." 

In the diat^ram below we imagine a displacement of the points 
of the plane rin^? 7, among themselves, in such a way that points 
on each boundary remain on that boun'dary, points close together 
remain close together, and no part of the ring is covered twice or 
fails to be reoccupied by points. In" other words, the displacement 
is a continuous one-to-(jne transformatwm of the points of the ring 
into thepiselves, leaving the positions of the boundaries unchanged. 
If on one boundary the displacement is clock- 
wise and on the other counter-clockwise, and if 
the area jpf a ^^mall piece of the ring is unchanged 
in value by the transformation, then, accorcline 
to tht* 'theorem, there must be at least two points 
of T which are not moved. 

There are relati(ms of order in the theorem 
itself apart from the proof, and the complexity Fig. 2 

is indicated by **the tension'* necessary to understand the theorem; 
that is, to comprehend the hypotheses assumed in the figure. 

The theorem came originally from the consideration of motions 
of a dynamical system which may repeat themselves, as in the par- 
ticular case of the motion of the sun> a planet, and a-small satellite. 
The statement that there are unchanged points in the geometric 
situation was seen by Poincare to })e equivalent to the statement 
that there must be corresponding periodic motions in the case of 
this celebrated problem of celestial mechanics. The theorem, ;is it 
happens, was nr)t proved until after the rieath of Poincare. and the 
proof was ultimately given by this same Hirkhoff. 

We notice the birth of the , problem in contact Vith nature, the 
clarification of the conrt^pt which is thus withdrawn from mechanics 
into geometry, so that it is not any longer an attempt to describe 
a partiadar event in the [)hysical world, and the resulting generality 
of the idi^as which enables the theorem to be applied r»n the 'one 
hand to geometry antl on the other to celestial bodies and billiard 
balls. The theorem is chissic in form and fine in the logic of its 
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proof. Its content and effective suggestion are so vast as to be 
amazing. Of what im{X}rtance is it, from the point of view of 
mathematics, that it can be reduced logically to definition and syl- 
logism? It surely would never have been discovered merely from 
a knowledge of logic, J^'rom every point of view, except the formal 
retrospective one, it is more than mere logic! 

I maintairl that this is also the characteristic of the artistic 
endeavor. It seeks not a slavish imitation of objects, and, indeed, 
we scoff at such a shallow interpretation of man*s relation to the 
world. Rather, also, it refines itself in successive stages of regres- 
sion and withdrawal, renewed and revitalized by occasional fresh 
contact with the world, but essentially free and creative, seeking, 
by construction, the truth about the truth about the truth , . , 
about the world and man s relation to it. Conscious of its sym- 
bolism, and compressed by its form, unconscious of its purpose, it 
is the human drama in miniature. As I write, I study on the wall 
opposite a painting of -the Hig Thompson Canyon- the colorful 
rocks, the deep ravine, rhythmically composed with sparse patches 
of i'egetation, and, behind a crag at the very topmost furthest 
height, the tip of an. evergreen against the sky --mans aspiration 
in a rugged world, . i 

It is cjuite likely that the painter did not have that idea in mindl 
Hut he is. trying with all the force of his personality to tell the 
truth about something, without much thought for his gallery— as 
though he were imbued with the spirit of the famous argument that 
if an idea is perfect the existence and immortality of its object are 
consecjuent attributes of that perfection. As Thornton Wilder re- 
lates. ''Uncle Pio and Camila Perichole were tormenting themselves 
in an effort to establish in Peru the standards of the theaters of 
Some Heaven whither Calderon had preceded them. The public 
for which masterpieces are intended is not on this earth/* 

Oeation is novelty' and no\'eliy seems t(* be an essential char- 
acter in the Wi^rld, For sr>me p^TS^ns, science and mathematics 
seem to stand ;ls the antitlie-es of art. and, by making certain pre- 
dict inn [Kjs^iblo. to intend the eradicati of novelty. As it used 
to be stated a uentTcition auo, *M'f the wIiK'ities and [)ositions of all 
particles that mak(» op the world wt»u tri\-en at a ^iven instant, 
thrir niotinn-^ and i)o^itioiw would then be determined at all subse- 
(jut'nt times by \hv inimutalile law> (jf mrclianics." P(Tha[)s a dif- 
ferent form u 1:0 i(ui would be advancer! nowadays, but the intent 
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would be the same. The question is always asked, "Hovy is free- 
dom of the will, how is creative art, possible in a world for which 
the scientific hypothesis is valid that future events arc predictable?" 
For apparently it is merely a question of time unt]l such prediction 
will involvemental processes and the entire actions of individuals. 

The hisral^pifef science, however, yields for us quite a different 
result. In the first place science is wayward; it aims at one «oal 
and instead of getting there goes off at a tangent and reaches an- 
other;- or, in better words perhaps, when it reaches a goal it finds 
something different from what it expected; something is left un- 
answered that is as important as what has been achieved; what 
answer there may be opens a universe of discourse that is larger 
than the one in which the question was asked. 

We are familiar with the fact that there was an atomic theory 
in the time of Democritufi. But such a theory is entirely different 
from the present one, for the questions that are asked of atomic 
theory now were not only- undreamed of in the time of Democritus, 
but they would have been entirely meaningless. When the ele- 
mentary theory of gases vas replaced by a kinetic theory of mole- 
cules, it was at first suiticient to considert.the gas as equivalent to 
a number of small elastic spheres. In fact it was not necessary 
to give the spheres any size at all, as long as they could have mass. 
The pressure of the gas was the iiiomcntum of the spheres, and the 
temperature was their kinetic energy, 

The natural questions ;is to what would happen then in coiicrete 
c;ises. say, if the ga.s were greatly compressed, led to experitneius 
which showed ({uickly that a more refined mechanical model would 
be necessary. Up to the present time no model lias been sufficient. 
In each case additional experiments are suggested, and sooner or 
later they have led to unexpected results. Smashing the nuclei of 
atoms by shootip;; them with very small high-sp<'ed particles is not 
one of the concepts of Democritus or Leihiu'z. What would Urnsl 
Hiickel think of the {principle cjf uncertainty? 

Of course it may be niert-ly an accident that novcliy creeps con- 
tinually into the physical universe, and a clay may come when 
physical theory may not need further radical adjustment. On the 
other hand it may he that this necessity is a sort of dual image of 
another sort of wilfulness that our ohjectification of the world 
remains and must remain only partial. At any statue of its cievelop- 
nu-nt science h;i-s only a finite numl>er of concepts at its di.spu.^al in 
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fact, only a finite number of wprds. It looks, in the light of his- 
tory, as though a finite number of concepts would not be sufficient. 

Mathematics has long been fascinated by the various types of 
infinity. Of these there are two relatively simple ones, character- 
ized respectively by the collection of all tHe whole i>umbers and 
by the collection of all the real numbers. Or, if we describe them 
geometrically, one type is like the discrete row of dots, illustrated 
in the figure below (where the interval on the right of a dot is half 
the interval on the left), and the other is like the Continuous row 
of points that make up a whole line. In the second type the 
points a**!^ so thickly collected that there is no next one c^fter a 
givt*n one, there being a point wherever we break the line. Hut in. 
the first type, given any dot there is a next one beyond, like a path- 
way of stepping stones. 

I— 1 I ^ * " 

Fig. 

It is this kind of infinity that seems to mark the path of science. 
At any stage there is a next step, but not necessarily a finol one; on 
the l)asis of given concepts there are always new ones which are 
necessary : and no gap may perhaps ever be filled completely. The 
situation is always just beyond finiteness and complete description, 
and hokis out always the temptation to proceed further. 

Art and mathematics share this insidious character. When a 
memoir of mathematics is done it may seem to be nothing but form, 
and to reduce (as far as the logician is concerned) to a logical 
skeleton of definition and deduction; but this ^'seeming'' is in the 
prori-^e sense that a painting may be reduct-d to a mere pattern of 
colors. The doing of art and mathematics, and their appreciation, 
are both creation and discovery. In that way they are practical 
for they transform the universe. 



